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BIOMETRIHA 


THE STANHAKD DEVIATIONS OF FBATEBNAL 
AND PARENTAL CORRELATION COEFFICIENTS. 

Hr KIRffflNE SMITH, D.Sc., homi. 


('OSTEKTH. 

FAOX 

. 1 

! Fr^iteiwi < VwtriAtioii . H 

Th^m«aiiVAlw> 

fh) Tlip tjfmn V4ltl^ of tKo statwiAwl d^vution 3 

v^> sUrt^Ahl 4»‘vmiioii of «r* ♦ 4 

id Ui^i ViUtti RiRi MtaiHlard denial aoQ the {irodw t nmmcnt II 7 

ll«s |)ftKitirt tt%t meat niw^, of U and 0 * H 

t Thp ’^aiidard «io\iatam f»f tbw* fritwml com’iUti<*u cy)efh< leut ^ 

'/jr Nuaa^mRl pvahiHttoa id the finmuk h#r the sUiidarti dp\JAtiaa of a ftatenta! 

Li>m'latu#a « oefbcifat . • 4 

{h) \ of the foTtnnU to (iireviouH oalrakinmH of < tfmktioa 1 1 

II FareiiU} Comktion • 

fif Umn \alue and fitattdimi detiatimi of the prudiiet moment i;i 

(h) The product mmnoat. of ll^ aed ir* 

0 / Tim product m of oad <r'* lt> 

The imNluci mittuent, of <r* And a'* Ih 

Tim HtHtahurd deviation of the ew'rtu mit H» 

f / ) The BUndnrd domiiuu of the slo|>es <rf the i^roAeioa curves 17 

Knineneal e\AlttAtam of the formula for tk de\idion uf % 

iVureljUKm cMu^mat * * H 

1 41 Appltmtuvn of the formula U> pm u>ua c^dcuiutioivf t <» Fciatioii iSO 

Suhukiar> ^ . Jil 

# 


No aitotnptii jhav4‘ benm iimde as tar mi I know to calculate bpecial formulae for 
the alaiittard «3evilticm<f ^4 fhttemal ao«I par^-nUl correlation owftieioutN The 
mml fiirmiila fotr the aiatidard deviation of a correlation coefficient ♦ which i» 
dedneed oh the auppoaittim that the valuee of the HAmo variable are mutually 
uiieeiri^ m generaliy uacit alao for thm oaeoi although it la only corr<^et for a 


^ Y«i. laee 



2 md Pamdal Corndntimi Ooe^cietd^ 

correiation cot'flftcient ealculaUnl fmw only two wihlin^ of each ^tily and 
for a j)arenfc<il correlation cot'fficiejut when only one oflfeprinj^ value from each 
family into the ealcokt>oii. When tlie material of obm.*rvation, at» !« uwially 
the case in inveBtigations* of inheritance in higher mainmalH, eouBiata of famiUee of 
varying aize, aiul o<»n*elHtaon t^ibles ar<^ ub^nI n\ which the Batin' weight ib given to 
each obrti'rveil j>ajr of siblings or {mir of jian^iit and offspring, without regiini the 
Bizo of the family, a mtituwil tnatmenf of the proltablc error is exelmh'il at the 
outlet. With material in hand which makes u {msible U) examme nmnerouH 
BibliugB. it is m<iBt reasonable tf> confine the investigation to a coiiNtant number of 
offspring from each family. In this c^ise the disluction of formulae for the Htiindurri 
ileviationsof the two(M>rrelation em'tticicnts dix^s invl pn'sentsjKsnal iiiffuMittieB,uiid 
this problem will h* Holu*d here. 

We shall suppose that each group <i( 1/ siblings iMdiuigs to the same littei or 
that fnan other ix^asons their order of biith is indiffen'ut Then each pair ot 
sibling.s (»r (»ach piir of parent and offspring ought to take a like part in the 
cnleulntion, and </ hiblings give nse to * I) pair of brotheis and 7 pur of 
pirent and offspring which all of them enntisl in the ealeulation. 

The fraternal Cori'elation can thus be ealeubtiHl either from a eoitelation t-iibie 
which is made Kyminetrical so that it eontains 7 (7 - 1 ) <‘ntries tiom eath r!ut\ 
or by the fonunla (juoted p. 10 which gives un identical result 

I Fuatehkai- ("oHHKtAriov 

Althtaigh this iiiM'Htigation aims eH[H'nally u. fniteruril OMmlation jt i‘on< eras 
of course other calcu hit i(»ns af eorrelataui in which the matenal eeusi^^ts t,f rlassi^s 
of equal sir/* insi<h‘ which (he individuals are mutual!} <*oneiat»Hl, id! o( them 
foniang likt* pulis. In the following wi* shall iherfdbn^ name a group of Midnigs 
a e/mwf. 

SupfK»«c we hav<* a material consisting of 7 Hulniduiils inuu eiwdi of a cltiHS4*H 
inside wliich the individuals ;m*»» conelaterl while individualH from iliffenuU i‘hisM»s 
aix^ u nc^ arelated, \\\ can then consider such a matiTud as om* of many possible 
siunples of tie' suim* nature and size dnirwn f»om a population eonsistjug of rhisses 
of individuals conr<*laiti»<f is mentimiMl. It is therefon.^ p»ssible to fac(» the problem 
of finding the law <»f errors for the mmn ru/ac, the HUindmd the 

chameU'r conoerntMj and further for \ \wenriclaUon viitijfimeni inside a class, nupp^ining 
that these* are all calculated from h sample like the one now eonsideix^d. 

the sample 1/1, //, with mean value // and standard deviatiou 

No »|>ccial notation wall be inti*oduml for individuals of tlu* same class, but summa- 
tion of pnxlttctB is indicatt‘<l by S when all tactors of the* pnsiuct Mottg b> the 
sam^ class, and by if when factors of the same pixsluet belong to tW 4 > or more 
classes. The sumtuatioim always cxkmd u* all w claBH<*s, 



' . ' " '\ ■ ' ' ' . : . \ 

wlt0i« A bmi, tt^m A 1^^ 1^ the v«lu« bas be toicAn 

«lf tik tmm fer ^ mb^P^ te. £ge ^ popel^ob. ^ Let tbe stAinliiwd 
df am popobtiett b«f # Bod tbA Aocn^ition oa^SbiAbt ^ ladividaab of 
ebMi we.ibtib bAVe ' " 

V ' ■' , . %ijfi^<m$tql^ 

““d * “!)«•. 

An iodlvIdiiAbi of diflfereiit el«w» are HootHrebtei) is eqoal to 0, uid. 

According; wo find 

<!> 

This oontains « «ad r for the pofmbitkm, which are, Mr a rale, only known fren* 
the sanipie is baud. It will be aeon in th^ fitUowmg, what is approxtiRAtioa 
obtained by patting t and *‘ equal to the values foaad fiom tj^e sample. 


(b) J%9 M*m V(dm ^ presfituptive jStohdbv^ DmtOi^ 

For oor awnnte we find 

i 

..'^... 1 .* ...< 2 >. 

By tshing the meim of «* ftwr a g^'eat number of samides we find fiom this, 
(plpembeirii^; tiMtt of e<p^ 




- S+r^-iir) 




a ni^inxiination tt we find aceord* 
I dbvtt^on of the poimtation by the 





4 


FraternaJi attd Pan'ent/fU Vorrdtdion 


Bor tho an. of y we find by introducing a in (1 ) 

* ~ »ry — j I + (7 — l)r! 

{c) Thp StiiHdiinl Pevuttim uj 

Thv s,i>. of th<‘ or- of our isuuplo 5 h toumi fnnii ^ tr* ^icf^y, whi n: ibo latte r 
term i» aln^u<lj known. Front (2) wo find for thf <s\lcu!ation of tf* 

«Y<r'»(«(/- l)S(y,*>-aS(y.yi!J-2Af(y..yj) O). 

aud from this 

nya * ® {nq - 1)»(2 ty,*)»“+ i (H ty.yj))' i 4 uS<y,»/sn’ 4 
-4i« 7 — l)S(y,*>2 (yii/!,)- 4<w(/- ^ Hi'<y,)/,>/S(yi,Vi.' •- <oi. 

l''’or (he cftlfulation of the looan vAhn'W containod in this th« six pro 

dnctH of pniduet Hums uiURt Iw pmuiiUM'iI. Wo find 

fSO/,-))' ■» 2 + ((/,'.»/,•} + 2.S'(y,\v/) I 

(2(y,ya»’ »2<yiV//) + 22(tf, y//d + fi2<Vi'/sV.v, I i- ,'/.)• • idi 

. * * i 

^ (yt*) - (//lya) * - (y/yd + S [ '/.’'y. y,) i s (yp v^y > j 

JT 

VVh(‘n tho inulti|»h(*nt.if)ii of |iro.ifH*lh ettid.tin n^Uit faolor caftntlonl 

it iH clour that wo n^*o<l not oonsuloi Mirh sunin tif pn^iuots wh* n llu ftrodin*! o»tn 
iainn a feotor W'hich if> unnoirolaivil x\tth all tlo^ t*thoi furio/s of tlfo irnnhot, 
boeauhO tht' inoiui vahu's of Kiich pK^lurt Hums an 0 In fh« l)K*dn< Ls V,»Zf) 

and all th<* suni<? of art of thin kiinb tin' factors IxingiliKtii- 

hut4*d oithor itt two chi.sso> of w'hioh ono oontuin^ 3 hihI tl»o other I fiwitor or in 
thro<‘ olaast's with rospoctix'ly 2, 1 and 1 in om-h. 

We thoroforo find 

4 2 jS ^ +*S -f <Xi t 

‘ <7), 

W'here the nmm vuIuoh of the as tor tbo jiofadation are 0* 

UH den< tlio pr<Kluot moment <N)rr<^«ponding by if 

all factors beiong U) the mmo chtHs ami in the o}>pi«iie cane bt m inm^t * rf * if ' 
m denoting diffenmt or aatiu* class 

* III the name S ait fnotore of a prodaot huppomni U> Wlona h) ilifleirni tho«e whwh 

are denoted hi? »n u ‘ mterted beiveen them, belonipng to Uie eeme tdam 
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W(* ifiud then 

Ci'iyi*) «• «3fj8< ^ 

2 (,%•,%) ^nqiq-l)0n ^ 

^ Wif*) '* (? - 1 ) /^ I 

^ * !»*? (? - *) (? - 2)^ju , 

» A"? <V -• J )<? “ 2)(<|r -. 8)/J„„ ^ 

'' i 

*'> (yi*%.t'j> 1)A» 1 I 

ny*(y- ly/i, I . I i 

4 i* » ti 0 ji 

Till no^v n<* suppmitions h^v#» luiide to thu law of dintribution of tho 
jfn, bill in the follii^HHg rafctiltUioi^ w*e shaft SHppose that the distnbulmi is noi^ml 
and (he car^rlahou ftetween individuals of the miae class mrwaL 

Fo! llu' gootM“al c}xso of oonoiil com*lutu»n b(‘l\%<^on n Nanablos the pnKliict 
inouK^iits hu\^* dt*toinuiu*<l by S\erkoi ib^rgstioiri Taking tin* «itandartl 
dovmtiouM ^xH oriitH o( the ^anabh oml <h*noting the correlation c<H*ffieu-nkh by 
r,, fyn ^lun^ foi imimcv meais« tho oorr<*}aliou oo<*fticiont bi‘t>\H*u the 2nd 
ancl ;)r(l \tu table of a j^r<Kbiet mouient he tirniH the folhming formulae foi 

the jinnlnet moon nt^ of the 4(h onier : 

0: - ;j \ 

0*% I 

/?*. + 1 I <!» 

^2r»/„4-r„ 

S'nh ' u^j» + *'»'*»i T 


Siilwtjtiitiii^' oni s|M‘cial \ tiin-s for tho t'i)m‘lal n>ti twffieu ut xkt* fiiuJ 


and tuitht’r 


/Sf, - ar/i* 

»»(2j’+ 1 ) >.• 
/isii ~ '*<1 + 2/ ) «* 

fi/„„ w :l» V 

if 

a, I , -^rs* 

a * 

A 1 1 1 » '■*«* 


.(10). 


W«» an> n<tw by mwins i>f (H) and (10) m a (lusttittn to evaluate the raetui valuua 
of the j)ro<liiet8 put down under (6) and <7). 


Vvir H. BergitrAm: Vof. *« IWS, p 177. 
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FmtmmA «fM# Pmmtal Vmrettifim Coe§kiffit» 


Wu find 


« iy%*) 2 * i n(/ (9 - I ) [wj + 4 + 2 (9 - 2) rj f «* (11). 

-Iwi'B-Dj’il+CV-Dr!*** 

^(,V»’‘)<S(y,y,> -O juid ;S()f,.v,).V(,V,y,) » 0 

Thf' mlcuUtion of <r* iuhv Turn )«• coot minx! Wo find, by milwtitHt.)nj? tho 

above* iBoan vahien in (.'»K 

nYff**=.v* jttY - 1 -2(/9 f l){y- l)r + (y -l)|2«y-(y- 
Fn*m (.2) ih found 


«Y {c^Y “■ •<* - 2»7 -f I — 2 ( o«/ — 1 U(/ -• 1 ) r + (9 — I IP r*}, 

and aot'ortiingly 

<rV'“ !»»^ - 1 - 2(//- I )?' 4 (<y - 1)(«7 - y + I )>*’, 

ot urraHj^e'd .u'cordujg to powoi-s of ny 

- •• 

This (ornmU foi tlie sa> <)f thi' s^juaiNsl strtu<lnril (h’MaUHHs is thus cxiicl^ 
s^upjKising that the correlation 1>e iioniuil 

For gn*ai values (^1 u or raihei <♦! ^ I consoler ihe h.i>. of « 

<lifterent)ah that 

or-' 4 *4 2<ria. 


From etriffStr \v(> find h) s<|uaringttn<l taking nieaii value for agmit nuiiibT 
of ftatnples 

(TV* ^cr Vq^^ 

an«l by substituting the value of a V . *»rmtting the hu^t term, 

2«7 

or, as with (lit* jv'funicj obuiinabto wo haeo 

*•«- «r®, 

it Ibllows fhal : ff,*« 1 1 4 (7 -. 1) r*l. 

We uotioc whon ooinpanng thin formula with (1) that only for r * I and r»»0 
fha*s tho nik' 


hold go<K(. 
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The £ratenidl eomUtina cooIBcient f fitr i;he iproaeot amupie iit, when ntt ihe 
^9(9 ^ 1) ptuni (it eihliiige «!¥> ue^ for the cAlcuIetinn, defined bf 


where 


It 

f*’“~r** 

a 

'“>• 


T<* determine the ao. nf j» one w'qomw in edditicm to w*,i, the an. of 11 end the 
pnduet moment for 0 and e*. 


4 

jrf) Mean Vaiae and Standard Ikviutian af ike Product Mtmtni U. 


Taking mean loltn* of (Ifij 6>r a nnmhor of anmples wc find as 
2 i - 0 ' «* end ( 1^’) ■* a-^', 

II fr - --I1 f _ nr]l- (HI 

t * 

For calculrttmg (ho mean vhUio of II* ( l.‘{) ma)’ be written 
«*»/*<*? + ..,( 15 ), 

from whioh follown 

<9 - 1 »* »■ - <9 - 1 )*fS (.y,‘)y* + +(«./ - 9 + !)*(:£ (.v.y*»* + 

* - 4 (9 - 1 ) («9 - V f 1 ) Sliy,*) (y,y,f + 4 (7 - 1 )*(ff (^jy,))*. 

(ho moan valut-i of the two prodiiets hoing 0 amiidiiig to (II) Mubatituting the 
ti*st ol (htrvalueb from (1 1 ) wo find 

1 — 1)4 ' ir { nq { q ~ <!)- {7 - 1 )*] 

+ r*{w'7*(7-l)-2i'»9(7*-2)— ((/-I)*!! (Ifi). 

tuid by H*|U«nng (14) is found 

(9 - I) MY(n)' »-<r '9 — I - 2rj«9(9 - 1)— (9 - 1)^1 

+ j‘'{wY (9 - 1 ) “ 2»t9 (9 - i )* f {9 -- 1 )’ll. 


Bt HuUi^’tion of (hw t>t|uation from (111) wt' urn re ut 

«9{9 -l)( ttq L "9 J 

4- It* - 39 + 3-'^'*' 1. 

L "9 J J 

nr armngiHi acoording to nq 

‘^»-»Tf^l){i + 2r(9-.2)4»-(9*-%48)-l^}l4r(9-l)]»|, 

ip 

whioh may also be written 

*'(9--2)l*4f-(9- 4 r(9- l)p| .,.(17) 



JF^rttktmd md JPmmtaf Cmrekdimi 


(fli) Proiad Motnmi, Ilii,., o/U n»d 
By u«iltii>Hcaiaoin 4if <4) and <,15) awd taking mmu valiu' Inr a gn»t nf 

siuufdt'a wt' find for the moan valno of the jirodiict llff* 

«Y(9 - 1) - ~ <«9 - n - 1 ) (S0r,*>H - 4 <r§ - » + 1) 

f 2{»Y~w9*+ ‘ii9~ D! 

tho moan values «f the two pmJuvts l»oing suro arrordiitg to 01)- Inttmiucing the 
rvst of the moan valutH frtwu (lit, w<» hn'io 

«y ll(r»«* {-fl4/- t -‘-rlirt/ - 2(i/ ~ 1 “ J))- U/ ~ D*)}- 

Fn»» (3) and (14) is fuind 

J - o- 1 + rjaV ■Trm/ + 2(y — 1 )]+ r® f- Hq(^ - 1 > 4 <«/ “ 1 V'jl. 

As Hu»»*» n<r*- fl . o’, 

it fonitw*^ frotu the iwo fiuvKidug t'«p»iti<u»h that 

~ ^ farfa/y-t./- J>J f r»|»V(4j^- 2)- {q ■ I)’!*. 


i>r 


+ nrfj ,1H) 


{/) The titnmlni'd Drviitlion oj the Froternul f 'orrelatinn i'nejjirteiit 

If the xaui{»lc IS gnvil in [>ri»jx>rtit*n t^> (i/ -1)/' (ho t-rini's uf II and o' fan he 
In’uUsI as difl’civnliais and xo hnvi foi Iho isiirolalion riH fliojout. t’ltli'idatwi fr«un a 
samjiio 

n+sii ii 1 n 


p~ ^11 

a* + her' &•' a’ 


(o')' 


‘ M 


and 




» - ■ ii +«/ -nx 

and (hon foiv \\ rm ^ ^^hich ihxnx 

tjniiM <'annt>t iv rvaluatt»<J 

Fioni sr* |{5I1 - we fiiul hy wjnaring ami forming mmn \Hlne 

”’'-K).h-'Cy 

When thp \alucs from (3), (12), (14). (17) and (18) ar- jntwxiuml in this 
formuU and the tomw contidinng th« higher jwwer of ^ art* iM-gUs'ksl, we get 

2 ... . - ^ . 2,.* A.0 



KtBjyfmR nItITH 




from witieh i« Hintiid 

\-0)m <tf^ * * 

**wl ~’‘)ll .(W). 

For 9»2 thin funnulu cmDcidcs with the it«u<U roniiuhi for the skiadanl 
<}eTiiU>i(ui of » ofMTektkm eoefBcient caicniated ftom two eorieii of valoea of two 
viuwMeH <!OrKwpoudtliif( in paim, the vwliten of eaeh aeri(« being muloatly uncorr*^ 
tatied. 


(ff) JVummeai Sralvatifin of tin Formula for iko no of a Fralenuti 
{Jorrdafim Cmj^ima. 

l'ht> number, iV.of oWr\Ml pntra of observations being e<|ua} to -*1} the 
lormuU may also be written 




<Vnw})an«g iiiau>rialft f>f ^jth dififon^nfc mimWr of Hibhngiiii ijf, 

that hr calculation <*f uoiwlatioii lufonuatiou M <iu*h available 

(xnr of Hiblmgs haf$ a ^alfio mvcm*h pmiHirtumal U> I The nifcit» 

f* ^ 

, , , ,, ) .w a iHvasun foi the vaiiie which mu«tt be attributed to 

1 f (y~ l>r/ 

iiitoriiiat ion of an ol)norv«'*l j«ir auioiig q Kil>bngK,iinj>pot*td'lhat all of the \»q(q—Ti ) 
pair of mbiiiiga are ns 4 Hl for the <‘ttlculafcion, and mippoRwi that the value of udor- 


mation of a pair ul siblings for 


2 w put equal to 1. 


On the other hand 


1 


* 

iiidicHUm the mfio between the innnh«T» oi pairs ol Hibliugs which are nHjuiml for 
obtaining the same accuracy m the correlation eoi*flicient in the <M»«e of q ,uid in 
tlu' c«a^ of two sibiiiigK honi each iaindy. Table 1 •'he tiumeiica! values of r 
for diffenoit valuea of r md q. 


1’ABLK 1. 




rt-0'1 

! 02 

u.t 

0 4 


i 

"^1 1 

' 7^' 



£ 

) t iHai 

1000 

iiirtu j 

inou 

a 

j -Hin 

; '736 

1 ■««> t 
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•Ttfl 

’ '563 

•4flR i 

*400 


‘ ftl7 
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i 'S46 


<1 


"aon 

■STt) 

•m 

v» 

4 

473 

t ‘SBW ' 

ste 

m 

« 

* '410 

1 'JtftO 

■176 



*373 

•Sts 1 
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*IU 
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m 

•1«4 ' 

■123 



os 

0*6 

07 

( 0*« 

0*9 

HX»> 


* 

Itsvi 

! i-im 

114)0 



-.ms 



‘360 ' 


■a»( 


•2«4 

t ■swi 

•221 

•soo 

m 

•171 

f -tflS , 

•njo 

•Its 

' *130 

■no 

1 

•ut 

•107 
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•Ui ! 
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•08S 

i>74 
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•060 , 

im 1 

! 066 

im 

•054 

‘074 ' 

im 1 

t US4 

-048 

^044 
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Fratemjcd mid Pareidal Correlation CoeffieienU 


W<) notice tliat for valncH of r somewhat greater than 0*o, such as are usually 
found for mammals, t’a has already decreased to about J and lu about j|[. By 
giving fch(^ satn(» weight to each pair of siblings when forming fraternal correlation 
tables from a material consisting of fraternities of didercnt size, wo thendon^ fail 
very largely to pay due regard to the observations With material under (v^nsidc- 
ration, as for (‘xanqile anthropometric data, which according to its nature cionsists of 
small groups of siblings of vsryiug number, ami which is not so numerous that we 
can afford to omit observations from the cialeulation to make q constant for all 
fratemiti(‘S, the rational proct'ediug must l>e to sort thi* material acconiing to the 
number of siblings ami calculate* the corndation coefficient of each group separately. 

It is then possible to eff^ri considerable saving of time and labour in the 
investigation of correlation by avoitling tin* forming of fraternal correlation tables 
and using instead tin* Ibrinula 



wh(‘re is the directly calculated s.i). for mean values of fratiunilies. The resnlis 
found by thi^ formula are identical witli those of the di*fining formula, so that the 
(Mily o1)jection to this mefluKl of calculation is the lack of opjKirt unity to examine 
the shape of tin* regn'ssion curve, 

Fnan the correlation eo(*fficients found fm* dith'H'nt values of (/f, it is finally 
possible with know Ie(Jg(^ of their s.D.s to calculate a mean value of the fratmual 
correlation coefficient and its s.n. 


In investigations of in}u‘ritan<*(‘ with animals with numerous offspring wIkuh' a 
gi’eat liumbei of siblings are available, wo have to face the jiroblem of deciding 
what number of siblings it is profitable to enijdoy for th(* inv instigation. 

Wi slmil state provisionally thi* }»roblern as follows: with which value of q do 
we, provi<h*d Lh<* number of examined offspring individuals (/a/) be fix(*d, obtain tlu* 
most accurately tletermined fraUTual corielalion coefficient ^ Or in other words for 
which value of q is 



{1 (7-“ 1)j' a minimum ? 


^ Vidf K. SiDith, Comptt t^-Heuduh (lei< Trar. du hah. Caild). VoK viv. No. Jl, 1921, }>. 8, where the 
fornmla is (iodueed for the speeial ca^e (/-lO. 

t In t)ie inenioii quoted it in sliewn (p. 29) that the alwve forinulft may also be written 


being the squared q.n. inside fraternities of q BihlingB and lieing calculated as a mean of such 
values obtained from each of the n fraternities. We may hero instead of introduce the pre- 
sumptive h.i». inside a fraternity f,<rf that is the b.o. we expect to find in fraternities consisting of 
a great nnmbt»r ol sibling'^. Tlie relation is 

HO Diat we find r-r 1 

<r^ 

which shewM t)mt thf valne of r arrivikd at iniiRt be expected to lie independent ol q. 
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The condition <»f niinimum is 


OorrosiJonding to the values i, | and for r the values of <j are 5, 4r, 8 
and 

In examining the (juostion of tht‘ most profiUible number of siblings, attention 
uiiist also be paid to the determination of the parental correlation and the question 
will therefore be further diseussc'd in the following section. Besides it cannot be loft 
out of consideration that, as a rule, it will be easier to examine the same numbiT 
of individuals distributed among a smaller than among a greater number of frater- 
nities. When regard only is had to fraternal correlation, the values of q obtaiiu^d 
ubi)ve must therefore b(^ considered the minimum values. 

For a more d(»tailed illustration of the variation of the S.1). of the fraternal 
correlation coefficient with the numbeu* of siblings Table JI has been calculatcnl. 
The table gives the values of the ibi 1000 observations distributed anumg from 
500 to 100 fraternities, the sizes of which theredore vary from 2 10. 

TABLE Jl. 

The l^iandard Deviatinh of a Fraternal Correlation Coeffivient 
ralrnUded from '[(){)() olm*r ml Indirldiutls. 


u 



r-\ 



2 


0110 

•0398 

•0335 

(Wt*6 

a 


•oaoc; 

•0351 

•03 1 G 

•ua7H 

1 


‘oaao 

•0344 

• 0:123 " 

•0a«9 

1 

i 

oaari i 

•0348 

0335 

•030) 

0 i 

1 

(mi 1 

*0350 

•0350 

1 -03^0 

7 ! 

1 

*0312 

•0305 

0365 1 

, 0330 

s 


•0340 

•0370 

o;i80 

■0352 

a 


•osoc; 

•0387 

•0395 

•03fi7 

to 


•03(;3 ; 

*0398 

'0110 

0382 


The table* does not show a rapid incre^ase of the s.D. when the mimb(*r of siblings 
incieasos beyond the most profitable numb<*r found above But aeomjwirisou of the 
values for q 5 and fi»r g = 10 still shows that the lattei are r<*spectively 87 , 
147o^ /o 25'"' gi eater than the fornuT, so that v^hen then* are 10 siblings 
in each fraternity respectivc'ly 18 / ,81' 50"' and 58 f iuok* uidniduals an* 

required t^i obtain the sameaecumev than when tlu‘re arc only 5 siblings Inim eaeJi 
family. 

(/<) Appheation of the Formula io previous Calculations of (Correlation, 

In an invesstigatiou* concerning the characters, nunil>er of miehrae (‘ V'^ert/), 
number of roys in the pectoral fins Bd.’ and * Ps ') and number of pigment spots 
('Pigm.’) in Zoarces viviparms from the station Nakkehagc* in Isetjord, Jhiimark, 

^ K. Hmitb, Tine, du ImU VarUhtiU, VoU xiv No 11, 1921. 
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Fraienml mui Parental Correlation Coefficients 


th<‘ fratomal (•tH‘n‘lation uas calculnh'd tor (> (for pigm(‘nt npot only 5) 

suioploH froni different yearB consisting of fratcrniti<‘s ot 10 siblings. In this case 
tlic pr<»babl(' (Tror of th(' fraternal correlation cot‘ffiici(‘iit is according to ( 19) 


^ , 0*07449 ^ , 

P.K.(r)= (1 - /’)(1 + 9r). 

V 45 a 


Table III gives for each sani)>le the values of h, r and P.E. (r), as well as r for 
all the sani}>l(^s each \\<*iglit(‘d according to the sjx 


TABLE 111, 

F) vtrrn af Cor re! a i io // . 


1 

I 


Vert. 


Pd, 


PiKUi. 

^ ear when | 







Maniple 

taken 


1 


rliw . 



101 1 1 

13S 

1 0 l")90±*()2:is 

i32 1 

o:noo± 0231 



JOIT) 1 

1 ms 

()4t*/.»:5±*02K> ' 

17t 1 

0 U00± 021 1 

75 

1 o:i}7:>± 0100 

1010 

1‘20 

0 :)U)S + '024S 

122 

aOSo-f 0 '5) 

8^, 

o3ns± e-jHo 

1017 ! 

177 

' 0 1715 ±0200 

170 1 

0 3o:u± o 2 ot» 

127 

0 4! 12+ 0217 

lOlh 

l.Vt 

0 4S01 ±‘0225 

1 50 

0 3.320 ± 0215 

lii; 

0 30714_ 0217 

1010 

OS 

O40(>()±*O:iS] 

Os 

0 2803 4 0^00 

so 

o:022 t 020(. 

Foun total 
sarnpli s 


0 0180 + ‘0005 

- 

o;t5(>1± <M‘02 


o;r»r/± 0122 


For the loean \alues of r jirobable < irois hav(‘ (ik v loiisK been (‘alciiLited based 
on the () or r> Milui'S loumi TIk'm^ probable enors had foi 

V(‘rt. IM. and Ihgin respe(*ti\e]v 

the \ allies (H)094 00LS7 and OOTiM, 

wduch tor \’^f'it, and Pigin, agr<‘i' i‘\tr('rnely well with the tht'or(‘ti(‘al \alues now 
found, wlnl< lor IM. the <mio] had b<M n <*stiniatt‘d sonuovhat too great. 


11. F \ linN \ A n ( \ 'URELATK )X. 

For jnv(‘stigntiun of parental correlation we Inue a sainph^ consisting as abovt‘ 

of N(f otisjaing ^ nines t/j, //,, y^ distributed in // ciussc‘s with q in (\‘icli, and 

in adililion, containing foi <‘a(‘h cLash an obs(*rved parental vabu* .r. We aim at 
finding the correlation between ,r anil y’s of the same class. 

Let the paientnl c<m*('lation be and the s.D. for .ris s' in the |)oj)nlation which 
we may imagine that the sample represents and hd us choose' the mean value of 
the jiopulation as zero point for ,r. 

TIh' parental eorrelation eoeffici(*nt is from the sample chdermined by 

1 L„ 
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whiTC er' in t.hc S.1X of ,/• calculaU'd from the samjjlc, and 11,^ is llie product inoineut 
for a! and ;y dvtoriuined by 

= )-•«// (20>. 

As in th<‘ proviunH sortion 2 dcnotfs a sum ot* producis <‘ach of which consists 
of tiu'tors frt»in thii same class* In the sums S each product eoiitaiiis factors from 
at k'asl. two class(^B, and when two factors boloni; to the same chiss it is iudi<‘ated 
by an * s ' insorU^d betwc<‘n them. 

For evaluation of llu‘ standard deviation of pp the SJ>. of 11 j,,, cr and a ar<‘ 
reqiiinMl, as well /is the jiroduct moments for each [wiir of (host' thre^e functions. 


{a) ^^€an Vitltid and Stundtf.rd J)ev!aUon of the Product Moment 11^.,/. 

The equation < 20 ) may also b(‘ writren 

^ ^ (21 ). 

r»y taking \ \u' m<‘an valm‘ for a gTt‘at numbci «>f siuuph's we Ihcrefon* tiial 


Ji 


— 

i,f — - 


-1 

- TpSS 

n ^ 




From (21 ) \v(‘ find by sipuuing and taking mean vahu* 


u*(f {0 - ]Y {8 (x\tj^)y - 2 ( ?? - 1) :£ (.r, y, ) S {o\ ) . . .( 2.3 ) 

Togetli(U' with ihi* det<TminaUon of ihe mean valiuss occurrijig h(Tc, we shall 
detenniiit' tlu‘ other iii(“in \alm‘s of products n‘quire(i for tlu* evaluation . Tlu^y 
are such as aris<‘ fiom multiplication of f/,) and with v‘ach of tie* two 

gfonps !£(//j-), !2(//j?/y), 8(y^y,^) ,uid !£(./’/), ^^(.r,.r.>) aiul also those which contain a 
fuel or of <‘a(di of the two la1t(‘r groups. As in tlu' for(‘goirig st^etion, wa‘ n<*(‘d, 
how'(‘ver, in>i consider jiroducts t»f i !£ and an fS, bi^cause vsucli products may b( 
(U'veioped into '♦urns of jiroduct s all contaiiiuig a factor unconelat(‘d with all flu 
other factois of the product, bom which it follows that the mean valuo for a 
gn‘at numlKT of samples zvv ) for each of tlu‘s< sums of ])rotlucts. It remains 
lo detiuiuine the following pnMliicl.s : 


{•h!/})y - li (.r, -//,*') + + 28 ( ./ , //i .r, ) 

H if 

< >' = ^ {•< 1 i/i - ) + 2 ^S (j , ‘y, 2^' ( .r, (/, a", y„) + ei 

«V A A 

2 (j’.y,) S (yr) = S + !£ U,y,\r/t) + »S* (x', y.y/) 


'S (U,y,) S (y,;/^) = S Or,yi"y-J + 8^ U\yiy^!h) + S (.r, y,?/^ yj j 

S A 

O/.'/ij) = + 2iS’ (.r, y,y, y,) + c , ' 

A Si* 

S (*,(/,)]£ (Ji’) + y,) i 

^ I 

(’hl/i) O'V'''.) = ^ (■' /'‘■'A + 


li (.r,'-'') ^ ( yr) = (•’“i ’//f ) 

22 (a',*) S ( y.ys) = t (.r,\Vi,yu) + S (j-,»y, y*) 

#r 

S iy^y^ - A’ f«’i 2/1 a™ //=) <4 
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Fratenuil ami Parental Corrdalioii 


t'l. «»> e.i fi Buuis, the means of which are 0. The pndnct inomonts 
!m>, as in th«‘ previous section, denotod by fi and the indices concerning “ a’s ’’ ute 

placisd hi front of for instance Ji (*“y*) is denoted by We thus find for 

the moan values of the sums oticurring in (24) ; 

% (a;, *_»/]) = H(j 3^1 

' S (a',”.yiO = iiy 3^3 

- ( ■«!“.% ■= I wy (tf - 1 ) aA, 

- ~ »</ 1/3,. 

- =«7(y- 

- //*>») = ^ (« - 1 ) (y - 2 ) , /3„, { 

'3 (a-.V^y, ) = « (m - 1) </ s 1/3, 

*« f/ A 

==«(«-!> </ 

d 

^ y,:) = ^ rt (« - 1) y (y - i ) „/i{, , 

/» 

S y.aisya) = (v - 1) r/ , ,y3, 

h *' (t A d 

<f f/ 


.(25). 


f A 




A (/ A ) 


From Horgstrdm’s fonimlao (!>) we find, wlu-n introducing />, /• and 0 ll.r the 
eoiTel'.tion coefficienls and remomboring that in his formulae ’s- iiii<l / arc taken a.s 
units for y aiul ,r: 

f, A == "1 

3/S, =.(:i:/y+l)« V ! 

,iiS„ = (2ry -f r) I ' 

~8r^.s‘V 

i/^oj - /),(! -f 2r)ft'fi^ 


i/^iu 

' // A 


.0. 

d 


= sV 


(26). 


2/^1 1 — r 6 *V 

d it 

I .A ,*= r„W 

f/ vf r/ 

l/Sl 2 = 

^ f/ 

i$ii \ ^ V 

« .V 


L^Z"" •>». the «,« . ...d a. , 
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Applying (25; and (2(»'l wt find for the nif.in vuius of fh( pnwiiKtis uudu 
(•2t) the following values 

(J’l !/,))* = iiqUi{n ^ l))j + 1 + (7 - 1 1 /} v' V 

(A'l/j?/,)) =nqin- I) [71/+ M (7- I)/) s v 

Vi)i,(yj ) - itq \iiq+ 1 + Hq - ]))) i^s's 
i, ( ( , i/,) i, ( i’, y 1 ]nif (7 - 1 ) ^2 H (nq + 2 q - 2) i , tj,s\ | 
Mi,7,WS'(a,y ) ^ - 1)7-11 4 (7 

~ H7('i 4 2)i, V V | 

,4 ( /, 1 / 1 ) ‘S ( /,/ ) ~ n(>i — I) 71 *, s s 

l,{u )-('/ ) - "7('‘ -1 2>, ; v' V 

' ( I, ) i, (yj / ) - \»q{<i - 1 ) \ III s s 

)*4 (Viy ) - i"("- ^)qii , ''' 

Wv lilt; 111 w lonliniii tlu r iltiiliUon of II „ liiliodiuin^ tin nii' in \ vlius 
in <21) \\i gi t 

;i 7 U J„ = ()/-!) nqi I f I 4 (7 — 1 ) > s s 
I’ loin ( J2) \vi hull 

/I 7 (11, 1 - (// - 1 ) qi j s ^ 

mil win II I 111 ’' t <iM il loi siihti n ti d hum tin ion i> iiug 

71 I 

^,1 -II / (Ilf/) (// . f 1 t / (7 h s % (2S) 

HiJ 

ih) lln Pfodnd l/> iuif lia ^ , o/ 11^, onl cr 
Multiplic ition ol (1) <ui(l (21 ) un<s 

//‘(/II, a (wf/ ~ 1 )(/- I )!(//) iw,// ) 2(/ 1 / ) 

4 2 fS' ((,//,) So/ // W 7 , 

vvIk u 7 , con^iMhol h rin** >S ^ tlit in< ui viliK^ol whidi lu /( h> 
rikini; tli< !n(/u»viliu iiul ippl' int, i27 ) tlititioit find 
Hi/ 11 a — (il l)o nqiinj \ d I itK/iq 
l^'oi lli^ (T \\i get tioui (2) lud (22) 

or ^(n — i f Uiqinq- \)-nnf\q 1) s's 
ind fUCoif^mgljr funn the tVM) latter efjuitioii^ 

IJ.U, .a -n,„ a -II,, cr ‘S, jl f , (7 l)vv (24) 
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{{f) Nimeiical Emtiiation of the Formula for the s.h. of a Parental 
Correlation Coefficient. 

Wf shall first oxauiin*- how valuable a material eousisting of n grou|)s of q 
siblings with corr('s[>on<ling paientel values is otunpart'd with nq jaiirs of values from 
(lifft'rent families. Denoting th<‘ .s.ii.’s of calculated from the two materials by 
and wo find by applying (3G> 

/ a a,, (1 ~ r,, )’ /«>iT\ 


q a- rfY - (7 - 1 ) ( 1 - ,•) { 1 - /•/ - “ 

This ratio indicates the valiK' of an observed pair, when the parental value also 
occurs combined with (</ — 1 > oth(>r offspring values, in proportion to the value of an 
observ(‘d pair when the jiarenlal value only occui's onc(> in th<‘ calculation. 

The numerical values of (37) ar<s for values of r,, and r, fairly well repre.sentative 
of the values met with in investigations of inheritance given in Table IV’. 

TADDE IV. 


i 

i 


J *(KK) 

2 

1 '7a5 

M)08 

*00(J 

3 

1 :>8i 

*;»3H 


4 

1 -1^1 


*3JM) 

r» 

' -410 

'308 

‘332 

(> 

%V>7 

1 

•285 

1 

' *:M(» j 

*278 j 

*2 

8 

j 

nn { 

•221 




•190 

!() 

1 *23^ 

•201 

•J8] 


It ajipi'ars that entering into the same parental correlation teble familii'S with 
numbers of offspring varying from, for example, 1 to 5 tlu' same weight is given 
to pairs of observations which according to Table 1\^ ought to vary in w'cight from 
1 to 

It is therefore a more rational proceeding to sort the families according to the 
number of offspring and deal with each group .separately. The work may then be 
shortened by calculating the correlation coefficient between the parental value 
nndllie mean for the offspring from which the iwrental correlation for individuals is 

obtained by multiplying with being as above (see l{g)) the S.D. for mean.s 

of fraternities of q individuals. It is then j)o.s8ible to Calculate the correlation 
cot'fticient with s.t>. for each group of families and finally calculate a mean value 
for the wirrelation coeffieient. 
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In invo^tigations of iulicritaixeo with animalH with aumerou» otts]»riug it in an 
a rulf^ easier to provide information of a given ntimbor of individualH aoiong 
a Hiuall number of families than to examine the same number of individuals if 
they belong to a larger nunjber of families. The Ial>oiir required is theroforo not 
proportioiial to the ninnb<'r of individuals find it must be estimated for the 
individual materials whether thi‘ oncunjbr»‘iTio<' of dealing with a relatively largi* 
nurnbc'r of families is duly compensated lor by the reduction of the number of 
imlividuals hereby jx}rmissib](\ 

ft do(‘b not seem at the outjrK^t probable, but it may be j>ossibIe, that, evtn in 
Cfisea in which ])arent find offspring are <M|ually easily availabh' for investigfition, 
a shortening of labour, thfit is, a diminution of the total number of observed 
individuals, may be obtainable by examining vsev(»ra! offspring individuals of <«icb 
family. We will th(‘n*f<m» examine for winch value of q, is a minimum 
wlu n a (y I 1) is put eijual 1o a constant k\ We find the conditum * 

( > - r,rf _ i M a - r) |l - ,y :/\ = 0, 
fiom whiel follows 

(l-r) jl - 

(1 -r„7-(l-r)]l 2 I 

obtain a sur\('y we iutnMluee a lew sets of values for ?^uid r for which we 
give the result in '^fable V. 

TABLK V. 


0 20 1 

1 0 *:jr> j 

IvS 

OvHo 

O'lO 1 


0 'SO 

' O'GO ! 

1-0 


It will bi seen, that tor sufficiently small values of r and 7'^ it is profitable^ to 
examine sev<‘ral siblings of each family in those castvs where the oxamiaation of 
an offspring individual r(‘<juires the same labour as that of a paremt. 

Asa guide for the choice of the number of offspring in the more fre<picntly 
occurring case when it is easier to provide data of offspring than of parent, we 
give in Table VI for somo values of Vp and r the number of observations which, 
for varying values of 7. yield the same accuracy in the parental <N)ri elation 
coefficient as 1000 parents with 1000 offspring. 

It appears from tho table that while the number of (offspring increases evenly 
wdth inercHHing 7 the* number of parents decreases more and more slowly, so that 
the compensation obtaineif in this way for the iucixia^d total number of offspring 
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tt^ndn U) 1)0 very Hinall for increasing q. Already by increasing q from to (i we 
bud, fer ‘0 and ?‘=-*4, that to outweigh the augmenUition of in th(‘ 
uumbcT of oftkpriiig, we only got a diminution of 21 in the nuiuber of parents, 

I^ABLE VJ. 

y amber of Parental itud Offiprimj hnlioidaals which for oorifimj q 
yield the same Accuracy to pp. 


e,--i 

I’ll ~ 




r=*4 ' 

r 

r ~ 

•5 

i 

•a 

•02SH 




•02«7 

Numbei of Numlx-r of 

Number of i 

Numboi of j 

Nunibirof 

^ulubcl ol 

Piupnl-s Ofl ‘spring 

Pamits 1 

OiThpriiig 

Pau'ritB 

t IffspriDg 



\m) 

KKK) 

1000 
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1 l(H)0 


6S0 

1300 
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I 133 

751 

1502 


573 

I7:i0 
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1800 1 

(508 

21KM 


OiO 

2081 


221(0 1 

027 1 

1 2507 


488 

2441 

>40 j 

, 2732 

()02 

, 30()U 


4(57 

2801 

>28 1 

1 3100 ' 

5S5 I 

1 3.0] 

i 

ir>L> 

3101 

>11 1 

3;)5n) 

•73 ; 

: 4013 

8 

440 

3522 

504 ' 

' 1032 

i0> ! 

1 15 1() 

J) 

431 

3882 

400 1 

1 4 u>:> 

.>K ' 

' 5018 

0 

424 

4242 

400 1 

1 4H0S ; 

5 >2 1 

1 5;)20 


lA)r fraU'rnal corjH'lation vn(' liav<* foinal ♦see Tahh' II) that IIk most pi'oiitable 
number of otfspriiig was 4 for the values of r now considered, arid that a 
somewhat greater inuubto’ was not substantially ojiposed to (*coii(any of w'ork, 
Wheth(a the number ought to l>e increase<l beyond .S -4 or contined to even 
fewt'r olfspring individuals from each family depends in each inv(‘stigation upon 
the n lati\e difticult.y of observing parents and otispring. 


(h) Appliaaiion of the Formula to ppevious (JulcuUtfious of Correlation. 

For the investigation i»f Zoarces viviparus mentioned in the previous section, 
in which 10 offspring individuals were t‘\ainined for each motlnu', we have 
according to (30) the following formula for the prol)able error of the niatcmal 
coj'relation coefficient : ^ 


P.K. (0>) - 


0*67449 

\^n 




9 

10 


(1 -r) 




In Tabl(‘ VII are found the values of for the thria^ characti'rs examined as 
well as ihiu'r probable errors calculated from this formula, (living each of these 
values ol Vp its due wtught we have calculated a mean value and its probable 
error. 
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TABLE Vn. 

Matei'nal Correlation* 


1 

1 

Vert. 

' Pd. 

Pigm. 

Year when 




sample 

taken 

ypJiV.K. 

r,,lr.E. 

r„±iMi, 

lOU 

0-.3.M3+ 0343 

0-2409 ±‘0832 


1915 

()-137;>±-()281 

0-321 5 ±0303 

0-3782+ -0381 

1916 


’ 0-21 iC± *0387 

(>■3622 ±*0373 

1917 

()-377.5±-0ai>8 

1 0 2824 ±-0293 

0-3722+ -0332 

1918 

()43M±-f»ittfl , 

, 0-2928 ±-0298 

0-37 10 ±-0308 

1919 

i>-3(i71± 0378 

e 1851 ±-0387 , 

, 0-3380+ -03118 

From total j 
Haiu]iIos 1 

1 

O‘to2j ±*oi:u 

0-2G54 + -0133 

0’3()M±-015S 


It appoara that tlu\sr probabh^ erroraagive oxtivinclj well with thoao ouginally 
calf'ulati^l* on tlu^ of the 5 oi* 0 values of the correlation coefticient pbtain(*(l 

h-oiTi 5 or () sauiploh. 

t^ammary. 

hi the first .s(M*tion we dealt with iratenial correlation and a fonaula vs as deduced 
for th(‘ standard diniaticai oi the fraternal correlatuui coetticient for the case when 
the material of obsenation consists of e.pial numbfTs of offsprfng from each family 
and when each availalih* jwiir of siblings is introduced into the ealculatiou. The 
formula iscalculnOMl on tin* snpfSLsition of normal distribution and normal frah^mal 
eorrelation. 


Jt is shewn by mums of the fonniila that ibrming fraternal corrt‘latioa tables 
ior fraternities oi difienmt numbers and giving each j^Jiir of obMUVations th(‘ hanu' 
wt‘ight we dihturl) \ery highly llu* distiibutiou ol weight which the observations 
mUiSt claim a( fording to th< li nature. find further from tlio formula that 

when the numb<*r of observt'd offspring from each family may be fieely chosf'ii 
the best det.ermi nation of frateinal correlation from a given nunilxT of obM*rvati(a)s 

is obtained by taking -f | j offspring individuals from each family (/‘=frater, 
corr. coeff.) 


In tht‘ second section wn* deduce^, also supposing normal distribution mid 
normal (wndabion, th<‘ t>. of the |Mirent.a] correlation eudficiiuit (‘alculated from a 
material comjirising e<pial numbers of offspring from eat-h family. The formula 
shews that forming parental corr^ation tables of a material (Consisting of faiuilies 
of difler<Uit si/eg wt* also in an nnfortunato manner disturb th(^ due disti’ibution 
(.>f weight amoi g the pairs of obsorvatiom It is shewn that if observations of 


* Vide Iv.y p. 24, Table <>. 
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Fratermd and Parental Vorrdation CoeffidmUt 

« 

parents are as easily produced as those of offspring it is, for determination of 
|)arental correlation, only for small values of the corn cotiffs,, for instance Tp<\ 
«and r< profitable to include more than one offspring individual from each 
family in tht^ calculation. For the case more frequently occurring, when the 
observation of panmts re])reHeutb more labour or greater cost than that of offspring, 
we have for certain values of and r and' vaiying sizes of fraternities calculated 
such numbers of |)arents and of offspiing whicli yield the Siimc accuracy to the 
parental corr<‘lation as 1000 psnmts with corresponding 1000 offspring. Table VI 
sliews that when th<' number of siblings exce<Mls 4 -5, there is not nuich gain(Hl 
by increasing it. 

Conshrrring both frattunal and parontal correlation vvt' may iJK*roforo geni'mlly 

1 . ? 

conclud(‘ that an (*s.s(‘ntial incroa.se in the number oi r»ffsprmg beyond I -4 i.<\ in 

practic<* .‘f 4, is on1\ then to he reeommend<‘d, vvlu'n it (nuses a n‘la(ively im 

.significant inen^aso in labour. 

This res( ‘arch has been occasionod by the invc'st igations ot mheriiama* <*arri(‘d 
out by tlu‘ Oarlsberg Laboratorium Ivobimhavn and I am mu(‘h indebted to 
])r. JoliH. Schmidt for the int<*rest Ih‘ has taken m mv \\t>ik. 
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On the Variations in Personal Equation 


1. INTK()1)(T(‘TI()N. 

Starting from BohsoI h diHOoveiy, in the early pirt of tht‘ last eentury, of the 
(‘xisten(‘e of a dofinii-o ndative j>(*rsonaI (Mjuation fia* t.wo ()])servorH recording 
transits by the eyc^ and ear method, there has btien a eontiimous disenssion among 
astronom(*rs on the errors which such ptTsoiml equations may introduce, and on 
the metht»ds of (diminating lluan or correcting for them*. In such discussions 
it has b(H*n the usual practice to take the y<‘arly uu'an personal equation, whether 
ndative or absohit(', of different observei*s an<l to usc‘ this in<‘an p(*rHonal e({uation 
as the basis of any correction to be applied to observations made in lliat year. 
From a comparison of the \e.n'lv m(‘ans it is admitted that there may be gradual 
s(‘cular changes in pe rsonal (‘(juaiion, but it is found that for experienced observers 
lIuTe is u.siially very little \ariation. In text-books on Practieal Astnuiomy brief 
mention of th<‘ subj(’ct is usually made, ami the conelusion drawn is that for an 
observc'r in normal hisalth, the ptu-snnal eejuation in any one type of observation 
will ronudn Siuisibly etuistaiit for “short jxTiods of an (*\act definition of 

th<' words “short p<‘riod ” is not an<l (‘hourly cannot b(‘ otti UipbMlf. It is furilu'r 
assumed that variations from the ptu's^aial (‘(|uation aie diu' to accidental errors 
and may be taken as randomly distributcMi in acc(n*dauce with tin (hmssian Law. 
With the rec(Uit introduction of photogiaphy and mechana^al uudlmds of lecnrd, 
the iiiter(*st of the astronomer in the subject 1ms to some (‘xtfuit diminished, but 
there are many fields of seientitie observation wlu'n Ihe human (dement <‘aimot be 
tdiminatiMl, and in tlu^ mode.rn r(*Hear(d)es ot flu psychologist \m‘ tind a study is 
made of problems of this ty})e for their own intmu^sl and for 1b(‘ light whitdi tlu‘V 
may throw on the working of tlu^ human ma(djin(\ 

One vtuy important as[)ecd of tlu* probl(‘in oi [nusonal (*<juation, and of jiai- 
ticnlar import to the astronomer, was discu.ssed in dt^tail in a paper entitled “On 
tlu‘ Matluunatical Tlusuy of Frrors of Jmlgnu*nt, with S|>(‘eial H(dereiuH* to the 
Personal Kquatioji,” publislu'd in th(‘ PhiL Tnnis, (Vol. IlhSA, p. 2:h5). Jn this 
<*as(' various seric's of ex]KTim(‘nts we!(> earned out simultaiu'ously by three 
<^bs(*i N (ux und('r id(Mjlieal eondituuis and it was ‘"found lliat there* was a mark<‘d 
eorn*lalion between tlu‘ \aiiations in absolute p(M\sonal (Mpiation of the different 
obs(‘rv(T.s. dhi.s in itsidf was sutheient to show that the judgments of any one 
obs(T\'er w-re not raiidi>m]y disiributiMl al)ont his mean personal equation. The 
})urj>(>s(‘ of tlu' pres<‘nt p.nper is to discuss tin* variations in judgment of ob- 
servin', and lo iiujuin* how tai' tin* e\idenc(* of four or five (*xperiments snggi'sts 
that th(‘ theory of personal cijualion and of errors of judgnumt, as usually accejitcd, 
rtsjuires modification. . 

The subject is a largi* oiie, and much beyond the scope of a single* pajK*!'; but 
by making careful in<,nirics of thir, l.ypo with the liolp of statistical motho<lH, it 

* Koi cxaaiplr, Mimllily Xolu,,. Vi,l. xr„ IHsO, pp. ir,, Ki.';. ijoa (Discassioa af (Jrociiwicli Ol.aer- 
viitiouR of thcMoou); Moiiihlif Noth-n, Vol. xijv. ItWJ, pp. i «y {ttTcwi«ich Ol..sorvHtion« of the 
' V ^ lAii. 1807, p, />04 (G**n<n‘al DiwcuHsion of rrlati\o poryonal JC<juationR). 

1 Kor example m ('ampbcll’a hU„u;u. of p. UT , y„u„g-H uLral 

iiiuomu, ( vim i,( n. g 114, and I'lumvoiielV Sjiliniful unit Vfucticitl .I.O'choihi/, 1th Kda. tt. p. tHO. 
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may be possible to construct a more generalised tl^eory of errors of judgment 
than that ^hich has hith(‘rto been adopted, and although the practical convctions 
which such a theory will impose may not be large, yet a more detailed knowledge 
of the nature of the variations and perhaps some insight into th<» psychological 
and physiological factoi’s which underlie them, will give the observer a clearer 
idea of the precautions to bt' taken to avoid error and a gi*eaier justification lor 
confidence in his results. 

IJ. nKNEUAUSEi) TnEonr of Personal K^uation. 

Bofon^ pr<)C(*t*ding to the reduction of the Jixperiments which have been carried 
out, 1 will consiihu' Vvhether it is not possible to make a very general, und yet 
simple, analysis (»f personal equatioi.. Let us suppose Unit we have a Iarg<* number, 
Ny of observations, which liave b(‘en made in separate groups, or at what may be 
i(u-tu<‘d separate seHnions, For the astnaiomer, a session will be a night’s work ; 
for the physicist or psychologist, oru‘ contiiiuoiis set of readings or observations. 
Any particular obsorvation y may be designated il) by r, a fun(‘tion th(‘ time 
wlien it was i’l'conled, measured fnun some fixed epoch, or (2) by the number of 
th(‘ session in v/hich it was made, and t, the time of record measured from the 
eomm<‘ncem(‘nt of that session. Fg. an observation made in the pth session may 
bo written (uth(*r as //r or^y^. We will sujipose that the secular change ciin be 
r(‘pri‘benled by the but in addition to this change th<w may 

be allot lu‘r of <i difierent lypt' which nuy bi‘ termed tht‘ tiessional change, and 
will be ivpresimted by tlii‘ funetion Th(* tundanienttal ditfenmee between 
a secular and sc'^sional change is this if there is a bn^ak of some hours or perhaps 
(lays between two heri<\s of ohstTval ions, tin* si'ssional change of the first sf‘ri(‘S 
will have no infimaice vui th<* judgnK'nts of the s<*cond series, while th(‘ secular 
cliange will <*ontinu(‘ from s(a*ies to siTies. The si'ssional change is thus jieculiar 
to its own H(*ssiou or sen(^s of (d>,-»er\ at.it ms, although it is ver\ possible^ that the 
wirne typt^ of change may he ie])eate<l in session afttu* s(‘ssitm* it may bt* a cliange 
ivsiilting sinjjdy from fatigue or pcrii.ips from mon compl(‘v causes. Figure 
(|). 40 ) ]m*\id<’S a gootl illustration f»f stHMlar and sessional changes; the centn's of 
th(‘ small Circles rt^prt‘St‘nt the mean v.ilues of twenty difieriait stuies of observations, 
and it will be s('tm that tin* g(UHU‘al tendency is for a drop in m< an judgment 
from left to liglit of tlu' diagram ; tliis is tin' secular ehangt‘. "I'lie sessional 
changes art* lepnwnU'd by the continuous lirms drawn thruigh the centres of 
the circh'- and llie sh»pt* of' tli(‘se lirnss is on the whole sten to be V(*ry (‘onstant 
Ihrougliout tin' twenty series. In this case the secular and sessional changes are 
acting in tlnj same diioction, but they may well a<‘t in opposite direfuitais. 

Wt' have tliu-’. st'ori that an obsta-vation y may bt* (‘Xprt'ssed in tin' fisau 

y ^ <^(T)4-yi>(o + r, (i), 

whore T/ is the rt'sidnal after the removal t»f strular and sessional tdiaiigt's, Thi* 
duration of ttie session is likely to lx* so short compared with tlu' piuatnl over 
which the sticular change is nu'asunKl, that r may be taki'U as practically constant 
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fi>r any one session, and ^(rp) may bo described as the secular term in the ob- 
servations of the jL>th session. It remains thorofore to consider the function /p{<)» 
Supposing that there wore w observationfl made in session, it would of 
course be possible to fit an (w - IHh order parabola on which all the observations 
would lie, so that th(* values of Vt would all be zero, but such a curve would be 
entirely useless. If the observations are made at finite intervals Ht> that we can 
imagine that one may be interpokkHl between two others, owing to the mass of 
random eJTors to which <»ach jiidgnu‘rit is subject, we should not for a moment 
ex|)e(‘t that the interpolated eiror would lie on, or even dose ]^) the (ri — l)th 
order parabola. A curve of far lowt^r order would probably give a much better fit. 
If the sessional (•hang<' is a sign of some physiolc^gical change of sbite which is 
atfeeting the ubs(*rvcr’s judgment, it is natural to snp}M)so that it can be repre- 
sent(*d fairly closely by some simple cnrv(‘ — a low order ^wirabola if not a j^traight 
line, or perhaps, if peritxlic, a siiu' cnrvt*. Suppose that in a pifu*tical case, a 
first or second oi’der jiarabola has b(‘en fitted to tlie observations of a session; then 
it will be e;usy to test whether the n^siduals Vf follow a (faiiHsian distribution ; 
asimph* praelicallv sufficient, if not tht oretteally sufficient l(\st would be to find 
wliether 


n w 


i(r,) = o, X{r,')-o... 

(li) I 

f'l f 1 

o _ _ -(F,') 

.... (iii)) 


approx iuial(‘ly. 


Blit there is n ruilher possibility ; it iii.iy he tuund that although the relations 
(ii) and (ui) hold appntximutely, the Ff’s are not laiidouiiy distrilnited in time, 
and that then* is in fact a correlation between the Hiieeessiv(> values of I't, so that 

iiytv.u) 

'''I' ~~Ti ^ ;; 

y i (i-Vu) 

t 1 t \ 

for jK'rhaps several |)<>Hitiv(‘ integral values of/' fioiii I upwards. 

To emphasise the importanci* of the iliffercnt terms in the rolulion 


j>yt — ^(Tp) (i)6is, 

lot us take the ease of an astronomer who make.s a numht'r v>f observations, ofton 
at many days’ interval. He will take a mean 


H =■ moan ^ (t^) + mean/; (f), 
hnt he must not. .suppose that the cpiantities 

irp) - mean <f> {r^) + /^(t) - mean/,, (t) + Y, 

fidlow a Gaussian distribution. It will bo only a part of the expression that does 
so, the Ft’s, and it is possible that even these may not bo true, 

Further it is clear that successive values <.f „yt-7/ will not be independent; 
oon-elutmn will arise from the inclusion ..f h.vt,h the secnlar and sessional terms, 
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mu} podtApB too from a relationahip between the enoccesive ffS. There may be no 
large scale sessional change, and it may be possible to correct for a secular change 
in personal equation, but even then the nman of a small number " w ” of snccessive 

cdMiervations, subject to its probable error '6745 * / ^ <fm, will not bo a satisfactory 

approximation to tnie value of the quantity observed, if those olmervations 
are eon elated. Suppose for example that the points in Figurt^ 14 (p, 76) represent a 
series of successive observations which have been oorrectHi for any secular change 
in personal equation; the linear sessional change is small and hss been represented 
by the continuous straight line, while the dottwl straight Hne represents the mean 
value of the 03 obserutions. Yet many sets of 10 consecutive observations could 
be talc<’n, the difference between thi* mean of which and that of the whole 63 
would be far greater than would be anticipated from the value of the probable error 
eaiculaU'd from ihc‘ expression above. This is because the obscuTalmns are not 
randomly diMributed m time. 

Jn addition to secular and sessional changes in the value* of an ostiniaiion, there 
may be similar < lunges in tin* standard deviation; the judgments may become 
more erratic or le«ss so A sessional change giving an increase* in standard deviation 
would suggest the (*ffect of fatigue, and secular change decreasing the stamUnl 
d«‘viatiou might bo the indication ol increasc'd accuracy with ('xjierience. An 
example of Ht*cular c*hang<' in ]K*rsonal equation and standard deviation is illustrated 
in the diagram on p 84, the deUds of this will be discussed more fully in the 
reduction of Experiment I), but it is here sufficient to sav that the central curve 
repres^mts ili(‘ smoothed poisonul (equation, while the distance betw\*en any point 
on this curve mul either (»f the outer curves gives the .smoothed standard deviation 
at that point or jKU-iod in thi' senes if observations. It will bt* seen that the 
fetandaid deviation inci cases in the later observatimm. 

It would be out ot place at this point to enter furthiT into the details of 
variation in personal (‘(juation and correlation of judgments, but 1 think that 
enough has been said to indieati* the general lines of cn(pury. In choosing the 
experiments which will be describwi in the following seidions, the aim has been 
to select tho.so in which tin ‘re was likely to hi considerable variation in judgment, 
and where consequently the secular and sessional cliang<‘6, if present, would be 
clearly rocognixable and the correlation of successive judgments wisy to measuie 
It was also important that the inroi^ in measimunent .shouhi be small compared 
with the variations in judgment. 

It may of course bo urged that the experiments should have been carried out 
by an observer who was unaware of the linos of (mquiry and therefore not liable to 
bias of any fonn» but this was not practicable, and in fact none of the reductions 
had bwn completed nor the general theory developed before all the experiments 
had been carrAcd out, and I do not think that the observations conhl Jiave been 
affected by any conscious or unconscious prejudice. 
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III. The Expekiments. 

The preBeni papier is based on the reduction of the following Experiments : 

A, Esfcimaticui of the value of a Third, or Trisection Experiment, 

B. Estimatioa of thi^ value of a Half, or Bisection Experiment. 

0, Estimation of Time, by counting of Ten Seconds. 

/). Estimation of Tt*ii Si'conds without iiitennediate counting, 

E. Some r<»j[x-ated moasurementH of tine structure in a Stellar S|)eotrum, 
with a Zeiss CV)mj>arator. 

The first fojir Experimoiit<s were carried out by the writer in accordance with a 
uniform scheme *, each Exp(Timent was divided intx> 20 series of M observations, 
making 1260 observations in all. Only one series (or 63 observations) was done 
at a sitting to avoid as far as y)ossible the t^lfect of fatigue; in the case of 
Experiments A and B the sequenc<' of the series was much broken, spr(*ading 
over home W(‘ek8, but 0 and D wore carried out within lour consecutive* days. 
The dates of the series are given with the detailed (liscussieu of tln^ (►bservaiions 
below. 

(a) Ea^)erime)tts A and B, 

Figure 1 is a copy of one of the print<‘d forms used for these* experiimuils ; the 
longer line* was use<l for A ; distance* betwe‘en inner inlges of bounding mrvrks 7*o3 
inches; the shorten' lino was useel for H \ elistane^e bedween innor edges of bouneling 
marks inche‘s. 

The' lines were on the same form simply for conviuueuice* in jirinting, etc. and 
thai not useel was conce^aled while* the obse*r\ation on the* edher was being made; 
a fresh line was use^d for each of the* 12f)() observations. In carrying out a se^ries 
a pile of 63 forms was place*d on a table* slightly tilted up towards the* observer, 
and straight in front of him, with a good light (*oming from the le'ft-lxand side, the 
pencil being in his right hand. He them maele* a short pencil stroke across the line* 
at the point which he <*stimated was exnei-thirel way alemg the line* freun the left - 
hand enel (Experiment A \ or at the pe>int which he* consieleiejcl to bisect the line 
(Experiment By He tlie*n turned the form over, face downwarcls at his side, and 
preKJcede'd to (leal with the next form in the same manner, continuing until the 63 
w('re finisht*<l*. The jHiiU'il stre)ke was made aft(*r a rapid e'ye c\stimat<', the* aim 
being to re'cord the first impre*ssion e)f third or half formed upon s(*eing the fre'sh 
line, and bo avoid liesitation ; the average time taken in going thremgh a series of 
63 observations was 5 minutes 40 socomh for Trisec tiun, 5 minutes 22 scconels for 
Bise-ction, or 5'4 sejconds and 5'1 seconels luspectively between judgments. 

To ave>id bias, it would have been desirable to comph'te all the observations of 
an experiment before comim'ncing the measurement of any of the series, but 

AotuaJ};}r in Experixuents A and IS 70 forms were marked in each scries ; the first 7 were to enable 
the observer to *get hi» eye in,'' aud the measures of them were not used at all in the reduction. 



Line used for Experiment ^1. 

Distance between inner edge«» of bounding mark«*. 7*53 inches. 
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from ooiisidcrationA of time and ais nil Uie forms 
were not printed at the commoricemont this was 
not done. In some (^asos therefore a series was 
measured dirccily after it had Wn marked, and 
if the observer happened to remember that its 
estimates were considerably t<H> large or too 
small, his judgnumt would almost certainly be 
influenced when marking the next succi‘eding 
series; the correlation of judgments within this 
second! series would hardly be altered, but any 
natural secular change which had been occur- 
ling from series to series might be broken^. 

Tne measures of the observations were made 
with a ruler divided to fiftieth's of an inch, so 
that readings could be taken to rmo hundr<*dth 
f)f an inch with fair accuracy. 

(6) Experiments C and IX 

Tht^se two cxpcrinientH wore carried out with 
the hel]) of a chronograph. The instrument 
was run by clockwork, and liad a paper tape on 
which records could bo made indejamdently by 
I wo pens Wiirked by small electromagnets. One 
pen was put in circuit wiih'a second's pendulum, 
a platinum pointer at the (md of which made 
contact at each swing through the vertical 
position by cutting through a bead of mercury, 
the otluu ]>en was connected with a tapping 
key. The rate of the driving clock was not 
quite uniform, and the pendulum second-marks 
on tht^ tape wcie therefore necessary in reckon- 
ing the intervals between the marks made by 
the other ptm, corresponding to taps of the key. 
As the estimate in both experiments was one 
of 10 seconds, it M\as found that except for a 
few cases in Experiment Df, the true value of 
the (ime interval betwe^en the ta|)S could be 
represented wi til sufticiont accuracy by the factor 
e/p, where, 

* See p. 49, remwk in Table I, regarding Beiies IX 
andX. 

f In Experiment D, eome of tho estimates had values 
nearei’ 20 secsonds than 10 seconds, and here half Uie dis- 
tance on the tape between the nearest oorresponding 20 
seconds was taken for p. 
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e was tbo (liHtaao(> mi'asiired on the tope between consecutive marks of the 
key. 

P the length on the tape of the neurost corresjjonding 10 seconds recorded by the 
I)ondalum pen. 

Had the pendulum lx‘eu heating eicaotly one second, 10 x - seconds would 

have been the true length of the estimate ; actually the period as found by com- 
parison for a long run with a watch was, 

before Experiments f''and D ( 6th l)ecoml)er) r()20 se.c(mds) 
after „ (Kith „ ) HOIO j’ 


so that the length of (‘stimute with sufficient aceufacy is 10’2 seconds, 
the lar;tor ^ that will he used thnmghout the reductions. 


Jt is 



Fig. 2. Shows a Rwall pioco of tapr, and the points from which tht* racasttiomout's made. 


If the* auliilitudo of tht‘ penduluin ww lathor wmall, it wns soiru titm’s notice^- 
able that th(' intervals the second niarksS were alternatidy lonjijer and 

shorter; this w^Jis duo either to slight deformation iij ih(' shape of tlu‘ ima-cury 
bend or fwhai is really tlie same tl)mg) from the centre of th(' bend not l)aviiig 
bc^n phu*ed exjictly under th(‘ e(|uilibrinin |)oBiiion of tlu* platinum jiointer. But 
in taking for meahuretueiUi^Jthv^ even iiumlxT of lO S(»conds, such <*rrors wonld b»* 
inappn^ciablo 

In both exjieriinents th(‘ bi'gijining and <‘n<l of tin* (‘stiinatc* wen‘ recorded by 
sharp ta[>h on the key (at a and b respia’tively in Figure 2); a long drawn tap 
(c m figure) then followial to make a bri'ak ]>cfore the next (‘stimate was recorclod. 
The interval fielwecn the b tap of one observation and the a tap of the following 
vari(id from to seconds. This method of n^cord soon liecame <{uite auto- 
matic, and v(»ry few mistAps occurrcHl. 

The nu‘asurcuunfcs on the tap(‘ were imide from the sharp beginnings of the 
marks, which correspond to the making of the eU»ctrjc contact at the beginning of 
the tap on the key. 

In Ex|XTiment 0 tlie counting was sotto voce/* the first tap being made on 
the count '' nought/’ the last on ‘'ten*'; in order that the counts might ho quite 
uniform the wonl “sen" was used instead of the two-syliableB “sev'en.” The 
counting was usually done in step to a slight b(»at of the thumb on the key (not 
hard enough, of course, to make contact), and it was fairly easy to keep the 
attention concentral^ed during the counts. In Experiment D there was no counting 
and it was far harder to keep one’s mind fixed ; in fact the mental effort required 
was quite noticeable, and 1 found that a greater interval of rest was required 
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be<iWe 0 D oacb seties ihen for 0* It is mainly by Werence to the passing of 
63 C*emal ovonte, to changes the duration of which we can infer from previous 
eicppriene©^ that wo estimate any but the shortest intervals of time. In the 
counting experiment^ the sccjond-intorvals hotweeu each of the JO oounifS which 
made tip the observation wert‘ comparatively #hort», and the boatifig of the thimxb 
or fingers became almost mechanical; the interval of coai*8e varied but was not 
subject to violent fluctuations. But whili‘ most people are able to cstitnatc a 
second interval with fair accuracy, it would need vfery much practice to estimate a 
10 second interval, and in my case I found it quite impossible to concentrate 
attention for 10 swonds, solely on the jmssiug of time. T soon found myst^If 
imagining that. I saw llm sccon<ls’ hand of a watch, pfissing usually from the 
position w^huro 00 iy uiarki’d on the dial to the 10; hut it was not another case of 
counting, for I did not note tie' passiu.^ of (*ach individual second mark, only 
having a ^aguo idea of the pt^isitiou of the 5 second division line. If 1 tried to 
think o1 nothing, my thoughib probably wandert*d on to other Bubject>s, until 
1 came up v\ith a stall, and realising that 1 had very little idea of how long 
befoio I had pressinl the key to ^iart the obscu’vation, presse*! it to finish, with 
the gn^atest unctirtainty. To kee[» attention fixed, it ajipeared that I must try to 
record lh<' stages of the passagi' ot 10 seconds, and this 1 wjis doing vaguely on 
the imaginary clock fiice, but I must say tliat the seconds’ hand was very re- 
fractory, nt times ajipearing to Bto{) or even move backwards, and wjis often so 
slow that 1 had to '^lose tlie obs^u’vufion before it retfehed the 10 second mark 

I have givf'n the above description at some length in older to shew that there 
was an essential diflerence bf*twe<n Experiments Tand D, which is borne out by 
the figures of the reduction gnen later in this paper. The observer with the key 
sat in a aejiamte room wh( r<‘ the beats of tlu* chronograph could nt;t Ik* heanl. 
Exjieriment J) was actuallj" carried out in the Wi*(‘k previous to before startuig, 
a few trials at ostimatiug 10 Beconds had been made with a watch, but these wen* 
not rejx^ated after tin* eoinmencemont. Again, some 10 second counth wen* made 
with a watch before starting on (\ but ni» comparison with a watch or clock was 
made during the course ot the experiment. The measuring up of C and D woh 
left until both oxjxuiments were completed, so that the chanct* of some bias 
to the judgment, which occurred in th<» case of A an<l B was .ivoi<l<'d 

(c) E* 

This coTiBiftts r*f nine Bcries of readings made with a 7a*is8 Comparator at the 
Solar Physics Observatory, Cambridgw, oii photographic plates of the spectrum of 
Nova Aquiioe Til. The readings were taken in the first place in order to calculate 
the Ptobablc Errors of the meaeuieirients of ceitain types of structun' featuring in 
the broad emission bands, and each series consistB of readings taken fr(»m 51 
consecutive settings on a particular marking, either a maximum or the edge of a 
maximum, Although the numbc'r of readings is not sufficient for any givni 
weight to be attached to the results they are, I think, of sufficient interest to be 
included. In the instrument used, the plate to be measured is fixed to a slide, 
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which iy honzontjtlly in ti greaHod slot by pressure with th(* hand ; the 

iiieiisurer Joohs through oru* oyepiecH' and pushes the sluJe until tlu^ feature on the 
plate of which he is wishing to lueasure the jK)sition, comes tindcu’ a cross wire in 
th(' focus of the eyc'piecc* ; then looking through a second eyepiect^ at tht' scale 
attached to th(^ slide, he taki^s the reading, the last two figuivs of which are rend 
from a graduatcnl whei‘l attache<l to a ini(*roineter screw-head. In making a measnre- 
ir)ent there arc tln'r(‘fore two adjustments : 

(1) The Slotting of tlie marking in the plate iindcT the cross wire iji the first 
(eyepiece, 

(2) The shifting of two v(‘j‘y close parallel wires by a micrometer scn*w" in the 
scjcond eyepiece, until a line of division on the scale appears to lie exactly in the 
centre between tliem. 

Far tli(' great(‘r sourci* of error arisiit^ from the first setting, jiarticularly if the 
marking on the plate is not ck'ar cut. In taking a s(»ries of measiireimmts, the 
observer should always move the. sliile from th«‘ sanu^ din'ction — that is h(» should 
always jmsh it or always pull it, until he thinks that tlu' marking is bisecte<l or 
edged” by the cross wire, and then he should stop; if hi‘ obviously oviTshoots 
the mark he should start again, and not hesitatingly move tht‘ slidi' backw^ards 
and forwards in search <»f what he thinks maybe the bi\st setting. By shifting tlu‘ 
slide into position from tlu‘ same direction, the measures may ]>e all subj<‘cl t»o a 
fairly constant personal equation due to “o\er jiush ” or “under push,” “(>\(t 
pull ” or “ under pull ” of th<^ slide, but this C'fFect may bo (‘liminatiHi by reversing 
the plate in the instrumeni, making a fresh series of measures, and taking the 
mean of the two. In this particular set of readings the slide was always “ pulled ” 
into its final position. 

(d) It is hoped tliat th(‘ n*sults of some further exp<‘riments of a diffen^iit type 
in estimating l<>ngth which w<Te kindly undertaken fer me by Mr K. A. Milne of 
Trinity College, and Mr L. J. Oomric of St John's College, Cambridgi^, will be 
includisl in a future jiaper. 

IV. TEKMINOLOdV. 

Experiments A, B, 0 ami D were arranged in accordance with a uniform 
scheme, each Experiment being divided into 20 “series” consisting of 63 obser- 
vations, The series will be designated by the Roman numerals 1, 11... XX in the 
order in which they were carried out, and the 63 obstu’vations^ in a series by the 
letters 

2/i, ya, ... yt 

In dealing with each Experiment one of the fii’st objects will be bo asc<‘rtain 
whether then* is any correlation between suocessiv<* judgments, and the maimer in 
which this correlation, if existent, falls off as the interval bf*tw(*en the judgments 
coiTclatod is increas(*d. To obtain these coefficientfS of con’elation it is necessary 

* The hrst 7 obHervations, see footnote, p, 2S, being always disregarded* 
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to divide the obsf^rvationft of each serieR into groups/* and thus we have the 
50 observations 

Hi » ?ya> yw Group 1 with mean d, and standard deviation tti, 




,, 2 „ 

tt dg ,) 


it 

Oit 

yu > 

• ‘ • y^^tk-i >» 

ft ■> 

» » ty 

'» d^j „ 

» 

7> 


Vui yi^i •• 

• y^ >1 

14 

»> dl4 y, 


fi 

<ri4* 


By the correlation of hiiccessive judgments at intervals of one/^ 1 shall under- 
stand the coiTelatioii o| the 50 observations of Group I ot a series with the 50 
eoiTOsponding observations of Group 2 of that series; this will Ih' expressed 
as p,. Similarly ‘‘the oojTclation of snccehsivt* judgments at intervals of ft,” or 
is the correlation of the corresponding observation*s in Groups 1 and ft -f 1. In fact 
p* IS given by 

J ^ 

60 ’ 

pk ^ ^jv). 

Wlum thcs<' constants are to be referred to some jmrticular series, say the 
/)th, the pr(*fix p will be placed before th(un, <sg. ;,pfc, etc. 

A c*oinj)arison of tin' d s, <r’.s iuid p’s of the diffor<‘nt series will bo instructive, 
bill as each of tlu se constants lias bec*n calculated from 50 observations only, to 
obtain (]uantities wdfch sinalUu' probable errors we must combine th(* observations 
of th(‘ 20 ,sorit‘H. Tlius w*' shall obtain 


ho, / 1 „ 

wluTt* }i =■ 60, thi' number in a gi^oup, 

m ^ 20, the number i»f seric^s, 
and S indicates summation For ^jill 20 Hcri(\s 

m 

^ ^ yt^Hk ■” 
mn ,« t i 

^ ^ + didjfc^l) - 


1 1 

^ S (p*<ri -f ' t (A d,) ( Ai 1 - dkij) in view of (v) . , .( vi). 

Ttl fit 7fl Itt 


Putting ft«0, in (vi) we have as the square of th(' standard deviation 

.SV +ll(D,-d,f 

and similarly -(vii), 

^t+i “ ^ (<’■’* h) + 2 (D*+i - dk+if 

7/1/ ^ ffl 
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and fiuftUy tho cooffieicnt of comdatioli R* is given by 

8\8t+t 


R*» 


.(viii). 


/)i and *Sfc ar(« the luciui and standard deviation of the oonibiued obscrvation8~ 
JOOO in all — of the 20 (Iroups k, while R* is the correlation bt?tween the 1000 
observations in tho 20 (Ironps 1 and the corresponding 1000 observations in 
the 20 Groups it 4- 1, where it imiat be reineiubered that owing to the break 
between ouch wries the 50th observation in Series I is correlated with the 
(50+Jt)th observation in that stwics, and not with the Ath in Series 11, etc. 

Tt will be seen from the equations (vi) and (viii) that it is possible for Rt 
to have a largo value oven though tho coefRoienta of correlation of suncoHsive 
judgments for the separate series are negligibh*. For though 2 (p*<ri<rt^j) may be 

' »4 

zero for /* > y), \ot uh say, whore p tnay p<‘rhaps be 8 or 4, ife Is clear that the co- 
efficients for the txniibincd 8eri<'s, will not vaninh aa Ic increases nnleas 


A.-" - ^ 


In fact if Lk (and thoreforo R*.; do(^R not vanihh for valueK of h for which th(* 
pjfcV of the individual senes vanish^ this is a sign of the cx’iBteiicf* of a secular 
change running through the sortes; the means of the separate senes differ 
significantly from tlu^ mean ot the combined 1()(X) observations, that is to say they 
difi’or significantly from each other. Now it is important to obtiun a measure of 
tho correlation of successive judgineuts, when freed from this siTular term. First 
1 define 8k by tht‘ relation 

.S* | 2<(o-i=) (ix), 

IS ia<li<*.atiug siimmHtion for tho 20 series); it is the* standard deviation 

trt 

of the 1000 observations in the combinotl Groups k after tiic secular change has 
bf^en removed. Then B,k is given by 

- 2(pt<r,<r*+,) 


Rib «=5 


VI 




i-fi 


■( 0 . 


this is the correlation of sncccRsiv<‘ judgments freed from sticular change ; before 
correlaliug the ol>8ervation9 we arc in fact fitting the aories moans together, by 
subtracting jd,- D, from the observations of the lat Group of Series I, 
from the 2n(l Group and so on, and again subtim-tiug - £>44,, fr<TO the obser- 
vations of the (k f I )th Group of Series T, ett'. 

Again it may be desirable to examine the residuals after a sessional change 
has boen removed from the observations of each scries, in addition t<» the gener^ 
secular term, huppwo that an observation in thepth Series can be expressed in 
the form introduced on page 25 


(i) bis. 
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wttere ^(r^) n*pmeiits the sctettlar term ‘which wc take as constaut for all the 
ubaervatioDs Cff the yth SorieSj and fp(t\ gives the sessional ohangOj then Sj" will 
be the standard deviation of the 1000 residuals m the twenty 1st Groups, of 
the 1000 rcsidoids in the twenty Hh Groups, etc., so that 

-S*" = v/J S 2 (IVi-,) : (XI). 

V TOM m t i 


tho mean ol the residuals being zero, and w = 20, « » 50 again ; while the corre- 
lation of the successive residuals at intervals of Jk, after the removal of secular and 
sessional terms, or E*" will bo given by 


Rt" - 


Ls 2 (KFm) 

nx . o jj-f 1 


(xii). 


TAiU^K OF rONSTANTS. 

In the following table defimtu™ are given of the most important of the 
oonstaixtH refeiTOd to m the preceding sectiem and of others to bo introduced 
m the sequel. 

1 . The A’th Gioup of the ^>th Scries consists of the 50 observattons 

p^/kj pl/iCH* 

As each Senes consists of 63 observations, there arc 14 Groups in each of the 
20 Series, 

11 will often bi used for 50, the number of observations in a Group, 

HI „ „ 20 „ 8en(‘&. 

2. The crude (Jbm natiom* 

(a) For tho pth Series, 

d «= mean of the whoh* 63 observations, 

^dic *= mean of observations ui kth (Jroup. 

pOTjfe « standard deviation of observations in ith Grou{>. 

» coefficient of correlation between corresponding observations of Groups 1 
and 4- 1 , i,e, between and pyk^n and pyk^ny etc. 

standard deviation of the first for\\ard differences of the observations in 
Group 1, i.e, Qf pytj py py^^ jjyw 

1 , 6 « slope of tho straight line ^ which fits ’'best ' the 

50 observations pyx, pjv, py^ of Group 3. 

p^k standard deviation of residuals left after the ordinates of this best 
fitting straight line have been subtracted from the observations of Group i. 

ppk ** coefficient of correlation between these residuals of Group 1 and Group 
A? 4 1 * 
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Jn the reduction cf the results of the cxpi'riinonts, unless it is ru'ceesary to 
specify a pai‘ticular siTies, the profijc p before those (M)nstarits will usually be 
omitted for brevity. 

(If) For the combined 20 scries. 

V = mean of the whoh* 1200 (« 20 x 63) observations of au experiment. 

mean of the lOOO obsen^ations in the combined A?th (»roups of the 

20 series. 

standard deviation of the 1000 observations in the combined Hh Group 
of the 20 series. 

Rfc ~ coefficient of conelation betweem the 1000 observations in the 1st Groups 
and the JOOO corresponding observations in the A‘-f 1th Groups. 

Jh- coefficient t>f correlation between the JOOO 5th forward differences of the 
obfet'rvations in the 1st Groups and the con*espondir5g differences of the obser- 
vations in the t+lih Groups. 

/Substandard deviation of th<‘ 1 000 first forward difterenci^s of the obscT- 
vaiions in the l.st Groups. 

3. 7^)6 Observations J reed from the Secular 

The ‘‘secular term ” in the observation considered as a membei of IheA’th 
Group pdje. Thus the mean of the 1000 observations in tlu‘ Zth (Jr(m|)s each 
fn‘ed from its >eeular Otiu Nvill be zero, 

standard deviation of the 1000 <;bHervntions (Ircvd from stvular term) in 
the /t’th Groups. 

R^'b cot^fficieut of corudarion bi^tweem the 1000 obsrrvat jons in the 1st Groups 
and the 1000 coi’n'spondmg observations in the /. j iili (ironps (ail frc'od from 
secular term). 

4. 7 he Observations freed from both Kecnlav and Sessional Change, 

U^fpiO the curve representing the scNssional chang(‘ in the ^;th Scri(^s, 
80 that y^G) IS the “sessional term m the tih. observation in th<‘ /)th Series. 
s= tin* residual hdt aft(‘r removing the secular ami sessional t<*rms from pi/f, 
standard deviation of the JOOO Ts in the Ath Groujrs. 

R^''=^ coefficient of corndation between tin* 1000 Fs in the Jst (0*oups and 
tht‘ corresponding 1000 F’s in the i-f Uh Groujxs. 

b the part of pYf representing the actual estimate which the observer 
wishes to record, 

pfft ^ the part of^J i representing a compluK of accidental erroi’s supt^rimposed 
on pat in the process of record. 

= standard deviation of the sessional tenns in the 1000 observations of the 
A’th Groujis. 

= ut order piodnct moment coefficient abo.it the mean of these w'ssional 
terms in the Ist Gioups and tho corresponding terras in the 1th Groups. 
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V. On METHoas of Reduction. 

(a) Variate Difference Correlation. 

It will bccon\e ovi<ieut in dotailod dis^uiSBion of tbe resalts of the oxperi- 
nientH, that a conHidorable jwt of the oorrclaiion of tho micceBBive judgments 
is due to a secular change with time, occurring from series to series, and in the 
case of th(* TriseetionH, to a Si*ssional change as well occurring within the series ; 
1 therefore propose to consider at this point how far the Variate Diflerence Corre- 
lation Meth()d is applicable in this typo of problem, and to do this will approach 
the matter fi'om a slightly more general |»oint of view than that of Student ” in 
Hiometrika, Vol. x. p. 179. 

Sup]>osc\thai jr and yare the two viiriobles to be coiwlated, with corresponding 
values 

» • * • , 
yi> ih. •* yt, 

and that we may expn‘SH and y/ in the form 

at ^ Fi{t) Xf, 

^2(04* Yt, 

where Fi(t) and F^it) are polynomials of degree n in t, the unit of t being the 
interval of time or space between the succc^ssive values of the variat('s, w^hich is 
supposed equal and constant; A’', and Yt an* independent of the secular or sessional 
change represented by and F 2 . 

Let us now obtain a general expression for 

(^) r,; A,,^^ eorn‘lation of the ^/th forward differenees of and //t. 

(^) ^ -A^ „ le. 

Now 

n * 

A„a'f = (1 - e)" x„ I / -- i t - ^ •''« ff-. • • • (- ^ V' .r ,. . .(xiii), 

where the operator e is defined by ^a't^act .g, etc. 

Further we must assume that 

If 

(a) X — constant for all values of h small compared with v, 

0, by suitable choice of origin, 

t» 

t<^i 

V t 

from which it follows that 2 

V 

(b) S « constant « ver^f^ for all values of h sn>all compared with r, 

t^i 
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(e) 2 (i»t 4 .ja!/ 4 .»^) for all values of A small compared wM t), 

t- t 

V 

^ (yi+A ,Vf hA-fife) ^ n »» ’» 

t^l 

Similar relations will hold for the residuals A' and Y. 

Then a little consideration shews that the sum of the coefficients of the 
products of the a;'s and ys whose indiecH differ by ji> in the expression 

AnWt or (1 - <?)" (I - 
is the coefficient of i; x t^ppCjt<Jn in the product moment 


S An*rf . Afti// ; call this coefficient a^. 

Now fc** operating on ./„ 4 / gives 

» »> yn*ff *> yn|f*-ej 

and if (f? — ?*)— (w f i — r')=sp, then r' — honce ajy is the sum of the 
coefficients of the products in the expansion of (1 ~ eO*’ ( 1 — faV* for which 
r — r' ~ p, or the coefficient of in 

(•-D'o-.)-. 

or of e"*'^ in {— 3 )'*(! — t)"‘, 

St) that o^ = (-iy' — — 

(«+p) '(«-/)) 

Hence finally writing j=^n+p we liavc 

1 2w ^ 

- 2 A„,/',A„y, = er*ory 2 (-1)”'' (x‘v), 

/-“I j-0 V- 

where negative values of the subscript of p imply that the subscript of jp is less 
than that of y ; c.g. xvp--p i» the correlation betwei^n Xt and yt^p. 

Similarly for the stfindard deviations of the /^th difttTfmces 
i 2/3 ^ 

r f\ (2)71}) ! j: Ov), 

.-Sc- ir-(2, (.Vi), 


o^=(- ly-- 


2fl ! 

(2a-J)lJrPj~^ 

(xv). 

2h! 

(xvi), 




and for the correlation between the dififerences 

2)1 0„ I 

V {_.1V‘W . _ - 

.R.-r-. 


2»! 

(2«-y)!j! 


) !? . 2w ! 




..(xvii). 


The correlation of the jjth forward difierences of the rt'siduals X( and or «fl' 
will otjual an exactly similar expression to the lost, in which xrP> xp and are ^ 
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snbsiituted fo? and But as Fx{t) and Fi(t) are pulynooiiais of dogice 
^ ninttV/e know that 

A„(rj sa A»X( + constant I 
^nyt “ F/ + constant) ’ 

and therefore ^ , 

iV Ke ! A, 

that 18 to say we may equate nH to an cxpresi^on similar to that on the right hand 
side of {xvii)abov 6 , except that the correlation coefficients of the residuals* namely: 
XYp> x9 yp arc to he substituted for *p and 

Now in the usual problem to which the Variatt^ Difference Method is applied 
it is assumed that after taking a euffioiont number of differences we shall approach 
a state in which the corresponding values of Xt and >*i, the residuals left after 
the ordinates of an nth order imndiola have been subtracted from mf and yt, are 
mutually at random in time or space ; or that 

^^Pp^0. xpp^<\ iPp^O, 

for all values of p other than zero, and that 

xpo ** f 1 po» xrp<* ^ > 

j.o, the correlation between Xf and Y(. Upm this assumption it follows at once 
from the rncKbfied form of (xvii) that 

nR^XYpii '’Xl » 

the fundamental relation (^f the original Variate DiffiTence (Correlation Method. 

Let us now’^ turn to the particular tjqie «>f problem in which w<* wish to corre- 
late the avccespive values of the same variiMe. Jf wo are correlating the values at' 
intervals of we shall have as corresponding variables, not ,/> and yt but 
yt and yi^je so that 

^^Pj^ ^Hicomes and Arp;-n may be wTitten 

xPr'V »t P/— n Api-« >» » 


(fPf •n If P) » >♦ lP/~»n if »> pj 

where as in the notation of page 36 pp is tht» correlation of successive values of 
the variate at intervals of p, and pf^^ iho correlation of suecessiv<‘ resiiluals 
(at intervals of p) which are left after the subtraction of the ordinates of an 
nth order parabola representing the st^eular change. Hence we hav(' fiom tspiation 
fxvii) that the correlation between the «th forward <lift(‘rences of yt ‘^nd yt^i 


is given by 
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where negative values of the subscript of p and /><"* are to bo treated as positive : 
e.g. if i *• 1, « =a 5, j 1, then phij-n = P-» = p.- 

We are again supposing that this secular change can be I’epresented by y * /(O* 
a p)lynoniial of degn'o a in t, but w<- cannot oxpt‘Ct that after removing a parabola 
of oven 5th or (ith order*, the residuals F,, Fa,... F,,... F„ will be mutually at 
raadotu in time or k^kico; if we fuiticipat(' correlation bt'twcon F, and Vt^i, 
we must also be prepartsl for correlation between F/ and and in any ca,se 

the corndation between F^ and Yt or whore jssn — k, will bo unity. 

Hence w'o cannot make the assumptions t>f the first problem (that xvPp- 
in fact 

oa V a 1’ ■ is uut equal to rv.Y.,,. 

Now coiisiflor tho use which may ho made of (‘(jjnations fxviii) and (xix)* If 
the values of tho have boon calculated from tin* crude va!iK\s of the variate, 
the (juickost method of finding the correlations of ditfen neos is not by direct 
calculation but by putting these known values of th(‘ into I he right hand sidt^ 
of (xviii). Then using (xix) w(‘ have a numb(»r of <Hpialions c<*nn(‘eting the 
and tho question that at once arises is w*h<»th(»r then' are sufficient 
equations to detennine these* coefficients-' H ^^iIl be seen at once thal there 
cannot be ; if we are proecf'ding to ath diffi'n^nces, w(‘ can obtain r/ e(juations ])y 
putting k-i, 2, *,.(/, but these will contain coeffudents to 
n more Oijuations arc* reipiirod. Hy using the appropriate ('(piations tor th(‘ 
l^roduct Moments and for tTio Htandard D(*viation of /<th dilferences corresponding 
to (xiv), (xv) and (xvi) we could obtain one furthru* (‘(juat.ion, but at th(‘ same 
time we introduce one further unknown, the standard di'viation of the residuals. 

That these equations will be* indetc'rminate, can bt* seen from another stand- 
jx>int; tho 7?th difference correlation ei|uations (xviii) and (xix) will be satisfied 
not only by the ppb and s as defined above, but by tht* correlat.ion of the 
residuals left after the ordinates of a parabola of any order less t.han n, have been 
subtracted from the crude observations. Nor ean furtluT equations fiir the 
be obtaiiK'd by proceeding to n + 1, or Jugher differejjces; the further 
relations obt>(imed will not be independent, for example 


t> ^ “h 2 n^i n-^2 I 


Th(‘ possible application of ihesti 
in the next section. 


difference correlation equations is considen'd 


(b) The Application of the Results of the preceding Section. 

Although the correlation of differences does not appear to providtj a general 
method for obtiiining the coiTclubion of successive values of a variate after secular 
changes have been removed, the e(pmtions (xviii) and (xix) will be found of con- 
siderable assistance in certain cases. 

♦ The figures will probably not warrant the taking of Uifiorenoes of much liigher orders than 
5th or 6th« 
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The results of the analysis given in the three illustrative prc»blenis below will 
be used in obtaitiing the values of various constants in the reduction of the 
experiments in the later Si^ctious. It seemed desirable to collect the algebra 
together in this way, but in reading this i)aper the reafler may find it more 
eonvoniiuit to pass (»n and rider back to the theiny when occasion arises for the 
numerical application of the results. 

ProhUm 3. In this and the following illu>strations of the methods of the 
pri'coding section, thi» notation of Section JV for the correlation of judgment will 
be uy<.‘d. 

I shall sui)poso that we have m series of r>bservation8 tlirough the course of 
which there is some form of Hocular change; tl)e means of the different series, or 
the values of varying considerably. The coefficients of coirelation for the 
combined series, R,, Ro, Ri(; ... have beim calculated, and also the single 
co(jfiicj(‘n1 R/, tht‘ correlation <d‘ the successive values of the observations (at 
intervals of 1) afti^r the series means have been fitted together — i.e. after removal 
of seiadar change. 

It is clear that A,?// ~ A, IV, where yt — dy -|- IV, within any one series, and 
i i (A,i/,.A,y,,jk)=:=S i (A,r,.A,rV.)etc., 

m i 1 m i- I 

where again stands for summation for the m series, so that the 1st difference 




correlation eipiations (xviii) and (xix) are applicable, and 
-1+2R,~.R, -R,., + 2R,^R*,, 

2(1 -R,) ‘ 2(1-R,) 

_ - 1 4 2Ri' - R; _ - RV I + 2R*' - R * ^ 

2(1-R;) " ‘ 2(1-R0 

From (xx) we get the valm^s of ilfjt,//*-- 1/2 ... .9 ~ 1, anil using these and value 
of R/ already supposed io he known, the s — I equatuuis (xxi) will give the a* — 1 
unknowns R^, ... R/. 


A;«= 2, to AT — 1 ...(XX), 
A'sa 2. to s — 1 ...(xxi). 


The accuracy of this nudhod will of course depend on the err<»rs involved in 
the assumptions (a), (6), and (c) of pag(‘ 37 above. 

Problem 2, To obtain the coefticients of corielation of the successive residuals 
left after the ordinates of the “ best'' fitting straight lines have been subtracted 
from each of m series of observations, that is, after the removal of a linear sessional 
change as well as a s<*cular change. In the notalhiii of p. 35 these coefficients 
may therefore be written 

Xi X> tf 

. . . SXfg .... 

In the first place let ns obtain the constants of the straight line “ best " fitting 
the 60 observations of (Jroup I of a series; tl^is can be done by the method of 
Least Squares. 

If for any series the equation to the line is 

i.p J \ 

t ^ j (» = 50 08 before) (xxii), 
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wher« th« etfa ob&emtion ie 


yt- 




have that 

# 

therefore 

or 

and 

giving 


t I? 


2 , is to be 


a iinnnntnn, 


(iK ^ , dK . 

^-Oand ^— 0 , 

91 

2 Ff«0 whence i 


i^\ 


/“I 


j/A ” 2 ^ {<» - (» + 1) < + i (ft + i)n. 


Oi, thf- first order jiroduct moment an'fficient about the mean of y/ and t 

- /.(""-I) 

12- . 

giving foi the constantH of the best fitting line 

I 

rfc«djCr- i, yf 
t I 

The next stop is to obtain the coriektion of the biicceHsivi' tesidiuils left after 
the oidmates of this lino have been subtract ed bom the observatioiiH 
We shall have that 

nciir^pi « -f ft ^ ^ |d + -f 1 - 2 ^) + 

= d + y,^j) - nd‘ + b |^n 1 - " ^ ^ 

+ 2 F/ r,+, d(y„„-yj) 

“ ^ ” 2 ^ + ’* 2 ^ 1 + yi| 

- 6 * 2 + 

/ 1 l 4 j 




,1, r, r.. . t ,^ «(»•-!)+ i jit! * + “ - ' - «i} . 
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ftod if fh' be correlation of the 8acc«9aive residuals and <r,' and cr,' the corre- 
spondi^ standard deviations in Gwrape 1 and 2, we have finally 

b* b 

P% »>'«•»' *• <n> - 1) ~ 2n + 1) i'l + (« “■ 1 ) y»+‘ ~ ^”•^1 ■ • • 

Similarly we have 

««r,‘ - IJd + 6 ^ j + r,|’ - nd^ 

« 2dS (y,) - 2nd* + 2h ^ j (y, - d)J - 6* X (t - + 117 

« X Fe' + 2biipii — if, n (n* - 1) 

1 * A 

-X^lV+3-2«(n»-l), 

whence it follows that 

(x>riv}. 

And again^ 

- ijd 4 6 (^« + 1 - + Fh ^n(d + b+ 

- 2d X^/A H - 2fld^ 4 2&^S 4 1 - ” 2 *) (y*n- d)j - b‘ 1^ (/ - ” " 

4- X ^'>Y-«6--2«6d-‘2(ft4-d)(y„+,-y,-n6) 

\ a / 

=i -f 26«|7 ij + - 6® i — (n — 1 ) ]^ -f 

f 26 y, + ” 2 y„+i - «d) 
fr* 

= «<rg'* 4- n (n® - 1 ) 4 6 [( M 4- 1 ) y, 4- (« - 1 ) y« h - 2«d} 

«r,'^ = (»* _ 1 ) _ {(n 4- 1 ) yi + (n - 1) y„ H - 2rid( (xxv) 


If the values of p,' have been calculated by this means for each of the m series, 
we shall have for the combined series. 


X (pi'ffi'ffg') 

m 

^X(ir/*)X(«r/«)‘ 


(xxvi), 


a modified form of equation (^xii)* 

As •wo are subtracting the ordinates of a different straight lino from each 
series, a modification of the fiirst-di'flerenoe equations may he necessary. The 
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1st order product momeut coefficient, for thn m combiuod series*, of successive 
first differences at intervals of k is given by 


=■ - % {yt - yt 

mn 1 ^ 


\ ^ ‘fic yi~.y>Ma] f^y*n~y*i»t 


: J- X I {Y,- yu.-h){Vta- y,uu~h) 

in t 1 

\ n /J IwV n J] 

^ V V / 1’’ l*' \ i X' \ I V ^ J ^ ^ u| j V 

»»• li: «'« ') 

tn Z\ n } I w «4 ( m wiM 


Or finally, 


-2" + 2" 

w< (m 


(XXMI), 


making the assumptions (rr), (6), and (r) of p. v‘l7 and uh(‘iv 

^ Q i I ifei A ^ Jv ^^1 J V ~ ,y« U 4- }lk\ I ■■* If a 1 1 

n / \Z'm\Z mu 


2. 'Jlf is the standard deviation of the h\. 

There will b« similar corrected expressions for the stavdanl deviations of the 
combined first diflerenees. 

If we are justified in neglecting t(*rms of the order of Qi -f b\ wo may use the 
first diflerence equations. 


— Ri^i + 2Rjk — Rji { , 

2(I->R,) 

-~R,^A + 2R/^R,^A 
'2(1 ^ R/O ‘ 




.(xxviii), 


wluTO, as in Pipblern 1, the known Rj^s will give the iBi-a, ami it will only be 
necessary to calculate directly the one quantity R/', in order to obtain 

R // TD // x> I'f 

2 > Xi»,* ••. JXg . 

Problem 3. In the last illustration it may happen that while Qic-\‘b‘‘ is so 
small as to cause only a negligible error in the value of found from 

^ -1 + 2E,"-R," 

‘ ' ■ 2(1-R7T‘ ’ 


,h IK th« slope of best fitting line in the pth Senea. 
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the* cumulative* cflfect of this eri'or may be considerable in the value found for 
R,"(s=» 12, say). If then we take second diff(*rencos 

# 1 M 

^jn ^ S S (yf--* + y^a) il/M — 

IflTf pt I 


in? I- 


• y» ~ y»+ i -h ffn 




yif-fa y^n^i + y*-f n fa 


-i- S S (F,-2F,^,+ r,+.)(FHifc-27,+*+.+ 

m /»1 

^ ^ L fv Ki I a ** ^-n ^ w -fal fv 


- (R*./' ^ 4R;t--/' + 6R/' - 4R*4 i" -f R*fa") ^ 

and iH ind(‘pendent of the diftoring valutas of the b'n. 

The a})proj)rijjito equations an* in fact of typ<' 

^ ^ R,. a" - 4R^ " + OR,'' -- 4R,^/' -f Rua" 
- ^ ' 2l3-4R/'4.R,") 


.(xxix), 


for /r — 1 , 2, 3 . . . a* — 2, whore R_/' = R," etc. and R,/' = 1. Then using the known 
value of Ri", and that of R^", found ns in Problem 2 from the first difference 
eijuation, these s — 2 equations will give the a* — 2 unknowns R/' ... R/'. 

It is clear that similar methods could be applied in the case of sessional changes 
of higher ordei*, but I have tiikeu the algebra in these three Problems, as the 
results VNill be used in the reduction of the experiments lat(u* on. The gerjeral 
('X]>lanation and equations may have appeared long, but the actual cidculation in 
any ]Uirticular cas(‘ of such (juantities as j/?,, 1 JK 2 , ... i/f,, or ... ji?,, and then of 
R/, ...R,', and R.'", ... R,/'", is exceedingly .simple, and far shortdu* than a direct 
calculation froin the crude figuivs would be. In two cast's ihe correlatioiis wtuv 
calculated both by the difference correlation method anti diret*tl\ without approxi- 
mation, and the agret'inent of the fermor results with (lie latter isUbhshed con- 
fidtmee ill this method of approxiniat’ou. 


VI. Expkuimknt a (Triseotion). Reduction of Observations. 

(a f The vidieidual Series. 

-The observations of this Expt'riment have been reduced in more deUiil than in 
the other cases; the values of pi, 13, were tuimd scpaiately for each 

S(Ties, and these and the values of d and cr — (he means and standard deviations 
of the Groups -are given in Tabh's l,It and III. Several points of interest will be 
noknl ; in th(^ first place the observations have a marked temdeney to decrease (i.e. 
for the estimate of a third to Ix^come smaller) both in tbe course of a series (as is 
stHUi by the general decrease of (/, as k increases) and also in |)assing fomi the 
earlier to the later series, I'hewi are examples of what havt* been t<*rm(‘d Sessional 
and Secular Changes. These changes are illustrated in Figure 3 where the centres 
of the circles give the values of d, for each Series, the length of the dotted lines 
from either side of those points representing the standard deviations <ri, and the 
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continuous lines through the points representing the ‘‘best” fitting straight lines 
for the 50 observations of Group I , the s1o]H‘s of these last lim\s, or constants ^6^ 
have been ealeulat(‘d by the Least Scpiare method as in Problem 2, p. 4J , and their 
values are giviui in the 3nl column of Table IV. 

Another way of examining the sessional change, and of obtaining a typical 
rc‘presentation of it, is to calculate the aviTage values for the 20 series of yt the 
^th obh(*r\ation in a series, thus 




] 

m 




yt^ 


m 


1 

m 


%{d+Y,) 


= D+ ^ 1Y>, 

m 

wluT ‘ ^4 stands for the mean of the j>th siTies (03 observaiions) as opposed to y,d*, 
th( mean of a paiiicidar (Jioup k of that seiies. 

The ^alu(^ ot represent the H(‘8sional variation in miy senes ibout the 

mean of that Miles or session of obs<‘rvatioiis, .ind the seijuence //« — Z?, 

2, 3, ... ()3, wiP clearly repiesuil the mean sessional change The valu(*s of [ft an‘ 
given at the (>nd of 'Pabh' II and h‘iV(» binm plotted in Figure 4, when^ they have 
lx (‘11 fiUc‘d with Th( second ordiT parabtda ((M)culated by least sipiares) 

^=-48G -4 *00255^- 0000189^-^ (xv\). 


ORDE.R OF ORbERVATlON IN INDIVIDUAL SERIES 



TRISECnON EXPERIMENT mean tEJunoNAL chanoc 

Fig. 4. 
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Figures S aiul 4 togothiT show v(‘ry cl(\*u*ly the marked sc'ssioual change*; while* 
the former shows that except in a f<‘w s(u*ie‘s, notably S(‘rie‘s 1, IV anel X, the 
regression is remarkably ce>nstant in its value, tlie latte'r ineliejates that the se'ssional 
changes is bettor r(‘})res<'nt(*d by a parabola than by a straight line*. 

. The se\ssional e*hange* can alse> be* r(*pre‘sented niim(*rically with the lielp e)f the* 
correlatiem ratio e)f nj)on f. If we* are dealing with the obseTvations fre'ed from 
the secular change*, that is after the* removal of the means from thej f)S observa- 
tions of the pth se*nos we* have* given by 

e>i‘i __ 

- (.'A - , 1 . 'i? 

Vvi' -= '((;{, s-'ii • '***'‘‘'*^^ 1 2(50 

or S' is the* siandard ele^viatiem of the whole* 1 2(>0 e)bse*rvations afte*!* the* re*me)val 
e)f the* secular teu'm*. The*n the ratio of the me*au sepiare* distane*<* e>f eve*ry obse‘rva- 
tion fre)m the* re‘g^e*s^ie)n line e)r line of irie*ans //^, to the* stan<lard de*viatie)n of the* 
observations is 

' (x\xi), 

where* 2) indicate'S summatjon feu’ tlie 20 se*rie‘s. 

m 

This is a nu'asure e)f (he e‘le)sene*ss of ht e>f the* observations in a serie‘s to the* 
mean sessional change* as re*prese*nte*el by the* value*s //^ ; the* large*!* >;^/^ane| lhe‘re'fore* 
the sirialle*! VI — is, the* nieere* ne'arly de'>e*s a se‘ssie)nai e'haiige* e)l' the* same* form 
recur in se*ries afte*!* se‘rie‘s. A ceimparisem of the values of V I feu* the* elitfe‘re*nl 

cxpe‘riments will show the relative signifie-anea* of th(*ir me*an s(*ssional e*hange*s. 

In the* pre se'ut e*ase th<* value* e>f y),^^ is founel to be* ‘o7f) f *01. S, \vliile* 

-HI r,. 

It would be* an interesting problem to obtain the ceirrelation e)f the* succe*ssi\e* 
re*sieluals le*ft after the ordinates of the “best"’ fitting parabola for each se*rie*s had 
be*(*n subtracte*d from the* ediservations of that se‘rie*s; but although t.his has not 
be*e*n done*, a fair ielea eif the* degre‘e to which the* corre*Iatie)n e>f the* succe‘ssive 
judgnu*nts in the* individual se*rie*s is due* to the s(*ssie)nal change* c*an be* e>btaine*d 
by removing the* ‘'be*st” fitting stnaight lin(*s fre^m e‘ach se*rie*s. The* values calcu- 
lat(*d for the ,,//s have* boe‘n re*fe‘rr(*d to above*, anel using the‘se and the* e*epiationH 
(xxii)-~(xxiv) of ])]). 41 — 48, the values eif or/ and p/, eir the* standard deviations 
and corre'latiems of succe*ssive obse*rvatie)ns fre^e*d freun the* liiH*ar se‘ssional changes, 
have been ca]culat(*el and are* given in the 4th anel bth ce)lnmnH of Table IV. The* 
p/'s are all less than the* e*orre*sponeling p/s, e‘xcept in vS(‘ries X whe*r(* they are* 

* Actually it in only the* value*H of the* eiroup SianeJanl Deviations Sy, . . SV which have been 
calculated; they are not all eejual {as shown in Table V) owing to the sessional change in standard 
deviation, but an approximation to S' sufhciontly accurate for the purpose will bo given by taking 

{SV2-1 AV2-1 





TABLE 1 . Trisection. 
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t‘qnal, but though then* is in general a ctmsidi'rablo reduction, it is clear that 
neither a linear sessional change nor a parabolic one of the form n^presented by 
, equation (xxx) account for the greater part of the correlation of succcissive judg- 
ments. 

The cocfticients and also p^ vary considerably from seri(‘s to s(‘ries, but there 
is no very marked progressive secular change. On the whole botli p, and p/ are 
large when the standard deviation is large, and a measun' of this corrc^sjKUidence 
will be given by the correlation of p and <r. This can be obtairu^d most readily, and 
with sufficient accuracy for the purpose, from th(‘ corndation of tin' ranks of these 
variab'S, by the nn‘thod nderred to in Biomet rika, Vol. X. ]). 416*. 

The r(‘sults are 

corndation b(‘twecn p^ and 4- *52 ± T1 =/*po, 

„ M pi «<'*‘d 0-/+ *60 ± ‘H)~ /pa. 

Tin* <btfen*nce is not significant, and we may draw th(‘ conclusion wliieh could not 
hav(‘ been assumed n priori, that the correlation of successive ju«lgm(*nts is larg(*r 
when tin* variations in judgment an* larg(T, and that this ndationshi]) doi's not 
appear to be reduced wlu‘n tin* large linear st'ssional change* has In'e'ii r(‘mo\e*(l 
Large values of o might have implied (‘rratic obseu-vation and small n'lation be‘tvv(H')i 

TABLE IV. C(ms1(ntts of Imti vidua f Series {Trisect Ion), 

(The definition of these eojistanfs is given on j). ‘15.) 
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Mean 
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* The theory is based on the liy]iothoHis»that the variates follow a normal distribution, and though 
this may not be strictly true for tlie and <rj’s the method probably gives a sufficiently accurate 
approximation to the value of their correlation. 
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successive judguientiH, and afc the same time high correlation might have be(‘ii 
expected to result in small variation. The significance of this will ho discussed in 
the concluding sections of this paper. 

In Table III giving the as, it will be seen that in general the standard deviations 
increase in the later groups ; though this may be due in part to the parabolic form 
of the sessional change, wuth its tendency to an increasing drop towards the enrl ol* 
the series, it is ])ossible that it also indicates a fatigue (‘ffect setting in, and caiising 
th(‘ lat(‘r obs(U‘vations in a series to be mpre erratic ; tin* sann* phenomenon a]>pears 
in the Hiseetion Experinu*rit where then* is no appreciable sessional change within 
th(‘ seri<*s. It muy in fact be look(*d on as a sessional change in the standard 
deviation. 

At the end of Tnble I are given the dates on which the diflp(*rent stories were 
(‘arried out, remarks not(Ml at the time as to tin* condition of tlui observer, and, i’or 
the last 14 seri(‘s, llu* time taken to mark oflT thi* 70 forms* It will be seen that 
then* was a large gap l)etween the times of carrying out tin* first six and the last 
fourt(‘(*n s(Ti(‘s, and this interval of in'arl}’ two months broke the continuity of the 
secular cliang(‘ in the rji(*ans of the series. In Figure* 5 the* means of Orouj) 1 (or 



the* di’s of each scries) have Ikm'U plotted firstly with the order of seri(‘s ainl 
seeondly with tin* elate of series. 

If ./• is the pe*rsonal eejuation, or mean value of tin* observat.ions e)f (jroup 1 e)f a 
series measured in incln's, 

// the number or ord(‘r of a Series, 

r tin* numbt*r of days between the Oth May and the* date on which the series 
was carrii'd out, 

Reference io the 7 trial forms ;irat marked, in addition to tlie G3 of tlie Series proper, is made on 
p. 28 in footnote. 
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we have for the regression straight line of oc on y 

ic - 2*497() = - -0135] {y - 10*5) (xxxii), 

* and for the regression of x on z 

X - 2-4976 - - -00283 {z - 58 05) (xxxiii), 

and these linos have been drawn in the diagram. 


The corresponding eoofticienl s of correlation between (1) personal eejuation and 
order, (2) p(*rsonal equation and time, iKid (8) time and order, a meaningless 
coefficient but requi»‘ed to find thi* partial correlations, are 

(]) ~ -800 ± -054, 

(2) -692 ± -079, 

(3) r,, == -f -882 ± -088, 
and the partial correlations are 

'^xy,z— -- ± '104, 

7-,,.y= + -049 ±-ir>0. 

But the interval b(‘twetni the May and July series was so large, that the serir‘s 
should perhaps b(‘ considered as forming two groups, one «)f six and the other ^of 
f()urte(*n. Taking the last fonrtemi serit's, we have the regression lines ^ 

,r - 2-4596 = ~ -01 84(> i/y ~ 7 5), 
the Scries VII Ixung giv(‘n tli(‘ order I, \T1I, 2 (‘te., and 

.r - 2*4596 = - *01048 (: - (i-64) 

z being the days betwec'ii lOth July and date of S('r)(‘s. Th(‘se lines have also been 
drawn on the diagrams. 

The corriJn^tiotiH are 

(1) 7V^/->--674 ± -098, 

(2) - - -678 ± -099, 

(8) yv + '956 i *016, 

giving partial correlations 'f'xn.- — *148 + *177, 

7v .,--138 ±177. 

The point of interest is this: there is a s(*eiilar ehang<* in ])ersonal e(|uation 
frein serit^s to seri<*s ; is this change mort* eles(‘l^ r<‘lated to the niimlua* of s(‘ri(‘s 
or s(‘ssioris that have gom* Ixdbre (that is, almost, to the exjierience gained), or is 
it due to some change with tim(‘ in tin* observer's outlook Suppose, that it was 
arranged to carry out ol)servations on a number of diffi*i’<*nt days with varying 
int(*rvals of time betv\(*en th(‘m, and that on each day a exTtain number of different 
series of obsorvatiuns or M-ssions were undertaken at regular intervals of perhaps 
an hour or less; any series could then be claHsifi(‘fl as the /)th scTies of the (j\\i 
day. Th(m rjr,f,z (Ihe partial correlation of personal eipiatioii and oi'der, linn* being 
k<q)t constant) would give a measure of tin* relationship between change in py^rsonal 
ecpiation and order of series in any one day. This will not necessarily be the same 
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as the sessional change^ for it has been supposed that this latter occurs only during 
the course of a sitting, and is broken by the interval of rest in between. On the 
other hand if wo take all the 2 >th scries of the various days, then {the partial 
correlation of personal equation and tinio, order being constant) gives the relation 
botween change in persona! equation and time, taken over a long period* 

l^he long break in the middle of the Trisection Experiment takers away any 
real significance from the difference between (— *559) and (-f ‘049) for the 
twenty series, and in the case of the last.fourtecm series these* coefficients are eejual 
(—*143 and —*338), because the intervals between the series were nearly uniform. 
In the Timing RxpeiimentH, C and A the arrangement of th(i series in gi'oups on 
consecutive days leads to considerably more interesting results* 

A comparative imjasure of the consistency of the consecutive judgments in the 
different scries, is the standard deviation of first flifferences, or 

= V — n = o-,V2(l-p,) 

approximately. The values of this expression are given in the 8th (‘olumn <^f 
T^ble IV. 

Now suppost' we compare the constants in Table IV, the dat(\s and nuiiarks at 
tlio end of Table 1 and tin* diagrammatic representation of S(*V(‘ii of the sc'ries given 
in Figui'O (i. The first seri(*s to be iemark(*d on is IV; most of th(* 8(‘iies wen» 
earri(‘d out at ih(* beginning of the mornitig bi’fore any ot.luT work, and it is possibly 
the fact that IV was don(' sotui after n spell of measuring spectrograms with aZidss 
comparator that explains tin* t‘xee])ti()iial values of and p/, namely pi = — •()4C0, 
*2521. The as, or standard d(*viatioii of 1st differeiices, is no higher than for 
the otlier s(*ries done at about the sanu* time (in Ma)), ami the cTj is lower. 
The first graph in Figure 6 gives the* diagram of this series ; the ra])id fluctuatiems 
in judgment about a very steady, if slowly eJianging, personal ccpiatioii may perhaps 
have som(* pliysiologieal signifi(*atie(*. In tin* .second and thijd graplis oi' Figure <) 
are ri*[)resented two of tlie four Series VI I- X which W{*re done when the 
obH(*rver was not veay fit: ihvy ha\e large* values for and tlu* o-^s are large* 
conqM\n‘d with tliosi* of the ten suios wdiicU follow, showing tlmt the judgments 
W(*r(‘ rathei* (‘rratic ; the* corn'Iation is however high. In VIII then* is a gr(‘at 
jump betw'e(m the 44th and 4oth judgments, from 2*22 to 2*i)(>. and the gmdual 
<lrop down, whicli follows, to 2*20 (fur the 52nd judgment) is a good example of 
a way in which snc(*essiv(* judgnu‘n^s are correlated. In Series XI (not repre- 
sented among the gra[)hs) there appears to bi* a p(*riodie variation, for the 
correlation falls steadily from *7381 !«• p,,j - —‘4428. 

XIII, XV and XVI are t 3 "pical highly correlated S(‘rit‘s w‘ith largt* .>(\ssional 
changes; the cr^’s as well as the cr/s an* considerably smaller than in the s(*ries 
VTT 'X. In examining the fourth to .sixth graphs wt* notice what may lx* calk'd 
the' large scale c(»rrolatcd variations superimpo.sed upon tlu* linear sessituial change*; 

* Seo pp. 70, 7^ and H,S, and below. 
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it is due to these variations that the valu(‘s of p/ ri'niuin so large, and it is their 
absence that makes the corndation in TV so low. TIu' hist graph (Seri(»s XX) is 
that for which tln^ <ri and are least, and y(*t p, is <juiU‘ high (-i-*507). 

As a last^ iustane(:‘ of tlu‘se points, w(^ may eomj)ar(* the (*onstanls* for XV and 
XVlll: 

b p, Pi O', rjfi 

XV -‘()()5r)<S8 +-GSI() t -SGOcS *10711 *057:1 

XVlll - 000580 i *2870 -4 *:1144 04044 *0544 



The hoiizoDtal line intersecting each graph gives the mean of the first 50 observations in that siTies. 


Fig. 6. Trisection. Diagrams lepresenting variations in judgment. 


* Foi definitions of these constants the table on page 35 may be referred to. 
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The horizontal lint nitcisoLtin^; tacli K^aph f»ives the moan of the first *50 ohm ivations m thit ‘>ones 
Fir. 0 TriHcction Piagiam^ lopioaonting \aiiationfi in jutlgnieiit (continued) 

XV h as a l.iigt liTKMi sessional oh mge» Init snjH i imposed on his thfu* uiiist bo 
considiaable eoi !(*l.‘ift‘d vanations, toi the lemoval oi llu b(‘st fitting straight line 
only T(‘duces ( 8"bS) to />/( (iSlO) XVI II his variations «dtogethc] on a ^nailer 
seali , the coiielation ot successive judgments is low and it is baud) aittetedby the 
removal of the lincai sissional change. And y(‘t though tlu* <7, foi XV is mou‘ 
than t\vice as great as for XVIII, the erg’s, or measures of the aveiagi^ jumj) in 
estimation from iiidgment to judgment, are practicalh ideiitieaK the impoitanct^ 
of this constant as as a measun^ ol variability of judgment is disciissisl on p (>9 
below. 




TABLE 

Comtants of Vombinpd Series (Trisection). 
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(b) The Gonibmation of Series. 

Having discussed the reduction of the individual serioH, I will proceed to con- 
sider the results of combining the 20 series. The forniultu* (v) to (viii) on pp. S3 and 
34 give the values of D^i aSV, and which are tabltnl below. Remembering that 
Di and S^ are the mean and standard deviation of the combined observations 
yi» ^2 ••• yw l^he 20 series, and the mean and standard deviation 

of the combined observations ... y,i, and finally Du an<l Su of yui //w> we 
see that the pi*ogr(\ssi vi* decrease in increases indicates the shortening in 

the estimatt* of a third during the course of a sitting, while the increas<‘ in Sk may 
perhaps bo })artly diu* to increasing variability of judgment due to fatigue. The 
values of R^ are large, but this is to be expected owing to the large changes in 
personal equation fr<»m series to seri(‘s; in fact for /j=sl3 it will be found that the 
limiting expression of page 34 gives 

- -H *5435, while Ri,= *()151. 

The reason for this difbu'encMi between and Rj^ is that (pi„<r^<r, 4 ), and therefore 

m 

R,/, does not vaiiish. Thf* m'xt st(‘p is to obtain the \ allies of and R/, or the 
standard deviations an<l correlations of successivi' judgments after the S(‘cular 
change has been romoved. They are found from Equations (ix) and (x) of p. 34 
and aiv' giviui in Table V (5111 and Oth rows). 

Then* is here an ojiportuiiity of testing the accuracy of the Diftercnce Correla- 
tion inotho(l discussed in 8('ctiun \ (6); the case is tlmt of Probhun l,page 41, the 
values o( R,, R....Ri an* knowui and give the (S)rnlatien of 1st differences, 
,/iV JL ... ifti.M th(*se tog(‘ther with llio coeffitients of corndation of 2n(! diffenuicos 
to bo use<l Intel, an* given at tho bottom of Table V. Then using th<‘ valut* -f*624() 
for R/, we get tin* values of tin* 12 quantitu*s R,'... Ri/, wliich have been insertt*d 
in tlie 7th row of Table V. Jt will bo seen that the values obtained by this 
approximate nu'thod agns* well with the others, tho difierences Ixdng within the 
])n»l)abl<* ern»r ot the Rjt/’s uj' to arnd including Rj/; bt*\ond this the approximate 
values becouK* rajiidly too small, tin* <‘in)r, from the form of Eipiations (x\) and 
(xxi), being clearlj^ cuinidativo. Idiis failui is certainly largely dm* ti^ tho fact that 
the emu's involved in the assumptions (o), {b) and (r) of ]>. 37 are not n<‘gligib]e 
when the later gnuips (‘liter into tin* (*orn*lat ion, for wa* have already soiui that 
both Dj, and /SV ehang<‘ steadily wu'th C 

Tin* values of Sjc' and R/ in Tabh' \ correspvmd to tlu av<*rag(‘ values of the 
standard d<'\iations and correlations of suce(‘SKSive judgments in the individual 
series, i.e. of tlie cr’s ami ps given in Tables III and I. Owing to the sessional 
cliange which occurs durmg the course of nearly all th(* stTi(‘s, Rk does not vanish 
as k iiicieas(*s, but apjiears to ajiproaijh a limiting valm* in the neiglibourliood of 
4* Iti. By obtaining for the separate s(*ries, the coeftici(‘nt of eon elation, p/, of the 
succcssiv^e observations at intervals of one, fna‘d from the Iwear H(*ssional (*hang(*, 
a step has b(‘ei made towards the further reduction of the probli*!)!, Rf', the 
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coettioit'iit for tin* combinod scrio.s c<>rr(‘Sj)oii(Jii)g to pi' of the individual series, is 
given by 

* - (piWo-s') 


r;'= 


m 



(xxvi) bis, 


aiul taking p^\ <7/1111(1 <7/ calcnlati'd from Kijiiations (xxiii), (xxi\ ) and (xxv) we 
find that 

R/' ^ f •4Kf>22 ± *()1()23. 


Th(‘n R./', Ri'...R,/' can lx- found by tli(‘ method of Problem 2, )). 41; or 
again using tln^ value of R/' found from tin* first ditferenci* e(juations, we may 
])roc*(H'd to si'cond difi‘er(*nc<\s as in Prol)l(‘m 3, and so obtain R/'.^.Ri,". In tliis 
particular cas(‘ th(‘r(‘ is no luxsl to ust‘ tin* s(‘cond difT(‘rt*nc(‘ (‘(|uations*, but tlu^ 
val’K^ of 1hi‘ Rx^' s have bet'ii work(*d out by both methods, as numerical (‘xamph's 
of tin* tlieory of Sections V (tt) and {b), A C(»m]iarison of th<‘ \5dues given in 
Tabl(‘ VI sliows that (lu‘r(‘ i^ no significant difienmci' betwtnm tin* r(\sults of the 
two methods-]*, and th(' agr(*(‘m(‘nt found (‘arli( 0 ‘ in this stx‘tion ix^tw'otui th(‘ 
value's of R/ caiculj\t('d diiX'ctly and those' found from the difii'nuici' (‘(jinit ions, 
warrants contieh'nce' in tin* r(‘sults for R/'. Although tlu' lu'gative' vabu's of R/' 
are probably too large for the higluT values of h (just as the lat(‘r })osi(iv<* \abi(‘s 
of R/ in Table V, row 7, \V(‘re too small), tlu'n' is no donlit 1 tfiink. thal tlu' 
correlation of tin* succ(‘ssi\e observations frtsMl from lh(‘ lini'ar s«‘ssional cliange. 
does become negative* at /|• = ^), G or 7 and n'lnain negatise* foi the* higher \alues 
of /•. A wonl of (jualificat ion is nere'ssaiy; the linear se'ssional chango to be 
removt'd has beeui re*pr<‘S(‘nU‘d by the line' “ be'st ” fitting the* Jirsf 50 tthsertutfions 
of each series, and a glance* at Figure 4 shows that the* nu'an value*s of the* late*r 
obseu’vatiems in the* serie'S of G3 W'ould lie* well otVthis line* because* of the* jiarabolie 
form ejf the sessional change; the negative value's found for R/', R./', (*te*. ma\ 
ju’obably be lai’gely accounte*(l for by this fact. A moi*e satisfactory approx i mat iiui 
to the correlation e>f sneee'ssive' judgnu'nts fressl from se'ssional change* will lx* 
obtaiiK'd in Se*ction XT Ix'lovv. 


As <75 = <7, V 2 ( I — gi), re*ferte‘d to on ]>. 55 alx)ve. giv(*s the* staiidai’d deviation 
of the first diffe*re‘iice*s of conse'cutive* jiulgments in a single* se‘rie‘s, we sh«dl liave* as 
a coiTe*spe ending nmasure for the* <*ombine*d twenty se'ries 

Fe)r the Trise'ctiem Experime'iit 

= -0732. 


* To g(*t an idt*a of tlic oi(l(*i of the terms and />- which art* heiug neglected, the values were 
calculated fen two value's of A, with the result 

/ 1, (^^ - -000001004/ 

A ^0, //<i=r f *000000102? ' 

t The probahlf* eriors in the Table have been calculate*d from tlie usual Ibimula < = 1*0745 ^ , 

\N 

and eio not cover the errors arising from the method of approximation. 
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(c) On the possible Effect of shifting the Head during the course of a Series, 

It was suggested to me that the correlation of ^iccossive judgments in this 
and in the Bisection Exp(‘riment might be due to periodic shifting of th(* head 
from side to side during the course* of a series, some parallax eff'ect of the two eyes 
making corresponding variati<jns in (he estimation of a third (or a half) of the 
line on the form. Now such an explanation might account for part of the cone- 
lation in tlu*s<* two experiments, Imt it could not explain the regular secular and 
sessional changes in the* Trisection, (‘xeept by the highly improbabh* hypotlK‘siH 
that the observer’s h(*ad leant over iiicrctisingly to one side* during the course of a 
•sitting, and that he started with it nK>re on one side* in the latcT s(iries than 
in the earlier on(*s. Ibit beyond this, the. fact that corivlation is found also in the 
timing (experiments suggests that it is of d(‘(*per and riion' (*ompIf‘x origin. It is 
lik(‘ly to aiis(‘ from many unknown caus(‘s atteeting tin', cuivironment and condition 
of the observiu*, and if one of them is a •••dati\e slnfting of tlu* ey(*s, it is of interest, 
for it will enter into many kinds of obstTvations, wlu'n* (Ik* observer who takes 
tin* readings is not hioking through a fixed t‘yepi(*(U*. 

'Po test th(' ( itect of a jelativc* shift between h{‘ad and papiu*, 42 < t the hams 
w(‘r(* taken, and trisect(‘d in tin* usual way, but for alb rnatt* gnui])s of se\en the 
])a]KT was shifted 4 ineh(‘s r<dativ( ly from side to sid(*. Tlu* imaisiires of the 
('stiniates and their imsaiis an in Table* VII. Tlu* three* se*ts of svvoii uude*r the 
heading 1, were made wdth the* forms in one* jiosiliem, the three* se*ts under II 
wdth tin* forms shifte*d 4 inedies to the right. The* difference is noticeable at once; 
readings 1 are* sm«ille*r than II, and at tin* same* time* the* curiems e*ffeci of s(*ssie>nal 
(‘hange* i*. app(*aring tlie* late*?* i-eMelingN of I and again e>f Tl, being on the w'hoh* 
smalle*!' than the e*arlier on(‘s. Ne w in carrying out the e)bse‘rvations of the* 
4'rise*e‘l ion and Ihse'clion fSoii(‘s, the* bexlyand tioad we*re* ke']>t as st>oady as po '.iblc, 
and it is unlike*iy that fre*<jue*nt shift'' as laige* as 4 inche's e’ould ha\e eK*curi*(‘d ; 
fui’the’r the (I itfere 'lice's ]><‘twe'eii the m»*ans of re'admgs J and Tl are much smaller 
tlian the ae'tual xa^iatioiis in judgment she>w'n in tlo* diagrams of Figure (i. 

l>ut as a furtlur te*st, a series of 6*1 forms we‘re mark(*d off’, with the* he*ad 
fi\'e*(l mt*chanie*all\ , the* results are given in Table N'llI with the usual ne>tation. 
’Phe e*e)rr(*lai ions an* iieit as high as man> of theise in Table* J, but the*y are eom- 
parable wdth the>.se of Serii 1, V, VT, XV III. The* sessional change* is aNo indie'ate*d 
by the* de'cre'ase* in d/, as k ine*re*as(‘s*. VVitheiut cariw ing through a good numb< r of 
seri(*s with fi\e*d lu'ad, no useful comjiarison can bi* made.*, but 1 think that the* 
e*vi(h‘nc(* of this euie serie*s is sufficient to justify the* assertion that a shifting of 
tile* lead (roin siele* te* side* e:annot acceiiint. feu* the* greate*!’ part of tiie* e-oi relation 
of suece*ssive‘ judgments. 

{d) Sutninorj. 

First considering tlu* iiidivielual s(‘rie*s, it was nolie».*ei that there* was a secular 
change in IVrsonal Ecjuation with time — i.e. the me'ans decreuse'd in passing from 

* The value o or *074 may be compared witli tliat of lor tlie oidinary Sfrica ol tlio Experi- 
ment A, which was '0732. 
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the eai’lier t<> the latter series ; in julcUtiun ther(‘ was u remarkably constant 
sessional change within each series, this charig(' being again a deen'iise from the 
eailier to the later observations. There w^is something in th(‘s(‘ ehangf^s almost 
analogous to an elastic strain, during the coum* of a seri(*s th(‘ estimation of a 
third droj)s, in the interval b(*tween the serit‘s th(Te is a reeovt'ry, but not a 
complete recov(Ty, for the first judgments in the* succeeding scjries start at a ' 
little lower IeV(‘I than the first, but well above the hist judgmt'iits in the series 
before; this slight “permanent d<d*orination ’’ caused by th(‘ “ strain'’ repnwnt<‘d 
in the stvssional change, r(*8ults in the S(*cular fall. The figure below gives an 
ideal repr<‘Bentation of this. 



Jl/t W|) the lesulting secular change. 

Then combining th<' twenty senes, in order to get rnon* r(‘liable results, th(‘ 
coeftieieiits of eorr(*latiou of suceessivi^ jii<lgments, Rk, wen* obtaim^d ; owing to 
the secular and sessional changes these coi^tticients had vtuw high values and as I: 
incr(‘ased, apparently tended to a limit at about 4-*fi0. liy fitting the means ot 
the seri(‘s togetlu'r, the secular chnng(‘ was ('liminat(*d, and a stu‘ies of coefficients 
Rji,' obtained, whi(*h re])rc‘s<'nte(I the average value of the correlation in a series; 
owing t.o the sessional changi' the R*'’s did not appivar to tend to z(to as k 
increased but to a limit at [■ ’10 or +*1.5. The correlation of successivt* values of 
the residuals, h^ft after subtracting the ordinates of the straight hue “best” fitting 
the first 50 observations of each siTies from the obsiTvations of that series, ga>(^ 
a set of coefficients R^", which fell oft* very rapidly and Ix'caine negative when k 
eijualled (> or 7 ; the l*irgc negative values of the coeffi(‘ients for lhi‘ high values of 
k were, probably dm* in part to the method of approximation user!, and also to the 
fact that th(* straight line fitting the first 50 obscTvations in a series did not 
represent satisfactorily the sessional change. 

The calm's of R^ calculated (up to /’= 13), gave no (*vidcnce of any iend(*ncy 
to piTiodicity in this coefficient, although there was evidence of this occuri’ing in 
some of the individual series; periodicity in R* would indicate maj*ked variations 
of roughly the sime jieriod occurring at any rate in a large number of the series. 
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It will be shown in a later section that the values of /; = 1 ... Jri, can be fitted 
very closely by a curve of tlu* type (f~p + r/r* when* p, q, and r are constants. 

Finally it was shown that tln^ correlation of siicc(*ssi vt‘ judgments could lujt be 
du(‘ to a shifting of the ht^ad during the course of, obst*rvation, although this 
might p(‘i-ha])s be one of many contributory causes. 

Experiment A Trisection corrllation- Interval diagram 





- 10 

20 

^ ^ .L 5 ~ . e 1. ^ :^x 

Interval between successive judgments 

Fifj;. H 

In Figure S the \'alin*s of Ryi , Rj;', ami R/" (for linear sessional change) are 
plotti'd to : the th(‘oi’et ic;al cmaes of tlie E([ua.t.ions (\li.v) and (hi) shown in the 
Figurt' will be discussed in S(*ction XJ, and also th<‘ j>oints referrt'd to as Rj/". 
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VJl. Kxpkhiment H , Ijisection. Rediktion of Observations* 

{(f) The iudlvidfKfl Series. 

In this Ex|)(‘riin('iit thv ('(u'HirMonts of correlation of succcssi\(‘ jud^^^jnciits lor 
the individual scries \vt'r(‘ not all work(‘d out, hut only the \alues of p^ \ IIicm' an* 
tabled with (j, and rfj in Table L\. The values of (/^ for (‘ach senVs, 1 ... l-i 
are also giviui in Table X. It will b(‘ scnai that th(‘re are not the same inarlo^d 
secular or sessional changf's as eharacb'rised the Tiis(‘ction S<Ties. In P^igure 1) 
the means of Oroiips 1 of each S(Ties — or the rf/s — have be(‘n plottcsl to “onh'r” 
and to “ tinu',” and again if 

is the personal e(] nation or mean, 

1 / the number of ord(‘r (d s(‘ri(*s, 

z the number of (bus l)ttween l‘Ith June and the dati' on which th(' sc'ries 


was carried out, 

we hav(' for tlu' regrc'ssion linc's 

.r- 2*S7nd = - OOlOidl l/y- 10*5) (wxiv), 

~ 2-879:1 = - -GOOriSr)!) (: ~ ;V2-10) (x\xv ). 


These lira's have been drawn in the diagrams; th(' eot'tticients of coiTelation 
an‘ 

r,, = - 'IW ± -llli r,„ = ~ '15(> ± *147, r,„ = f *945 i -OK), 

gi\ing partial correlations 

r,, ,= f -529 i • !()!), r,,., = - *589 + ‘ODG. 


TAllLki IX. Con sUf n ts of B isectioif Kf peri ments. 
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Probable Errors (f 
(Joeljtcienfs of Corre- 
lation caknlated from 
50 pairs of the vari- 
ates. 


•SO 

± 0313 

•70 

± -0480 

•00 

4- -0010 

•.50 

±•0715 

•40 

± -080 1 

•;jo 

± -0808 

•20 

1 4--O010 

•10 

±•0914 

•(K) 

±•0045 


Mean tune tikeii for a senes of 70 observationw (mcludiiig the 7 pivlmiiivny trials*) 5'*^ oS* 
Moan interval between records of judgment 5*1 

^ Hee p. 28, footnote. 
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The dates on which tlni series wcTe carried out — tlu‘ ch - mv given at the end 
of Tabic IX; the distribution way more satisfiictory than that of the TriscT.tions, 
and the significance of these two partial (*orrelations will be reftuTed to shortly. 

The variation in the nit^ans of th(‘ series is inuoli snialh i than in tlu‘ casc‘ of 
the Trisections ; wi^ have h(T(‘ a range from 2‘9.S to 2‘S() ins. whih' in the otluo*, 
from 2*70 to 2ii4 ins.; in both cases the s(‘cular changi‘ is in tin* direction which 
lessens tlu^ im^asures, i.(*. the marks on the forms in tlu* later series were on th<* 
whoh^ further to the obstTver’s hdl hand than in the earlier series. N«>r does 
ex])eri(uice app(*ar to incn*ase accuracy, for tin* true position of the* half is at 2‘97 
inches (and of the third at 2v')l inches). 
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Fig. 9. nisoction. MeiinH of Gioups I of each seiies plottod with Ordci of Series ami Datu of Senes 


N('\t eonsi(l(‘ring tin* sessional chunge, the Mdues of i/t (defined on j). 47) hav(‘ 
been plott<‘d in Figure* 10; the straight liin* “best” fitting th(‘se jioints is 

i/f - 2*881 (j = + *00();15:J4 (f - 82) (xli ), 

when* ( is the order of observation in a series, and the* coefii<*ient of corn‘lfd,ion 
betw<*('n jjt and / is 4- *5204 + ’0187*. 

Using th(‘ ri‘ljitioiis of pagt* 48, it is found that 

= -27 1 ± •{*! 8, V 1 = •!)();}, 

and on comparing this latter value with that for the IVisections (*815) we s(*e 
that in the present cast* the iii(*an sessional change is of less significance. 
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Diagram of Mean Sessional ('hange ^ 




Mean*at inches 

^ ^4 — Regression +*(XK)ar)a4 (/ n‘2) 

TTif value of tlic true half it> jnchcs| 

20 30 40 50 60 

Fig 10. niFectiori. t. Order of Obaervation in Series. 


It will be noticed in looking at Figure 10 that the points (/, //<) appear to lx* 
subject to a fairly consistent periodic variation about the regression line, tlu* 


^ TIuh (iorrelntion between tlie m<*un rtb obweivation (y^) and t miibi bo dihtiugiiiHbed from ibe 
oorrelation between the /tli observation (//^) and t, whiob is + ’1451, and as it should bi», less tlian n 

5^1 
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OS On the Var!afiom in Personal Equation 

(•uinpl{‘t(* period eovoring from 20 to 22 observations. Without a (l(‘tailed analysis 
of tile sr^^iarate series, it is not possible to say whether ihei*e is a pcu’iod of this 
order underlying the variations in judgment in all si‘ri(‘s, or whether this 
p(‘riodi(*ity in /// results from large variations in oni* or two stories; the diagrams 
of seven of the seri(‘&, in Figure 11 do not eertainly suggest any markcnl periodic 
variation, and it is possible' that tht* drop at about th(' 44th and tlu' peak near the 
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55th observationH in Series V and VI, would go far to account for the similar 
features in the yi diagram, the y*' scale of which is four times gn^ater than tliat 
in Figure 11 . 

Using the method of (Jorrelation of Ranks*, the corrt*lation between and />, 
has biHui cfilculated for the 20 Series; the result is 


r.,p, = + -420±124. 

Another eoefficicmt which may be calculated, is that of the correlation belwec^n 
0 * 5 , or th(‘ standard deviation of first diftcu’onces of consecutive judgments, and \ 
using tlK‘ same nu'thod as for it is found that 

ra 5 pj— — *4U) ± *125 and again = + *405 + *118. 




Now p,, 0*1 and 0*5 an* not three independent quantiti(*s, as th<'y an* connect(*d 
tlu* relation 



(J//U -?//)" 
n 


o-,V2(l -p,). 


and it is ojK*n to {{m*.stioii, which I wo an* the most fnndanu'iital. In the ordinary 
Iheoiy of the* C^unbination of Observations, when* it is assumed that pi is Zi*ro, 
it is natural to consider a-, (or cr) as a fundamental constant, the measure of tlu* 
accuracy of judgment; 0*5 appears to havt* no sp(*cial significance* and mt‘rely 
(*(|unls sJia, If however there is a correlation of successive judgments, cr loses its 
im[)ortance; if \v(* take a small numbi‘r, p, of siicccssivi* observations and calculati* 
their standard deviation, A*},, we can no longer say that subject to its probabh* 

(‘TTor 4 •()745 , uill be e(jual to <r, the standard d(*viation of a long seri(*s of 

judgments. On the oth(*r hand there is every reason bo expect that the <75 found 
from a fi'w ob.s(*r vat ions uill give a fair approximation to th(* 0*5 found from a 
larg(‘ number, a is dependent to a high degri*(‘ on tlu* sessional chang(* , for 
t*\ample it has been shown f that if tliis change can be rc'jjrestuitefl by a straight 
line of tlu* form y — bt, then (j\ or the standard d<‘viation of tlu* observations freed 
from tliis changi* is given by 

0r"^ = 0r=- !)• 


It is true that <75 is di‘p(*nd(*nt to some extent on the sessional change*, but far 
less so; for instance in tlu* ease* of tlie liiu*ar sessional change, cr^', the* slanelanl 
deviatieui e>f the* first diffc'rences of the* successive* r(‘sidiials left afte‘r the* re'iuoval 
e)f the* line*, is given ap])re>\inuitely by the* re*lation 

fn «» 7 0 

o-fi - = crs-- 0\ 

And for any feu’in e>f s('ssie)nal change* wdiich is like*ly te» e»cc*ur in expe‘rimeiit'» 
e)f the type we* are consiele*ring, the e*orrcction to the* ditlere*nc(‘ be*tween tvve> 
succ(*ssive e)bserva1ions neevssary to get the ce>rn‘S|)onding diire*rene*e* lielwe't'n the* 

* p. r >2 and footnote. 

I Suction V \^b) p. 4.'1. 
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j'osidimls after the removal of the HesHional term, will be very small indeed compared 
with the standaitl deviation of this difference, or < 75 . Jt is therefore suggested 
that in the combination of correlated observations, erj, the average value of the 
jump in estimation between two successive judgments, is of more fundamental 
iinp)rtance than o-. As an examph*, consider the diagrams of th(‘ observations of 
S(‘ries X and S(‘ri(‘S XX in Figure 11; the correlation, p,, is very low in both 
eases, but it is sugg(‘sted that the physiological significance of tlie different' 
in type betw(‘en th<‘ two, lit*s in the fact that 0*5 for St‘ri(*s X is nearly twice as 
large as erj for Series XX, rather than in the difference in the 0*1 s. Or again in 
the diagrams of the Trisection Experiment, Figurt* d, J would emphasise the 
siime point in a comparison of th(‘ difference b(‘twe(‘n the two highly corre- 
lated Series Vlll and XVI. 

Now r(*turning to the coefficients of partial correlation 

± TOt), /w. V ~ *589 ± *099. 

With tlu* interpretation suggt‘Sted on j). 54 for these coefficients, we are led 
to a rath(U‘ suggestive conclusion. If we are dealing with a number of series 
(‘arried out at equal intervals of tinu* in the course of one, or even p(*rhaps two 
days, but effectively at one epoch when comparison is madt' with the long range* 
of nearly 70 days covered by the Bisection Series, tlum tlu* correlation between 
a* and y is positiv<‘, or tin* pcuicil mark in th(‘ latcT s(‘ri(*s Umds t(» lx* made* 
further to th(* observer’s right lhan in tin* (*ai Her series; this change is in the* 
same direction as the sessional change* within a H<Ties. Then* is indt'cd a curious 
eoinci(h*nce, on which of coiirsi* no stress must be laid, 

Vx^.z = + -529 ±;109, - -f *5294 ± 0187. 

That is to say tlu* coirelation lx*tween the m(‘an of a s(‘ries and the order of 
that series wlu u a numb(*r of seri(*H are <lone in dost* suc(*t*ssion, is of the sanu* 
sign and magnitude as the correlation botw('(‘n the mean ^th obsc‘rvatioii and its 
order, f, in tin* s(*ries. But if we an* dealing with all the ^>th series of sets which 
have been carried out on different days with varying and perhaps many days’ 
interval betw(*en, then the coefficient negative*, or the* bise‘ctie)U-marks on 

the late‘r days have* eui the whole a tenelency to move* to the* le*ft of the effiserve^r ; 
tliis is in the (iire*ction of tlu* secular change*. 

The* coiujlusieuj which it seems pe»ssible* to elraw is this; it a Humbe*r of series 
aie* done* at V(‘rv sheirt inteu’vals, the* inte*rval e>f i*e"sl be‘lwe^en the* series will iu)t 
be* suffici(‘nt to bivak tbe e*ffect of the sessional change; but if a cemsiderablo 
inte'i'val elapsc*s betwe‘e*n the* carrying euit of the s<*rie‘s, then the* se*ssional change 
in erne* se‘rie*s has no infliie»nee‘ e)n the judgme*nts in the sucee*e‘ding se‘rie*s, but a 
ejuito elistinct secular change* may be ne>ticesab]e*. In the Bisection Experiment 
be)th secular and sessional change*s are* very small, but they are acting in oppe) 8 ite 
(li]e‘ctie)ns. If these twe^ ejhanges are due te) different physiological factors, it 
seems peissible that it is the* fact that th(*y are acting in oppisitej dirt*ctions in 
the) Bise*ctb)n Expe‘riment which causes them tei be* of so much smaller magnitude 
than in the* I’rise'ctieui Expe*rimcnt, wh(*re the^y were acting in t.he same* direction. 
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(b) The Combination of the Se7ies. 

For the combined series, the coefficients of correlation of successive judgments 
R* for &= 1, 2 ... 18 were cixlculatcd from 13 correlation tables each based on 
the 1000 combined observations; the results for Dt, Sk and Rj^ are tabled below 
(Table XI). The effect of the slight se.s8ional chang(‘ is noticeable in the increasing 
values of Dk- 

Using the values of Dk^ Sk and ’Rk and of ^,dk from Tabk‘ X, Equations (vi), 
(vii) and (viii) give ^ (pkO-iO-k-i-i) and S(o'ifc*) for = 2... 14. Equations (ix) 

m m 

and (x) then give the values of (SV *’■^{1 R*' contaiiM'd in the 5th «nd (>th rows of 
Table XI. The value of R,' found by this method should be compared with that 
found with the help of the p,’s, <7,’s and a-t’s of the individual series, namely 

-(/'lO’iO'a) 

R/ = ■ - + -mrn + -oj 86 tx) Ws. 

V m 

The diftei’encc which is well within the probable enorarisc'S from the fact tliat 
R, has been found by grouping the observations in a correlation table, while the 
p/s, ct/h and <ro’s were found by direct multiplication of the erudi‘ values ol the 
observations. 

Anothei* nud.hod of obtaining tht‘ Rjt's is from tlu* first diffenuice corndation 
(‘(juations, or th(‘ method of Problem I, p. 41 ; the results are given in th(‘ 
7t.h row of Table XI, while the conskints iKkf I'he coefficients of correlation of 
succ(‘ssive first differences required in the solution, are in the 8th row of the 
Tabk‘. Comparing th(‘ values of R/ found by the two methods, we find good 
agreenient up to /•- G, but beyond this point the R^' s of th(‘ second and approxi- 
mative method assunu* much t<K) large negative values*. It is however evid(‘nt 
from the results of the first method that R^ does become negative, and as it 
could not rcunain nej^ative indc'finitel}'^ as A* inen^ased, there seems here to be 
another indication that a jieriodic variation exi.sts among the judgments at any 
rate in a certain numb(*r of the series. For a coinplet(‘ p(uaod covering from 
20 to 22 observations sugg('sted by th<' //^ diagram, R/ should have a minimum 
value at Rio' or R,/; the figures suggest that the minimum occurs somewlmt 
earliei*, at about Rh, but the probable errors for these small coefficients an' very 
large. When time is available it wtuild b<* interesting to examine furtluu’ th(‘ 
significance of this periodicity. 

The points (Rjt, k) and (R^^ k) have been plotted in Figure 12. 

It will be noticed that the Sk's in the later groups are larger than in the 
earlier, this suggesting again as in tlu' case of the Tris('('tions, that the obst'r- 
vations become slightly iiion' erratic towards the end of a series. 

* This rcBult tends to confirm the Hu^^goaticn made on p. 60 that the difference correlation method 
gave too large negative valu^^s for 11^" ii. tlie Triseotion Expeiiinent. 




•406:) -'O,!:! +-0390 -•0379 - (K)79 +-i>14!) ,--02^0 -'0042 +-('H»17 +-0394 -’OIBS 
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(c) Companson with Experiment A. 

The difference betw('en the rcsult« of the two ex}K‘riineiits Is probably due 
to the fact that the estimation of a half is so much easier than the estimation of 
a third. The variations in the latter obseiwations arc all on a larger 8Cfih‘ than 
in the former; the secular and sessional changes are v(Ty much greater, and if we 
compare the vahu\s of the fundamental constants, we find : 

.S'l' -Ss 

Trisc^ction *0845 *07;i2 + *6246 ± ’OiaO 

Bisection *0480 *0495 + *8519 ± 0187 

EXPERIMENT B BISECTION Correlation - Interval Diagram 



4 5 6 7 R S 10 11 tt 13 

Interval between successive judgments 


Fis. l‘i. 

and even after thi* removal of tht' greater part of the sessionnl changi*— (tlu' b(\st 
fitting straight lines) — tin* coefficient R, for the TriseetionA is + ‘4892, or greatcM* 
tlmn Ri' for the Bisections. The ratio of the vahu‘s of ui rougldy 8 to 2, is a 
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measure of the relative uncertainty of the observer in making his estimate in the 
two different Experiments. 

Ther(» is some evidence for a slight periodicity in the judgments in the 
Bisection Series; if then' is any period in the Trisections it must cover at least 
2d observations, for there is no indication of a significant increase in the values of 
Rk far OkS calculaUsl, i.e. up to R^. 

‘ '"'YIIT. Experiment (7. Counting of 10 Seconds. Reduction of 

Observations. 

{a) The Individual Series. 

The values of d,, <ri and p, fia* (‘ach of the 20 scu’icvS are given in Table XII as 
W(‘ll as the hour and date; the means (d,) have plotted to the order of series 
in Figure J3. 

If X is the mean in the factor e/p for a s(Tie8, 
y the order of series, 

z the time in hours and fractions of an hour betvve(*n 2.0 p.m. on December 


Kl, and th(^ commencement of series 
we have for the regression lin(\s, 

,r - •<)! 80 = - *000050 (y - 10*5) (xxxvi), 

-- *9180 - ~ *001552 (z - H8*24) (xxxvii), 



Fig. 18. 10 Second Counting, y, Order or Number of SericH. 
of which the first is represiuik'd in Figure 13. 

Th(‘ coefficients of correlation an*, 

- *754 ± 065, r,, -- *775 ± 060, *f ‘9^7 ± *007, 
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giving partial coiTolation coefficients 

r*».* = + -022±161, )-„.y = --27l +-140. 

The secular change correHjM)ndB to a gradual decrease in ..stiiuato throughout 
the course of the experiment; the value of the liietor ejp for a tnie 10 se'cond 

estimate would bo = w.-ts closely approached by the means 

11/ M 

of the first tliree serioa, which were carried out on the first day, sliortly after trial 
counts had been inadi^ with a watch. No farther check with a watch was made 
during the succeeding days, and the length of estimation decr(‘ased and finally 
appears to have reiu*hed a fairly steady value at about '88. Thi' mean for the 
20 Series was *01 8G, or a count of 9'87 sc^conds. 

TABLE XIL 

C(msta)its of Series (Countiuff Seconds), 

Scries 1 < 1 , I <ri | ft] T)ate (1920) j’nme at Stmt ProhMe Errors of 

I Coejfficients of Corre- 
2.30 I \aiion catvalated froin 
3 4:)|».ni. i o/ the vari- 

10 .jr>,i,in. I afes. 

1 1.20.1.111. 

12.0 noon 

2.30 p.in j p 

3.5 i>.m. 

3.35 ]).in. i 

10.0 a in. I *80 

]0.3.>a.m. ’ *70 

Jl.lOiun. I -CO 

11.50,1.111. -50 +’0715 j 

'J.tlOpni. I I -40 ±'0801 

3.5p.in. -.30 ±'0808 

I0 0a.ni. 1 I -20 fOOKi 

10.30.1 in -lO fOOll 

11.5 .urn. i , -IK) ±*0051 

11.35 a in. 

12.10 pin. 

With the interpretation of p. the insignificant value of thi' (‘oefiicient 
suggests that for a numh(*r of series <lone in fjuiek sueci'ssion, theio will be 
no change in personal isjuation; we shall thendore not (‘xp(*(‘t to find any large* 
general sevssional changi* in (he s(*ries. The diagnim o( mean si'ssional changi* is 
given in Fignn* 14, wh(*n‘ i/t is plotted to i. 

The* eijuation of the straight line best fitting (he points is 

7/< - '919 + ‘()()007;U {t - 82) (xxxviii), 

and has b(*en drawn in Figure 14. 

Using (lie relations and interpretation of page 48, it is found that 
77,/^ ■=•'21 2 i *018 and v/l -- '977, 


I'.K. 


t *0343 
± •04s(i 
± '0(1 10 


T 

•9780 

•04030 ±*5283 

•0391 

13 DocciulHir 

Tl 

1-0140 

•04331 I+-49H8 

•0434 


iir 

•9998 

*03811 '+'0025 

•0520 


IV 

‘9440 

•03732 +‘4027 

•0108 

14 Dm'inber 

V 

•9128 

•03394 +*4378 

•0300 


VI 

*9090 

*03015 H *5 437 

•0288 

11 

1 VII 

1 -0070 

*03981 +‘3819 

•0443 

11 

1 vni 

‘9012 

*02 488 f*4550 

•0200 

»> 

IX 

*8880 

•03931 { + ‘4320 

0119 


X 

•JMl.'JO 

•02851 '+*5 439 

•0272 

15 Defoiiibei* 

XI 

'9130 i 

•02982 +*5320 

•0288 


, xn 

‘8774 

•018.’)2 14 *28.50 

•0221 


Xlll 

1 -9010 

•02402 fl894 

•0243 


\1V 

1 ‘9404 

•02903 +*5085 

•0288 


XV 

1 *8880 

•04)02 l-f -7589 

•0289 


XVJ 

1 '8812 

-04947 + -8549 

•0200 

10 Dis’fiiiber 

' XVII 

•8828 

• *0.3945 t-*(;500 

•0327 


XVI II 

■8872 

1 *02750 +‘5 400 

•020 ( 

„ 

1 XIX 

•8108 

1 *02480 + *1200 

■0329 


x\ 

•88(14 

1*03345 +*0309 

*0285 
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On the Variations in Personal Equation 

so that the mean sessional change is of even loss significance than for the Bisections. 
In fact it is clear from the diagram that the regression line (xxxviii) very nearly 
coincides with th(‘ line of mean judgment, ?y = ’919. 




Fig. 14. 10 Second Counting. Order of Observation in Series. 

The o-^’s hav(‘ l)i'(‘n found for all the individual series, and using tlu‘ values 
of <SV and R/ givcui bedow, w(‘ have for the combined scu-ies 

= S' ^2 (1 r7) = -OSJIS. 

The nu'thrKl of corn'lation of Ranks gives 

showing again that large variation is associated with high correlation. 

In Figure 15 are given eight re|m‘sentativ(* serit^s graphs which provid<‘ a good 
illustration of tho variations in judgment. In the first two gra))hs (1 and III), 
(Tn is large and then* are many sudden Huctuations, ]>ut in the lat(‘r series is 
lower and very constant in valm*. What may l)e (h'seribed as the smoothness 
in the changi* of judgment is in some cases particularly noticeable; for (*xamj)le in 
the* stretch b(*tween 

i/n and Series VI \ 

y. and Series XII . 

?/ 4 ; and Sc*ri(*s X V ) 

In making comparison with the similar diagrams for Tris(‘(»tions and Bisections 
allowanci* must be mad(‘ for tin* difier<*nc(‘s in scale, but I think it is ch“ir that this 
“ smoothiu‘ss ” or gradual variation is a special f(*atur(* of the 10 s<‘C*ond counting; 
th(*re is for instance no diagram of 1^ri.s(‘(*tions or Bisi'ctions which can compare 
with that, of Series XVI of the counting, for high correlation combined with very 
gradual variation. But such a r(‘sult is not uni*xpected, if the proci'dure of the 
experim(‘nt with the c(»nthiuous counting be reimunbered. 

A further jM)int of int(‘rest is to <*xaniine how far a sudden ‘‘break ” or discon- 
tinuity in the length of estimaU* influence's the succeeding judgments. Among tin* 
lOOO obser\ations forming the (Iroups ] of the 20 series there are 61 “breaks” or 
diflerenc(‘S b('tw(*en siu'cessivc* judgments of ‘07 or over (in terms of the factor ejp\ 
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i.e. of over twice the btaiidard deviation of first differences. In the diagram of 
Figure 16, ton observations are represented, th(‘ l>reak betweem //,_, and yt av 
is supposed to be (Mjual l<», or greater than, '07 11 this large bn^ak 

influences the succeeding judgments, it is to be expc^cted that the (litfeumis's 
ytM^ yt, yt^i'^yt, ••• etc. will be smalhu' on the average* than the difterences 
yt ^yt-\,yt'^ yt^ 2 , • . • etc. 



The horizontal hne intersecting each graph gives the mean of the first 50 observations in thnt seiies. 
Fig. 15. 10 Second Counting. Diagrams representing vaiiations in judgment. 














No. of Row 
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III the firhi j’ow of Tabl(‘ Xlll arc givi'ii tlu' sLaiidard d(‘viatioii8 ot thosii 
dittcTf'Uces taken from the (51 breaks; now in Hof thi'se eas«*H there is what may 
bo (ull(‘d a “double break,” that is, after making om‘ large variation to //f, the 
judgment returns a])))r(>ximat(^ly to its j)n‘vious state, both and 

being grcvitor than or (M]ual to ‘07. While such cases may represent true* variations 
in judgment, it is very possibh' that they result from som(» aecidcuital error, a 
slowru^ss in pr<‘ssing th(‘ tapping key or in catching up thi‘ (*ounting at the oom« 



Fig. 10. pjxpeiinient (\ Effect of a largo bieak iu judgment. 

mencement of the obs(*rvation, which was realised at the time and was not due to 
a real change in (‘stimate. In the secfuid row of th(‘ Tabh^, therefore, arc' given the 
standanl dc'viations takc'n from the 38 sets where' llu're was no double break, and, 
in the third row, the' standard deviations of Ist ditferencc'S (takcui from the whole 
1000 judgments) 

between ift and jft ^ = *SV ( 1 - R/), 

„ y, and y,^.^ = .S’/ V2 (1 - R/), 

„ y, and y , ,, = 6’i' V2 (1 — R/), <‘tc. 

TABLE XlTi. 

^tanduvd DcuuiimtH of Jd [I mures hettreeu Judgment after “ Break \ f/ty 
and the Judgments i/f « to 


Number of 
Judgment.^ 


PreviouB Judgn 

[lentB 


_ _ _ 

Suucoeding Judgments 

— 



Vt \ Ht-i • 

Vt-i 

y,-. 

//hi 

lltu 

///4 4 


From 01 sets 

•06Uid 

1 

•0(iJ7 1 -0624 

•002 4 

•085] 

•one 

•0541 

•0553 I -0540 

1 *0623 


+ *0042 

+ •0040 I + -0038 

+ -0038 

1+ 

± Mxrio 

+ *0033 

+ ■0034 '±-0034 

+ •(K)38 

From 33 sets 

•0757 

•0(iH2 , -06:46 

■mu 

•0810 

•0340 

•0421 

•0508 -0483 

•0635 


+ •00()3 

+ ■0057 +-0053 

+ -0055 

+ •0067 

± -0020 

+ -0035 

+ ■0042 ,f0040 

+ *0053 

From total KXX) 

•04 H 

” -0416 -0401 

•037:4 

•0338 

•0338 

•0373 

•0401 1 -0416 

1 

•0142 


The piobablo onois aro calculated from the UBUal exprenBiou, ± *0715 (tlsl'in. 


If we consider the* values of those standard deviations together with their 
probable errors, we may say definitely that the effect of a large break or discon- 
tinuity in judgment is c)uito significant, and that the influence appears to last for 
at least four or five judgments. It cannot of course be decided whether the 



"Egon B. Peakson 


79 


breaka were caused by some chance (external factor, or were due to a eonscuous 
change in estimate made by the observer on deciding, whether rightly or wrongly, 
that his second count was too short or too long*. 

It will be noticed that the standard deviations of differences between thc'so 
special pairs of judgment-s are in all crises greater than the corresponding standard 
deviations from the total 1000 judgments; this is to be ('xpect(*d, for the judg- 
ments yt from which all the differences are taken are not a random scK'cticm of (H 
(or 38) judgments, but inelud(‘ many of the most, erratic and therefore' thos(' 
furtht'st from the mean. 


(6) The Covthinatioii of the Series. 

In combiningthe twenty series, and wt re calculated from the thirteen 

correlation tables of tin* judgments, an<l the values of tht'se constants are given in 
Table XIV lu*low. A glance at any one of the corndation tabh's showed that the 
1000 judgnnuits in any gronj) did not follow a normal distribution, and in order 
to get a measun' of this, the coefficient of skewnc'ss for the 1000 judgments in 
th(‘ combined (Iroiips 1 (i.e. for the judgiiiimts //,, of th(‘ twenty s('ri(‘s) 

was calculated from th(’ exju t'ssion 


Sk(‘wness 


V4?,(;3,+ 3) 
2(5/y,-6A-9)’ 


where ySj and ;3o arc the fundamental ratios of the monumts about tin* mean given by 




The result was as fdlows : 


N 




A 




A = '2720, - 2 973f>, Skewness - *3084 ± -OffBO, 

sh(iwing a v('ry significant degn*e of skewmsss, and the fr(*<jueney follov.t? a Ty[u* 1 
curve of limited range. 

The distribution of these* 1000 observations made within a period of four con- 
secutive (lays, gives but another example of the fiHHpient inapplicability of the 
Normal Error Law. 


Using the values of p,, and (Tu, R/ is obtained from 

R/ — == + .5200 + •0l5(j (x) bis, 

V »w m 

and the remaining values of R/, ^'=2, by the approximate m(‘thod of 

Problem 1, j). 41. Perhaps the chief source of error in the method is variation 
in Sky which has been assumed constant; in this experimi‘nt the rang** of ^S^ikis only 
1'8% compared with 3*()% for the Trisections and 2*5^ for the Bise(^tions, and the 
results which are contained in the 6th row of Table XIV may be* regarded, there- 
fore, with reasimable confidence. As before, for the higher valin'S of k\ "Rk may be 


* Eloveu detlnite iiiterruptionR in the ordinaxy routine of conntin^% due to a mistap on the key or a 
miscount of the 10 seoondf*, were recorded at the time of obBervation, but only throe of these roBulted 
in breaks of judgment > *07, the limiting value taken in the above investigation. 
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a little too low, and as a test of the amount of cumulative error which may he 
affecting Ri./, 1 havcj worked out this constant directly from the relations 


R 


j i 




1 




jS, X #Si4 


,sv = ^ s ( /J, - d,y, su‘ = V'’ + 1 ( ih. - duf, 

nt Ml 711 in 


Experiment C 10 Second counting coRRaATioN inte.rval diagram 


80H 


•701 


•50| 


40| 


i 


i 

g 10 


•lol 


o 1 2 3 4 '5 6 7 8 9 10 11 tt 13 

Interval between successive judg.vients 
Fig. 17. 

with the following results: 

R,;-~*0124±0218, i„== + -682* 

,SV = *08420, *08444. 

R 13 ' and presumably R,/ ar(^ not thendore significantly n(‘gative, and it seems 
probable thut Rjb' tt'iids to Z(‘ro as Z* increases, without oscillating about that v«Iu(‘. 
The j>oints (/*, R^t) and (A', R^') an* plotted in Figun* 17; th(‘ theoretieal curv(^ 
drawn in the diagram will be refeiT(*a to in Section XI. 

* I/jt, 01 the litmt to which Vtjc approacJies as tends to zero is discussed on p. M. 
Biometrika xiv 


\ 

X 


6 
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IX. Experiment Z>. Estimation of 10 se(’onds. 

Reduction of Observations. 

(a) The Individual Series. 

Ill Table XV are given the values of d (the mean of thi‘ 63 observations of a 
series, not thos<‘ of Oroup 1 only), and of ctj and for the individual series; the 
low valu(‘s of will b(‘ noted at once, and also the high values of ctj compared with 
those in tin* C^Jounting Experiment. In Figure 19 below the means have been 
plotted to ordtT of s(*rics, and if 

.1 is the nH‘an in th<' fa(‘tor ejp, 

1 / the ord(T of series, 

z the tini(‘ in hours and fractions of an hour b(‘tween 10 a.m. on December 7th, 
and the comm(‘ncem<*nt of series, 


TABLE XV. 

Constants of Individual Series (Estimate of Seconds) 


Series 

1 

d 


Pi 

Time of Start 

I 

1 

1*151 

*1217 

4- *1518 ±*093*2 

JO. 15 a.ni. 

IT 

1 

1 

Jill 

•1254 

+ *2332 + *0902 

11.30 a. 111 . 

in 

1 

1 

1*109 

•1330 

-•0249 ±*0953 

12.10 ]).ui. 

TV 

1 

1*052 

•1393 

+ •1803+ *0923 

2.0 p.n*. 

V 

1 

•973 

*1292 

+ *2032 ±*0888 

3.0 p.ni. 

VI 

1 

1*119 

•1349 

+ *1300 ±*0938 

10.15 a.in. 

VI 1 


1*011 

*1312 

+ •3073 ±*0825 

11.0 a.m. 

vni 

1 

1 *073 

•1318 

+ 1031 + *0929 

2.0 i).ni. 

TX 

1 

1 *(K)3 

• 1 108 

+ •1970 ±*091 7 

2.30 p.m. 

X 

1 

J *089 

•0989 

+ 0380 ±*0953 

3.15 jMii. 

XI 

1 

1 *20-1 

•1519 

+ •3405 ±*0843 

10,0 a.m. 

XT I 

1 

1*201 

•1407 

+ 1415 ±*0935 ' 

il.Oa.m 

xni 

1 

1*091 , 

•1100 

+ -3241 ± *0854 

12.0 midday 

XTV 

1 

1*030 , 

•1059 

+ 0560 + *0951 

2.0 p.m. 

XV 


1*132 

•1884 

+ *481 4 + *0733 

3. 15 p.m. 

XVI 

1 

1*170 

•1500 

+ *1030 ±*0944 

10.0 a.m. 

XVII 

1 

1*421 

•1520 

-•0834+ 0947 

1 1.O a.m. 

XVTIT 


J *300 ' 

*1591 

+ •2314 ±*0903 

12.0 midday 

XIX 

1 

1 *243 

*1708 

+ •2200 ±*0905 

2.0 p.m. 

XX 

! 

1*170 

*1833 

+ •1659 ±*0928 

2.45 p.m. 

rrolatioji boiwecii pj 

and (Tj , /•«, 

, Pj ~ + *1 70 ± *1 46 (calculiitod from < 


Date (1920) 


Till Doconibor 


Sill l)(‘t*on9>i*i 


■ Dili Docoinber 


loth DocemUer 


wi‘ have for the regression lines 

w— 1*1333 = 4- *01018 (y — 10*5) (xxxix), 

~ 1 1-333 = + *002493 (z - 38*62) (xl). 

The coefficients of correlation are 


= 4* -638 ± *089, r^j, = 4- *562 ± *103, r^, ^ 4- *983 ± *005, 
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giving partial correlation oocfficientH 

r^z,y = + *570 ± 102, r^y , = - -470 ±118. 

Thesi) latter coofticjeiits Hugg(‘'>t that the hccular change tor obHervatiooh spread 
over a number of days will bo a hmgthening in estimation, but that, if a number 
of s('ries arc done in rfipid succession, th(' tendency will be for a shortening ; in 
fact we should expect tluj sessional change to be in the opjx)site direction to the 
secular, as for tht' Bisections. 


1 ?4] ^ Didt^rani ol Mrati Sessional Change 

1 ?t)| ^ 

”®t': Mran • t ^ 

1 1 ? 

I 08 
I 04 
1 00 




<9 £ • 

^ T * 

0-1 




• ^4 






V.* N 


” 10 * ■ CO fe 40 50” 

Fig. 18. 10 Hocond Estimation, f, Order of Observation in R<'ries. 


Th(' values of f/t have been plotted in Figure 18; the bc‘st fitting line has not 
beim calculati'd, but it would certainly correspond vc'iy closely with the mean, 
y = 1*1338. Ther(‘ is in fact apparently no mean sessional change, though the drop 
in th(' last eight values of t/t may be significant, and a mark of the tendency 
sugg(‘sted by the negative \alue of r^y z. 

In Figure 19 the eentres of th(' small eircl(‘S represent the positions of the 
means of the 63 obsi'rvations of (‘aeh series; those points have been fittetl with 
tlie cubic 

.c=: 1*093971 +*0221 1 GO/ -10 5)4- -001 174 (// -10*5)^-*0002002(y- l0'5)^..(xli), 

which is th(' middle of the three curves. There is I'vidence of a slight secular 
change, the length of the* estimation increasing towards the end of the experiment^ 
If however it is remernbensl that the 20 series w(Te carried out in 4 days, it will 
b(' se('n that there is in genital a decrease in estimation in the course of the 5 seri('s 
done in anyone day. [t is this daily drop that the coefficient — *470) is 

picking out. Now in addition to On. secular change in jicrsonal equation, ifie 
figures in l^ible XV 8Ugg<‘st that there is also a secular change in standanl devia- 
tion. The vertical lines on each side of the series-means in Figure 19 equal in 
Icmgth the corresponding standard deviations, or 0 * 1 ’s. Thi'se values of have been 
fitted with the cubic 

a?' = *129006 4*001072 (y-10*5)4*000302(y~10*5)“4*0000214(y-10*5)^..(xlii), 

and tlie other two cur\es in the diagram have ordinates equal to x + u)' and — a', 
so that the distance between the central curve and tuther of the outer curves, gives 
the smoothed value of the standard deviation at th(* point. The diagram provides 
a generalised representation of a secular changi‘ in personal equation and standarri 
deviation. 


6—2 
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Tho factor for a true 10 Hocond interval would be most 

nearly approacluHl by the means of Series V, VII and IX, while in th(‘ ease of 
XVII the mean estimation nearly reached the high \aliu‘ of 15 si'conds. 


‘ Distribution of Personal Equation in Estimating Seconds 



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 lb 17 18 19 20 

PLACE OF SERIES IN ORDER 
Fig. 19. 


(6) The Cojubi nation of the Series. 

In combining the twenty series, Di^ Sk and were calculated from the thirt(*en 
correlation tables of the observations of the combined series, itsing the corndations 
and standard deviations of the st^paTate series, R/ is obtained from 

R/= «r”= + 19841 + -02049 (x) bis, 

V m m 

and = 14101, 14056. 

Then using this value of R/, and the first diffenmee correlation e(piations 
(Problem 1, p. 41), 'Rje' can be calculated for A; = 2, ...12. The values of these 
quantities are given in the Table XVI below. 
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The fall in Rjb is small, and although there is considerable irregular variation 
from onwards, it appi'am that Rfc will not vanish as k incitases, but approach a 
constant value in the neighboiirliood of + ‘35. This can be tested ; we have from 
the equations (vi) to (x) 

(xliii), 

TABLE XVL 


Confifauh' ofCombwed Series (Esiifaating Seconds). 



1 ^-1 

2 

' 8 1 
1 

i 4 

1 

5 

6 

[ 7 

H 

9 

i 10 

1 

11 

1 

1 

1 12 

1 ‘ 


A 

1*1421 

1 

1*1410 

1 1 uin 

1 

1-Mi:^ 

I'tlil 1 

1 *142:11 

1*1 im 

M102I 

! 1 -1:195 

1 

1 1 1:191 

1 

1 1 *1:182 

1 

1 1 1378 

1 

i*i:i5 


•1719 

•174!) 

•1759 

•I7(n 

1704! 

•i:(i')| 

iTnt 

■1757 

•1703 

*175(» 

j -1700 

•1707 

•i;7 


±*(K):2(; 

+ '()02U 

±‘(»027 

± 1H127 

+ ’0027 

+ 0()27 

+ *l'O20 

±-002() 

±•0027 

+ 00-26 

' + '0027 

1 

±•0027 

+ 002 

Ra 

1 

+ -01(i4 

•Uidl 

4209 

±•9171 

•14050 
± (K)212 

3905 
±•01 SO 

•:i9i3 

±•0181 

1 

•:i7r>i 
+ •0183 

•:475r. 
+ •0183 

1 -SitHS 
fOIW) 

1 

1 

■4()4o 

•f'OlTK 

1" 

1 

•3488 
+ 0187 

•3091 

±■0181 

1 

1 .3521 

+ •0187 

1 

1 

1 

1 •:i83l 
±•0182 

1 

i 

1 

! 

Ri' 

1 

+ litKll 
±-()20t!> 

+ -lt2;i 
f *0211 

+ 

+ •0212' 

1 

4 -0570 ' 
±•0212 j 

+ *0:138 
± 0213 

+ •0332 
+ 0213 

1- 0(>93 
±•0212 

l4-'()7i)S 

jfoaii 

- 1)1 j.')!! 
+ 0il3 

fo2(;7 
± 0213 

1 

+ •0017 
i± 0213 

+ •0501 
'±•0213 

1 

1 

1 

1 ^lh 

- • t i(i;j 

024:1 

1 

•02 13 1 4 *0091 

! 

-*oi;i5| 

•Oi-i!) +-0I6() 

j4 •07)98 

•0734 

. 

+ •0357 

[-■017)8 

1 

! 

1 

1 


I7sr). 

and as the sessional change for th(‘ series is wry small, wi* may make the approxi- 
Illation 

:£{A-(/,)(Aii - for all values of/*, 

in m m 

and in vi(*w of the constancy id Si,y 

SI = for all values of k. 

Then on tin* assumption that there is no significant periodic \ariation in the 
observations, 

Rjf! 0 as /• increas(‘s, 

and from (xliii) Ri -j + ’of)! 

,v-+ i(iK-d,r 

ill j,i 

Tht‘ correlations R/ become' rapidly insignificant; the valm*s tabulaUsl are of 
cours<' subject to th(‘ eij-ors of the method of approximation, but as in tlu* cast' ot 
the iO second Counting Experiment, these should not bi' large owing to the 
constancy of The points (it, Rjt) and (/c, R*) are plotted in Figure *20; the two 
curves tluTe drawn will be nderred to in Section XI below. 

* Tlu diffiii'nco between Hx and aS'i, in one o{ 1*4'/^ only. 


w 

'(s/H 4(D,-(/.)41 nv.+,^ 

m j 
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(c) Comjpanson of Experiments C and 1), 

It has been found ‘that in both the Counting and the Estimating Experiments 
ther(3 is evidence of a secular change in personal equation, and that in both cases 
the tendency is for th(» estimates to depart further from the true value of 10 seconds 
in the- later series ; in the Counting Seconds th(*re is a decrease, in the Esti- 
mating Seconds an inen^nse in length of estimate. There is also v('ry little evidence 
of regular sessional change in either experiment. 

Experiment d 10 second Estimating correlation- interval diagram 

* 80 H 


TO] Rk 

R'k 



O 1 2 i 4 5 « 7 8 9 -K) 1i « 13 


Interval between successive judgments 
F ig. 20. 

Beyond this the similarity ceasOvs; it is tmly necessary to compare the values of 
the chief constants (defiiuHl on p. 80), 

R/ 

rCounting 0843 -0838 -f *5200 + *01 56 

(Estimating 1410 1785 + 1984 ± 0205 
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The variations in judgment in the Estimating Experiment are very largo com- 
pared with thoRCi in the other, and at the same time there is low correlation 
between successive judgmimts, so that the observations will bo found to be scattered 
far more nearly in accordance with the Normal Error Law than in th(‘ three 
preceding experiments. In the case of the (/ounting Exjjeriment, the skew distri- 
bution of the 1000 observations has already been referred to. But for one or two 
exceptions (jis III an<l XIX) the individual series in the Counting conform more 
closely to a general type than in the Trisections or Bisections, and this results in 
the very smooth values oi‘ the constants Rj; and . 


X. Expiuhment E. Tlate measurements with Zeiss tJuMPARATon. 

The values of p, only have been calculated ; these, with <t, and a brief description 
of the nature of tin* marking mt'anun^l, ar(‘ given in the Table XVII; <r, is in 
millimetres. Si'ries 1-- Vlfl involved settings of both slide and micrometer, JX of 
micrometer only. 

No groat weight can be* attached to the result of o]ie seiicNs of .50 readings on a 
marking, but it is justifiable to draw certain conclusions from th(' results (>f the 
eight vseries. In the first place, there appears to be a significant correlation between 
the successive measures oi‘ the edge of a band (I and II), but in imvasuring the 
centres, i.(\ m bisi'cting a bright maximum with the cross wire, th(*re is on tlu* 
whole no corndation. This perhaps might be (‘xpc'cU^d; the edges of bands or 
maxima in photographic sp(*ctra arc not quit(‘ sharply luit, so that some uncertainty 
must I'xist in the obstTver s mind as to where the real edge* should b(‘ tak(*n to be ; 
his opinion on this j)oirit may vary throughout the course of tht' sitting, and con- 
scnpuTitly correlation will be found between tin* successive readings. On the* other 

TABLE XVII. 


SerieH 



Dehcription ol marking | 

1 

I 

' 4.*;iH4±'0Hl 


}8harp of linght IkukI | 

Edge 

H 

1 + MUTt 

•()0ir» 

Slightly vaguer (xtge tliau I j 

HT 

1 f -lITfOiM 

•(KH)7 

(’Iffirand narrow nia\iimiiij 


IV 

-f" '01K)± *005 

! *0012 




V 

1 -Oiil ± *09.5 

i (MlHl 

»> 


( Vntre 

VI 

~-(Kllf-095 


Broad and o}>sc uro 

I't 

VH 

-oriot -our* 

*(K)22 

1. W'ft 



VIII 

1 + *227 ± '091 

•00 n 

7) '»’> 




*288+ *087 

•0004 1 

Micromotor sdow settings 


hand, in the bist'ction of a narrow maximum, there will bt* little doubt as to tli** 
position of the centre; tlie real (*stimate of the obsc'rver will vary but slightly, and 
the variations in the r(*ading will be due mainly to failun* in breaking off tin* push 
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or pull of tho slide at the right iiiotuent. It is possible that unconscious '‘over-pulls*’ 
or “under-pulls” may go in runs together, but the measures s(iem to show that 
this is not the case, and that tho correlation of successive Judgments is diie rather 
to correlat(»d changes of mental estimate than to thost^ of a more* physical charaetcu*. 
If it rnor(» difficult to bisect a maximum, if tln^n^ W(‘r(' gn^ater opportunity for 
variation, it is proliable that there would be a correlation of successive judgnumts, 
and this is perhaps illustratt‘d by the case of Series VIII, which has the largest 
standard deviation (• 0041 ) and also a correlation (p, = -h *227 ± * 091 ) jK>ssibly 
significant. 

The result of IX suggests that there is a correlation between successive settings 
of the micrometer wiri*s in the s(*cond ey(*piece; this correlation would of course 
(‘nt(T into the results of I - VIII, but the standard d(‘viation of TX (*0004) is so 
small that the effect will ho insignificant where the variations in slide s(*ttings ar<‘ 

As a matter of practical application th(\st‘ n^sults servi‘ to (unphasist* the 
importance of tlu‘ routine* of iiH'asureuKmt usually ado})t(*d ; if, for (‘xamph*, it is 
])]opos(‘d to take four ri^adings of (*ach of a number of markings on a jilate*, tin* four 
Headings should not lx* made in succ*(*ssion, but all the markings should be measured 
once, and then ]U‘rha])s a short interval take*!) before* the se‘(*onel m(*asuring is m.aele*, 
anel se) eui. This ine'theKl she)ulel eliminate* the* erre»r in the* me'an e)f s(‘ve‘i‘al measurt*- 
ments e)f a marking, whiedi may arise* freun a ce>rre*latie)n e)f sue*e*e‘ssiv<‘ juelgme‘nts, as 
well as erreirs due te> change* in te*mpe‘rature e>f instrument e»r plate*, (*te*. 


XL AnAI.YSIS of the <JOKKELATTON HETWKEN SUOe'KSSn E .iriXJMENTS. 

{it) The Theory of cor related Ksti mates and accidental /irrors. 

It has be*e*n se*e‘ii that in the* case* eif the Jlise'Ctieui anel Timing Kxperime‘nts 
whe^n the* se*cular te*rin was ieme»ve*el the* ceK*fficie'nts e)f e*on*e*Iatie>n ed' the* successive* 
Juelgme*nts, eir the cemstants lRf,\ diniinishe*d te» apj)re)\imate‘ly ze‘re) value's as A*, the* 
inte*rval be‘twe*en the* judgme*nts eeuTe*late*el, was incre‘ase*ej In the* Trise'ction Kx- 
pe'iiment, eiwing tei the marke*d se'ssiemal change* whie*h was 7'epe*ated in practically 
all the* se*rie*s, Rjfc' ap})e*arexl te) ajipreKich a value* e)f 1 ’Kl and ne)t zere> as /,* was 
incre'ase'd ; the* se*ssiona] change* in this e-ase* appe'ared te) be* e>f parabe»lic rathe'r than 
lim*ar feu’m, anel it se*t*meel peissible that if the* e)rdinate‘s e>f the “ be'st ” fitting 
parabe)lae>f each se*rie*s we*rc rf*move*el from the e)b8ervatie)ns, the co(*fficie*nts of corre*- 
latiein of the i-(*siduals, or the Ra:^"s, would te'iiel to z(*re) as A* increase*<l, as in the* 
ease* e)f the othe*r thr(*(* e*\pf*ri merits in which th(‘re* was ne) large* se‘ssie)nal change. 
''File points r(*pre*se*nting ihei valiios of which have be*en plotte*d in Figures 8, 
12 , 17 and 20 apj)(‘ar on the whole) to lie no imarly em a smooth curve*, that it is of 
no little interest te) inejuire* whether w^e can obtain eepiations to such curves bas(*d 
on some* definite th(*ory e)f the physie)le)gical facte)rs underlying the* variations in an 
e >bs(*rve*r’s j iidgmem t. 
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111 the first place we have seen that neither a secular change in {lersoiial ecpia- 
tion — the variation in series moans — nor a simple sessional change' such as that 
represented by th(‘ straight line or by a second order parabola considered in the 
Trisection Experiment, will account for the whole of tlu' eorndation of successive* 
judgmerits. We must t.h(*refore coiicludt' that (juite apart from the large scab* vari- 
ations in judgnu'nL which are due to the more gradual changes (d* stat.i* in tin* 
(iKS^rver resulting, perhaps, from experience or fatigue, then* is a dc‘finitc relationship 
between the small scale variations in judgment; if judgUK'iit (/t is greater than tin* 
average* of tin* five or six prt*ceding judgments, then we shall on the whole 
exp(ict that ///^,, the jn*xt judgnn‘nt, will also be greater. 1 propose therefore to 
consid(*r what results will follow from the aHsnmj)tion that f/t has a corr(*lation r 
with ami that for or (‘distant it has no partial correlation with 

i/f o and or judgmeiitS at greater intervals. In other words wt* will ^upjiose 
that the obst'rvei’s (‘stimalloii at any moment is only intlu(‘nced by the* preceding 
t*stimatioTi, and onij' tlinmgli this, and iv*t directly, by tin* (arlier (‘stimations. 

Let Us take the HU(*(‘<‘ssi\ (* ju(lgun‘nts //,, //^,,, ... and suppose that 

the total correlation bet\ve(‘n i/f and ym- is pn., \vlu‘n‘ /* -*■ L 2 , .S, and /*. If 
tln‘re is no partial eorr(‘lati<ui lK*twe(‘n and y^^iy piu being constant we niiist 
ha\<‘ 

p> — p,- = 0 or p,= 

In the sauK* way if theu* is no partial (•»)rrelation hetwas*!! yi and //^ i , wln*n 
(or Iff ) ,) IS (•< Hist ant , 

and in g(*n(‘ral W(* find tliat 

Pk — r^ (xliv). 

In n'aehing this simph* result tin re is a point how over that has ln*(*n ov<*rlooked ; 
it has bt‘eii assumed that there is sonu* ]>liysiological or psychologi(*al siguifieancf* 
in the correlation of an estimatt* oi a (pianl.it y and in tin* pn*(M‘(lmg t*stiinaU*, but 
it must b(‘ j'ememl)(‘r(’d that the valin* which tin* ohs(‘rver n'cords may not lx* 
i*\actly tliat which In* vvishixl to record, or in oth(*r W(*i<ls he may lx* imahh* to 
r(*cord his tnn* (‘stimat<‘. Thus in bisi'cting a line it is likely that the pencil |joinl 
will not strikt* the pajier ('\actly at tin* s[h»t intotuhxl, in* in (*onnting 10 si'coiids 
tin* ta|)[)irig of the k(‘y may not lx* (‘xactly synchronis(*d with the bt*ginniug or end 
of tin* (*0(110,011(1 th(*re may be man} olln*!* littli* (*\tt‘rnal infln(‘iic(‘s of wlii(*h tlu* 
()bserv(‘r is unaware, which will all (*oml)ine to form what may b(‘ t(’rme(l fin acci- 
d(*iital (‘iTor sM[)erimpos(*d iqion tin* triu* corn‘l;(t(‘d (*stim;il i»Hi. L(‘t. ns (*\amin(* 
how tlu* relation (xliv) will he modifii*d b\ introducing tin* id('a of th(‘S(‘ .‘iccid(*ntjil 
and uneorr(‘l}ite(l (*rrors, we must siip])ose that tin* obs(‘rvers r(*C()rd(*d judgiin'iit 
1ft is mad(* up of two parts, a, his actual estimate at t.h(* mom(*nt of record and f-it 
S(»me complex of aecidontal ornn’s alVecting liis r(‘eord. Th(*n 

yt^o(t + 0 t (xlv) 

Now if W(* asHunn* that tht* accidental errors ^f are as Hkt* to lx* ])OHitiv(' as 
negative;, and that they will not lx* ( oirelated in any manner among th(*ms<*lvt‘s 
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nor with the fundamental part of the judgment we fihall have the following 
approximatt» relations 


N 

1 

1 

= 0 

1 


0 for A* « 1,2, 3,..., 


whore N is large compared 
with k 


.(xlvi). 


where Ic and A-' take any of the 
values 1, 2, 3,... etc. 

But the correlation b(‘twcen successive values of the y’s at intervals of k is 

\/ 1A<“' " Cl - 

2(«ea,,t)-iV2 ^ 

<-i f i Jy 


Pi-^ 




in vi<'W of the relations (xlvi) 


^ fOfOnt] 

'/(«,” + ^i')(aA+/ + /8A+,>)’ 

whoro [a/ae 4 *] the fii-st order product uioinent coeflficieiil referred to mean of the 
successive as at intervals of A, 

and is the standard deviation of a^., py, 

^ ’> >» » Bly tikW'* ••• ^k\^% 

and v/- 2 . o 9 

^k “1 Hk 3i ff ft ykt .Vfcfii 

Now unless there is a st(*ady sessional changt* in the as, we may assume that 
for large values of N 

=«/=...==• a*:= = ... = a*, say, 

and similarly unless the accidental errors ar<‘ sk^adily increasing or decreasing in 
magnitudi' _ _ 

Ia^a/pib]_ [atOt^k] _ 


and W(‘ hav(‘ 


pk 


a” + 




dM /9^ 


«t,a< J-jfe- 


But on the asHuuiption made abovi* of zero partial correlation between two 
estimates which are not consecutive, we have found that ra^^ai^it the correlation 
between the observer’s real estimates at intervals of A, can be expressed in the 
form r*^, and tlu^efore 
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where q is a constant not dejmnding on the interval k. With this expi*es 8 ion for 
the correlation we shall of course find an apparent partial correlation between the 
judgments at intervals greater than one; for example the partial correlation 

between ijt ar^d being constant, is - vanish unU‘s.s 

A y / 


9 = 1 . According to the theory suggested this is however a spurious correlation 
due solely to l.ho presenoe of the accidental errors. 

The next problem is to inquire how far a relation of the type of (xlvii) 
will fit the correlation coefficients which have b(^en calculated for the Experiments 
/i, C and D, In the first place, in order to get jis smooth values for the 
coefficients as jMjssible we must combine the 20 series, which we may do if we 
remove the* secular change i\s repnisented by the variation in the seric^s mo^ns ; 
this st('p is clearly necessary for we are considering the rolati<)nship betw(‘cn 
judgments made in clovso [Toximity an<i are not concerned for the moment with 
the variation in personal ecjuatioii fi:»>m day to day. W(* must tluTcfore deal with 
the cooffieionts of correlation Rjt' and endeavour to fit a curve c — through the 
points ,r = /r, I will consider the different experiments in turn. 

{!)) Applicatioh of Theorif to i^efudis of Experiinmis, 

Experiment A . 

The curve rtqresentod by 5 = 9 ?'* is asymptotic to the x axis (as ?’ < 1), so that 
if it is to fit the points (A*, Rjt') it is mressary that B>k should tend to zero as k 
increases. But the values of R/ given in Table' V, p. 5 K, appe'ar to U'nd as k 
increases, to a limiting value between 4 - KJ and +‘15 rather than to zero. 
I think that this results from the marked sessional (*lianges which have hvon 
n'presented in mean form by a .second onltr parabola (see E(juation (xxx) and 
Figun' 4), and that if then* is a physiological signifi(*ance in' the distinction 
between the sessional change^ and tlie residual variations of the observations when 
fns'd from this change*, it will he of interest to find out how the coefficients of 
correlation of Un*se succ(‘ssi\e residuals —what liavt* Ix'en termed tin' R^/'*S' -fall 
off as the intiTval or /• is increased. Should it b(‘ found that the R^^’s follow 
the law 


= 9/-*, 

the argumtmt in favour of distinguishing tin* sessional change' from tlio rc'sidual 
variations will be .strengthened. 

It was found that the* values of given in TabK* V e*emld be* fil teel cle)sely by 
a curve of the form 

z — p-\-qi^ : (xlviii), 

where' p, 9 and r an* constants. 

A rough trial gave the* following appre>xiinate value's: 


p,, r= -1 r)7, 9o = -69, = *7:^. 

Now if '^f(Py 

==/ ( ? u) + + hq^^l + hr te> fii-st order, 

= Po + 9 on* + hp + rfhq + kq^vf’~^ hr, 
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we have as equations of condition for a least stiuarc solution 

hp 4- 4 ^ = R*' - jOo - f/o? for ^• = 1 , 2, . . . 13. 

Using the values of p^, (p and r© given above, the corrections Sp, Bq and Br 
were calculated and gave finally as the best fitting numerical equation, 

Rjk' = • 1 524 4 ‘63 17 (*7105 (xlix). 

TABLE XVIIJ. 


Values of the "Ri^s for Trisection Experiments, 


1 'I 


4 

T) 

fi 7 

S 

(direct 

calculHtion) 

(tiom equation ' 
(xlix)) 1 

Difference 1 
' Col. 2— ! 

1 Col a I 

Probable 
Krror of 

1 

Values obtained from 
(lii) on assnniplion of 
constancy of O'lj. 

Hu" 

(from equation 
(Ivi)) 


0 

1 

■b (>25 1 

f--83 4 
•(>37 

- *012 

±•013 

•0773 

- -5.50 

b *804 
•571 

2 

TrJii 1 

• 197 

4 •02(; 

±•010 

•0770 

1 -1*11 1 

■400 

3 

•388 1 

•397 

•009 

±•018 

•0778 

•208 

•288 


•3ir> 1 

•32() 

-•Oil 

+ •019 

•0781 

1 -183 

•205 

T) 

•281 

•270 

1 b -(Klo 

± -020 

•0778 

•112 

•140 

a 

•232 , 

•240 

•008 

± -020 

•0782 

1 -08 4 

•103 


•222 

•215 

1 4-007 

± -020 

•0782 

•071 

‘071 

H ' 

•191 

•197 

-•000 

1 +-021 

•0783 


■052 

i) 1 

•1().5 1 

•181 

•019 

1 ± -021 

•078 r 

•(H)0 

•037 

10 ! 

•J83 

•175 

4*008 

± -021 1 

•0802 

1 -031 1 

•020 

11 

•I 08 ! 

•108 

•0(M) 

±•021 1 

1 *0823 

, *01; 

•019 

12 

•172 1 

•101 

b •(H)8 

±•021 

•0834 

! •0*23 

•013 

13 

4*100 , 

+ -lOO 

1 -(MMI 

+ •021 

•0810 

' ±-(M)9 

4 'im 

1 4 





•08 40 

1 



In tin* second column of ^IVble XN’^Jll an* given th(‘ valiu's of R/ tak(*n from 
Tablt* V and in tin* fifth column their probable t'rrors ; the valu(*s of R/ givt*n by 
(‘(juation (xlix) an* in tlu* third c(»lumn, and in the fourth an* tlie (litfi‘rences 
<‘ol. 2 —col. 3. It will b(* .seen that the fit i.s a good one, tin* diff<*n‘nce being only 
greater than the probable error in tin* case* of R/. Tin* points {l\ ’Rf) and the 
curve of (xlix) an* .shown in Figure K (p. (>4). 

^rin* probh*m before us is therefore this; can w(* explain the (‘onstant p in 
equation (xlviii) in terms of the .sessional chang(‘s W(‘ have .se(*n that the mean 
se.ssional change for tin* 20 series can Ik* repn*seuled by a ])arabola of tin* second 
order, but. we must allow for a difterent change* in <‘ach s<'rie.s. Let us suppose that 

.v=/j«(0 

will repres(*nt tlui .st'.ssional change* in tin* /ith Series aft(‘r tin* si'cular term 
r(‘preseiitc‘d by the series m(*an has lK‘(‘ri removc'd, so that instead of iMj[uation 
(xlv) of p. 89, we have 


where 1" =a, 4y8/. 


.'// =/>. (0 + a. + /3, =/p (0 + Y , .. 


0 ). 
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Then if S indicaics smnination for the m (or 20) series, n = 50, the number 

tn 

of obsorvaiioos in each group of a series, and k tak(*8 any of tiu* group ntnnbers 

it 

1, 2, ... 14, since i/ ^ will be th(‘ “ best ” fitting curve of its type S 

f ] 

approximately, and on combining tht ' m seri(‘s 

i)-0. 

m i 1 

Again have no reason to suppose that there will b(‘ any correlation betwi’cai 
th(’ sessional U'nn fp{t) and the r<‘sidual Yt. so that 

w t - 1 

for all valiu'H of/» and k* betw(*(ui 1 and 14. 


As /// is fr(‘ed from tlie secular term, using thi* relations above we have that 
m f 1 tit f I 1 I m f 1 i nu) 1 




ml t WU 





mn 






V V fv 

m I 1 j iw l^i ^^1 * J I 


_K 


= + •994. 


We shall therefore make no great c'rror in assuming that. 


It , IP 

k *U+i +^Jt_ 

V(.SV" + «r)O^A,,"=+«n/)’ 

where R/' is ttu' e()(‘ffieieni of correlation belvveen Yt and J^i^d *S\|/'are 

tlie standard deviations of tIu' Ps of (frouj)s 1 and l '-\- 1 (set* (xi) and (\ii) on 
pagi‘ J15), and 


GP = -^- 2 2 l/;,(t + ji--l)l'-'-j2 2 + ‘H" 

It will be scon that (fk is the standard deviation of tIu' ordinates of the curv(\s 
ropr(‘senting the sessional changes, // = which correspond to the observations 

F 

in the ^th groups, whih^ , - is th(' conH*lation of these successive ordinates at 

intervals of Z*. If the sessional changes were linear this correlation would lx* unity, 
and a little consideration will show that if the sessional change in (‘ach series can 
be represented by a curve' of gradual b('nd, the correlation will not be fiir from 
this value. For example in the case of the parabola (Equation (xxx), p. 47) 
which was fitted to the mea/i sessional change and is drawn in Figure 4, it is 
found that 
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and it follows that the relation (or Rfc can be expressed in the form 



— Pk-^h 


which must be conijmre.d with the relation 

R* (xl viii) bis, 

where p = -1524, q = *6817, r = *7105, 

that h.‘is been Ibund (nnpirieally to fit the actual values of Rjt'. 

If the expn*ssions pi and // wer(‘ constant for /;= 1, 2 ... 14 an interpn^tatioji 
of (lii) would bi' at onc(' su^g(‘sted. Namely that Rjt^', the coefticient of correlation 
of the successive* r('si<}uals and 1 ^/ 4 * left after the n^moval of the s(*cular and 
s(‘ssional change's is expn'ssible. in th(‘ form 

(bii), 

that is to Riiy, making allowance' for the presenoe of accidental iTrors, the law of 
rc'lationship bt'tween the suec<\ssivo estimate's suggested on p. 90 above, holds 
good. Now without finding the curve which n'pn'sents the sessional change’ in 
('ach series we do not know the values of 8k' an<l Gk- We have how'C'ver that 




where 8k is th(' standard df'viatiori of the observations in the A‘th groups after the 
removal of the s('cular term. I^he values of 8k ar<‘ given in Table V, p. 58 ; 
th('y arc seen to increase as k increasi's and then'lbre pk and (k can only be 
constant for all valiu's of /r if 


8 /;^ _ 8 ,"'^ 



(Iv). 


That the relations (Iv) should hold approximate 'ly is not at all improbabh' ; for 
with a sessional change of the parabolic form of the curve (xxx) illustrated in 
Figure 4, the standard deviations of th(‘ ordinates in the laU'r groups will increase 
owing to the increasing drop of the curve towards the end of tlui s(’ries while Sk" 
may increase with k owing to greater variation towards the end of a sc'ssion. 

In fact for this particular mean series with its st'ssional curve i-eprcsented by 
(xxx) it is found that 

Gi = *0386 ins., = *040t) ins., 
while St" •= *01 ()5 ins., >8,/' = -0201 ins., 

that is to say, the variations superimp(»s('d upon the main sessional change (the 
distances of the points plotted in Figure 4 from the parabola) become greater 
towards the end of the seric's when the observer s judgUKUit perhaps became more 

erratic as he grew tired. Th<'se valiu'.s give - = •4'), = •.'50 suggesting that 

eij (yi4 

the relations (Iv) do hold very closely. What we find therefore in this typical moan 
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series represented by Figure 4 may well be expected to hold approximately in the 
individual series. 


If then Pk is constant for A; « 1, 2, ... 14 and equals p, we find readily from 
equations (lii) and (H) that 

and hence ( 1 Rk <>t* Rjk'" ~ ^ ^ 

Making use of the numerical values p*= *1524, ^ = *6817, r= ’7105 we obtain 
finally 

R/' =r -8043 (-7105)* (Ivi), 

as the tlu'oretical expr<>ssion for the corndation of the successive residuals after 
thi‘ observations have been freed from secular and sessional chatigc*. This curve* is 
th(* lower of the two curves drawn in Figure 8. The ixiints which are thi'rc 
plotted about tins curve are tie* points (A, R^•")* obtaine<l from eipiation (lii) 

(n) On the assumption that 6\ - f7/= ... -- = constant, 


(/>) 


\/(i + 


.=rpj^= 1524, 


(c) Making use of etpiations (liv) tind the tabled values of Si', 

The close fit of the curve to these points shows that the* manner in which the 
valiu's of Rjfc" fall off as I increases is not much afii'cted by the different assump- 
tions regarding the relations of the inid th(‘ made in the two cases f. 


Experiment li. 

Reforc'iice has been made on p. 71 to evidence for a slight periodicity in the 
observations of this ExjH*riment, which gives rise to small but apjiarently signi- 
ficant negative values to R/, for k>7. Farther investigation might enable a 
corr(*ction for this periodicity to b(* made, but at i)*’<-‘Sent it is not possible tr> 
express Rj^"' with exactness in the form 

R^' = r/r* 


For the purpose of comparison with the other (‘xporiments we can however 
obtiiin values of q and r which will give a rough fit for the first few values of Rjb'. 
Thus if we take 


we get the values 


R/: 


r-- 72 , 9 -’ 47 J, 

• 34 , r;«- 24 , r;-i 8 , r;=^i 3 . 


which agrei' roughly with the actual values given in Table XI, namely 
R/--352, R; = -231, R;=1H3, R/ = -085. 


* In Figure 8 tlle^e pointn have been indicated by B/" to distinguish them from the correlation 
coefficients of residuals after removal of linear sessional change, there denoted by 

t The values of calculated from equation (Ivi) and of Ri’ and Sj/' calculated on the assumption 
of the constancy of Gk are given in the 8th, 7th and Gtb columns of Table XVIII. 


Jr* 72 is the value of the mean of the ratios 
q was taken as *47 by rough trial. 


Rr 



Rut 


, and using this value for r, 
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Kj^pevinieui (L 

Al thi‘ Olid of iho section dealing with the rc'dnctiou of th(‘ obscTvatioiis 
for this experiment the conclusion reach(‘d was tliat R,./ and Rj/ wen* not 
significantly negative ; no ditficulty thendore arises in fitting a curve of the form 
to the values of Rj;^' giv<‘n in tin* 6th row of Table XIV, p. 80. This 
was efiected by tlu* method of l<*ast s<pmres, with tin* ri'sult 

R/ = *667;J X (-701 7/- (Ivii). 

In the 7th row of Tal>le XJV are giv(*n tin* values of R;^' calculat’d from this 
ecpuition, and in th(* 8th row the differences 

(R/ from observations) — (R^' from curve). 

If these diffcr<’nc(‘s are eomjiared v\ith tht* probable errors of R^/, it will bt* 
seen that the fit is very satisfactory, for tlu* lal<*r calculated valui‘S of R;^' *^t‘c in 
any case uncertain; R, / and Rj/ wen* inde(*d not used in the least sipian* 
solution as t.h<*y wen* known to hava* to(» high lU’gative values. 

Ed pvi intent />. 

On ]). 85 it was sugi^estisl that "Ric would ajiproach the valm* 4 .‘r)4 as /. 
incn*ase(l. In this case a curve of the form 


Ri ~ ’354 4- (p'^j 

wUvS fitU’d 1.0 the calculat’d values of Rjt. 1'he fitting was carric’d out by moments. 
Making Rjt — *^54 = we have 


:i{c) 

i 



N, say, when* s is tlu* numlx*!* of ordinates, or 12 


2 ^ 4 - 8/*' 4 ... \‘sr^)^Nxp, 

i 

vvhenc(‘ "" j _ I _ (Ivin), 

and is the distance of the mean from an origin at unit distance* from the* first 
ordinate* eyr, 


N = qr 


The cemstants /a/ and A" are knenvri; sedving (Iviii) by apjiroximation we have* /•, 
and the*n (lix) gives q. 

The value's are q ~ T153) 

r = -812ir 

and finally, - 354 + *1153 (*8121 / (Ix). 

Then using the approximate relation 

R*' = ( R* - X 

— which is a moeiifie*d form of Eejuation (xliii) — we e)btain for Rj^' the eepiation 

R/- *1785 (-8121)^' (Ixi). 
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Both of the ourvoH, represented by equation (lx) and (Ixi), have boon dniwn in 
Figure 20, and show a satisfactory fit, if the roughness of the data is taken into 
account. 

The results of tho Trisoction and of the Ten -second Oountiug Experiments, and 
as far as the rough form of tho data will allow, of tho Ten-aoeond Estimating 
Ex])orim(‘nt, suggest therefore that there is some foundation for the theory of 
relationship betwe^m successive estimates put forward at the beginning of the 
I)res(Uit Section. To reach t-he expression for the cori*elation of sueccjssive 

judgments at intervals of k, it has boon necessary in all cas(js to nuuove Ihe 
Koeular ehang(‘, and in oiu' case a sessional change as wtdl, but if tlu'se changes 
(iorrt'spond in th(Mns(‘lves to some definite mental or physical procf^sses which can 
be st‘])arat(‘d in soiru^ degrtn' from the causes undt‘rlying the residual variations, 
then w(‘ nr(‘ justifit'd in in«jUjring into tlie significance of thi» constants (/and r, 
ft lias be(*n Hnggc‘st(‘d that 


so that (/ IS depend(‘iit on the ratio betw(‘en th(' eorrelat.isl and th(‘ uneorr(‘lat(jd 
ports of th(* observer s judgirumt, that is b(‘luemi what. 1 have consid('red as the 
l.iMK* estimate and tiu* aecidental (umrs siiperim[)ostHl in tlu* proot‘ss of reiM'i'd. 
Now using (Ixii) and th(‘ violation''' 

-I- = (Ixiii), 

(or N" for th(‘ Trisi^otions wlien^ it has bc'en necessary to all<»w for a sessional 
change), we find that 

■=: \/q S\ V/?- — V( 1 -q)S' ( Ixi v), 

and the values ealeutated in this way for and are given in luble XJX. 

TABLE XIX. 


K^peiiraent 

1 

.S' 



r 


' -80 

*080 ( - S") in inches 

•071 

■03f> 

•71 

lUMoction (M]i|)ro\iiinito only) . . 
Ten-second (Vninting ... 

' -17 

1 *040 in inches j 

1 -031 

mi) 

•72 

j '<>1 

1 •()34 in faett)!’ 

■02K 

mn 

; *711 

TiMi'M'cond EstinuitniL' 

1 1 

•141 in I.ictiu* j 

•0(iU 

•1:18 

•8. , 


If thi‘ T ris(»ction and Bisection results an' companal it wall be seim that t.he 
stai^dard deviations of the aecident.al errors are nearly the same but that 

th(*re is a large diflfereneo b(dween t.he* lucasim^s of the variations of the tnu* 


* It. will be floeii that owinj^ to a flessional change in standard deviation, sy' for the Triseotions 
(Table XVIII) and S// for the TiiHectionfl (Table XI) increase with k. To obtain an approximate *^aluc 
for the standard deviation of the whole 1200 observations as opposed to tliat for tbo 10(M) observations 
of any pariicnlai (Jronp /r, I have used in equations (Ixiii) and (Ixiv) S' (or S") given hy 


Hiometrika xiv 


7 
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estimates This is a result which we should anticipate, for the method of 

recoixling the estimate was the same in each experiment, and accidental errors of 
the same magnitude would occur in b<)th cases; on the other hand the observer 
wiis faced witb a more difficult problem in (*stimating a third than in estimating 
a half, and this is shown by the greater variability of his estimate in the former 
case ( (>7 against For the Timing (‘xperiments, we find no correspondence 

l>etween thi‘ J the great diffi^rence betw^een the counting often seconds and 
the atiemptt‘d concentration of mind on the passing of an unbroken ten second 
interval has beam emphjisized in tlu* des(*ription of the expi'riments above, and a 
correspondence was hardly to b(‘ expected. The standard deviations are in terms 
of the factors ejp and must be multiplied by 10*2 if required in seconds. 

If now we turn to the value's of r given in the bust column of Table XIX, it 
will be seen that they lie near together, and although that for the Bisections 
is not an exact measure, there is a suggc'st.ion of close agreement b('tween the 
in t.lu' pairs of similar experiments, for we have estimations of length with *71 
and * 72 , and (‘stimations of time with *79 and * 81 . This coefficient is a mejisun* of 
the rate at which the correlation of successive judgments falls off or the influence 
of previous (‘stiinates vanishes from th<‘ observer s mind : on the theory of zero 
partial correlation it is simply th(‘ coefficient of correlation between a tnu' estimate 
freed from accidental eriors an<J t.he preceding (3stimat(‘. 

On any theory r would seem to lx* a fundamental constant not vaiying greatlj 
for different types of* obsc'rvations, but ptThaps varying considerably for diffeient 
observers. The fact that it is so nearly the same for ('xperim(*nts with a fiv(‘ st'cond 
interval Ix'twc'en obstu’vations (Tris(‘Cti(»n and Bih('ction) and for oth(‘rs with an 
interval of ten seconds or more (Counting and Estimating) shows that the corn*- 
lation of successive judgments is a function not only of the time interval b(‘twe(‘n 
two judgments but also of the nvvd^er of interveninff jadgvfhtis. For if it were 
purely a function of the time interval we should exp(*ct to find a gn'att'r difi‘t'r- 
ence b(‘tween the vahu's of r found for exiieriimmts wdth a five second interval and 
a ten se(*ond interval. Indeed if th(» experiments were t'xactly the same but for 
diffiM*enc(' in interval, R/ for that with ten seconds woidd ecpial R/ for that with 
five seconds. Further experiments of the same type in which the interval bt'tween 
th(* n‘c<»rding of judgments was varied would undoubtedly tfhrow much light on 
this point. 

XII. Prkdktion. 

If the values of successive' judgments are known and th('re is no corre- 
lation between them, the “ most probable value of th(' (?a + l)th judgment, that is 
the most reasonable guess at its value that can Ix' made, is the mean of the "m" 
judgments. If however the successive judgments are correlated, then it is p)ssible 
to predict the value of the {m + ])th with much greater expectation of accuracy. 

* Thin may br compared with the ratio of 3 to 2 given on p. 73 from a compariBon of the 

befoie making any allowance for the acoidental errorR. 
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lu the Experiments JS, C and D it has been found that tho correlation between 
judgments at intervals of h, made in the same session, can be expressed approxi- 
mately in the form 

Ri;' = gr* (Ixv), 

while for Experiment A, owing to the large sessional change, the expreasion was 

IRh —p + (Ixvi). 

The decrease of correlation in geometrical progression expressed by (Ixv) 
follows precis('ly the law of ancestral heredity, for which the multiple regression 
o(juations required for prediction have already been worked out^. It is not 
t.herefoie j)ropose(l to go fui’ther into the problem in the present Paper, nor to 
inquin^ whether the general multiple regresvsiou ocjnations would r(*ducc‘ to as 
simple a form when the correlation is expressi'd by (Mjiiation (Ixvi) rather 
than (ixv). 

XIII. STTMMARY and fklNC’UTSIONS. 

Th(‘ s(‘oular chang(‘ in )>ersonal equation is shown by tho variation in the series* 
iii(‘nns, but it is only in Kxp<iriinent A and perhaps Kxp(n*iment 0, where the ganeral 
trend of Ihe variations is markedly in one diiection, that we find that tyjie of 
change wliich is usually understood when a secular change is refernnl to. In the 
Bis('cti(»n Experiment B the linear S(‘cular (’hange is very small and its existence 
might well n(»t b(‘ vecogni/ed, and yet the series’ moans are subji'ct to Hiictnations 
far exceeding those* of random sampling. For the* probable error of the* me‘an of a 
series (or of the obsen’vations in (Iroup 1) is 

+ ■67449 X f ' = + •00410, 

^/50 - • 

but if we lain* the distribution consisting of the 20 series means e/,, we find that 
the standard deviation is *087375, giving for the probable* error of a mean 

± *02521, 

wliicli is more* than six tiniOvS as large as the probable en*e>r we* have* ealcnlate'd by 
(‘onsidering the* variations within a sc*ries It is therefore clevir that the 50 
obseTvations in a se^rie's are not ranelom samples of the whole “universe*'’ of 
eibsorvations, as they should be on the* Gaussian hypothesis of normal eii*ors. 

It is again only in Experiment A that th(*re is a fairly consistent sessional 
change from series to seriejs which an eibse^rver might easily recognize and possibly 
alleiw for, and yet if Ave turn to any of the graphs feir the Bisection or Seconels- 
(xmnt.ing which show the variations e^f judgment within a series (Figures II and 1 5), 
it will be seen how very often the mejaneif ten consecutive judgments will give but 
a poor approximation to the moan of the senes; we cannot take the judgments 
within one series as scattered at ramlom. When dealing with a sample of in 

* Thr (Tialton-Poarflon Law of Ancestral Heredity ; the offspring and the mean of tlie Ath granti 
parents have qr*^ foi their eon elation. 


7—2 
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correlated variates, the usual expression for tluj probable error of the mean is 

(1) +*67449^^ as compared with (2) + •(>7449 -?!!= , when the variates 

V7n Nm 

are not correlated, but owing to the sessional variations to which a large part of 
the corndation is due, tht* expri'ssion (1) b<‘iug the smaller, is in the pn^sent case 
a worsen mejisurt' than (2), of the probable limits of divergence of th(' mean of the 
saui))h‘ from th(‘ mean of the series. The graphs of Figures 6, 11 and 15 sh(^w 
that there is a teudtmcy for th(' judgments to vary in waves, to be first on one 
side of the mean for th(‘ series, and th«‘U to change' bo the othcT, but with no 
definite' ]K‘riod of variation. Tt is owing to these large' correlated variations which 
cannot be (‘xpressc'd in any simph' se.ssional term, that tlu' coc'fficients of corr(‘- 
lation, bc't.ween ctj and p, hav<* been found to have' positive valiu's ranging 

from +’52 ±*11 in Expt'rim<‘ut A to +*1H±'15 in 1), showing that greater 
variation is associat'd with higlu'r correlation of succ(‘ssiv(' judgmc'nts. 

An analysis has sugg(‘sted that the coefficients of correlation of the crude values 
of the observations at intervals of/* can be exjinsssed in the generalizc'd form 

i"Ri" + n + 1 S (A - </,) ( A H - d,,,) 



^/k''“ + re+ ‘ v(A-^Av 4 j-sVf "■■ + A.,= + ^ 

V ( at ut ) ( 7?| 

(Ixvii), 

when' 

— (i,)(/)A 4 .| — ^A+i), 'S{l)k — dkf oii.\ an' terms n'presc'uting tlu' s('cular change, 

m m 

Fi and (ik are functions of th(‘ sc'ssional change, and 

and W/' f'ht' correlation coefficients and standard deN iations of the n'sidiials 
left aft(*r secular and sessional chang<vs have bec'ii remov(‘<l. 

In two experiments it has been found that R, is gn'attT than +*N0, which slnuvs 
clearly that the ('stiniat(‘s have* not been distributed randomly in tiiiK*. 

The co(*fficients R^^" app(*ar to fall off in geonu'trical progrc'ssion, and to lx* 
clos<*ly r(*pres<*nte<l by expressions of th(* form (p'^, in which </ and r an' constant 
for any (*xperiment; it has been found that the introdiu'tion of llu' (juantitii's F 
and (r in eipiation (Ixvii) in a<ldition to th(‘ secular terms, is only lU'cessary if th(*n‘ 
is a signiKcant sessional changt' whi(*h repeats itst'lf in s('ru's afti'r sc'ries. Thus in- 
Expi'rinu'ut C\ wlu're tlu*re was no such (;hange, Rit could Ix' (*\pn'ssed by tlu' 
relation 

(/?**aSV>V , + -- 2 (A ■** {ih\\— dk-^i) 

= 

J U’-^+^S{J),-dA ^ tu>ic+x-d,+,y 

V ( 7// ( 7)1 J„ 

A tentative interpretation has Ik'c'U given to the results of this analysis. The 
observations in Experiment A suggested that there was some physiological signi- 
ficance in the distinction Ix'tween tlu' secular and sessional changes, and this was 
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coiifirmod in Experiuionfc 5 , where it was found that there was (widence ota linear 
s(3Hsional change acting in the opposite direction to the secular change. A discussion 
of the values of the partial correlation coefficients (personal equation and ordi r, 
tinu‘ constant) and (personal e(|iuition and time, order < onstixnt) suggested t hat 
if the iuku’val l)<‘twoen the successive series wert^ made very short, it might not be 
siifficiimt to break the effect of thr^ sessional change. The correlated variations 
which have bo(‘n found to follow the lawRit' = 7?’^ have been considered as in some 
way separate frorri an<l superimposed upon the other more steady change's. Starting 
from the tentative assumption that there is little or i\o partial correlation between 
the obs(irver s true estimates at intervals greater than one —that is to Siiy that the 
observer s judgment at any monu'iit is only influenced by the juelgment immediately 
preceding, and only ilirough this and not directly by the (larliei judgments — it has 
been shown that the constant 7 in the relation 

R/ = (^Ixv) bis 

can be ai'countied tor by the presence ot iiuc-uTelatt'd accidental error's which are 
superimjiosed (ai tfie correlate<l variations in the observers true estimate. Without 
further investigation it W(»iild be difficult to distinguish between what may perluiirs 
b( term(() the physiological and the psychological factors; in the experiments that 
have been uiulertalven the variations in recordisl judgment depend partly on the 
movements of the hand, so that the lormer factor’s are likely to have played some 
pai’t as well «is tlie latter. 1^lie successive rei'ording motions of the hand may hav(' 
])een con-elated as well as t!ie variations in mental estimate. 

The imjiortance ol* the results of coui'se depends on how far they may be con- 
si(h-reil as tyjiical of an}’ jiractical series <ff observations made by the astronomer or 
the physicist. Experiments weiv admittedly chosen in vvliich it was ex])ected that 
the variations in judgment would be large, and for the expei’iericed observer working 
at the type of observation in which lie has had much practice, the errors would no 
doubt be smaller, but it seems to me likely that the phenomena which have been 
discussed will be pre.sent in the judgments of other obsei’vei’s even if on a smaller 
scale, lixpei’ience and aecui’ac.y may be gained by practice, but it lioes not follow 
that tin correlation between successive judgiinuits will disap}M>ai'. Hie secular and 
sessional changes may be small, but it rough compai'isons of only the yearly mean 
jiei’soiial equations of different observer's are made, the finer changes, which may 
Ih' of eousidei'ablc importance in a combination of observations, cannot be recognized. 
Tire J..aw of Normal Errors requires but two constants to describe adeijuately any 
series of (ibservathuis : 

(1) the ni^an, 

(2) th(j standard-deviation, 

while* ilie introduction of a third may be necessary if a gradual secular change in 
personal eijiiation is noti(‘.ed. But the more generalized Hieory of Errors discussed 
in the preceding sections riMpiires more detailed information and a greater number 
of constants to deffine the charackjr (>f an observers personal equation and variations 
in jndginent. We sh.ill require to know how the personal equation and the standard 
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deviation vary both within a session and over long periods of time, and if there is 
any correlation between successive judgmeifts, what is the form of the function 
which gives the value of the successive correlation coefficients in the relation 

It is only by a detailed analysis of the observations themselves or of others 
carried out ad hoc, copying them iis closely fis possible, that full information on 
these points can bo obtained ; but if the possible complexities which may be presiuit 
in the variations of judgment are fully rcvilised, a great deal may be done in pnic- 
tical cases by the arrangenujnt of the observations and the combination of the 
results, to eliminate the factors whose magnitude is unknown and to correct for 
others which are more efxsy to ascertain. 

I have htiartily to thank Miss I. McLearn for making the diagrams for Figs. 3, 
4, 8, 12, 17, 19 and 20, and Miss M. Noed Karn for assistance in some of the 
computation. 
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INHERITANCE IN THE FOXGLOVE, AND THE RESULT 
OF SELECTIVE BREEDING. 


By ERNEST WARREN, D.Sc. Load. 

In J^^wiriku xi. pp. 302 — 327, 1917, the author published a preliminary 
rejK)rton ifeha earlier n^sults obtained in the brotKlingof foxgloves; and the ^iresent 
pa])or qpntains some account of th(* final results of the seU'ction experiments. 

In 1^14 ten foxglove plaints {Digitalis gloxiniiiejlora), obtained from various 
sources and of different characteristics, were crossed among themselves and also 
self-fertilised. In subsequent years, 1915 — 19, new generations were obtJiined 
chi(‘fly by the self-fertilisiitioii of selected jmrents. The measurement, or when 
not possible tlu‘ grading, of eertaiii charaeU'rs (pelorism, colour, size of flower, 
spotting* <»f flower, (‘tc.l was undertaken in all the genei'ations in oi-der to d<‘ter- 
inine the effect of selection when selling alone occurred in an apparently pure 

1. Pelohism. 

Mendelian inheritance (Hjcurred in a typical fashion. A pedoric plant crossed 
^\itJK*1^^i^on-peloric plant produced non-peloric offspring. On sidling these', or 
crossing them togethcT, there resulted on the average one peloric to three non- 
pelorics. 

Of the 10 psr<‘nt plants two exhibited the peloric condition in a fully dev(do})ed 
form, and the rest wore non-p<‘loric. The character was very perfectly recessive, 
and by breeding, it was found that three of the remaining plants were really 
heterozygous, while all th(‘ others witc non-peloric and homozygous. 

It was soon obsijrvod that the peloric condition was by no means a clearly 
defined and fixed character. Pelorism in the foxglove may bi* regarded as an 
abnormal lack of power to produce inteniodes between the flower-buds and con- 
sequently then' may result considerable fuhion of such buds with one another. 

The maximum stage of pelorism is seen when the main-axis is short and 
abruptly coases to grow in height. Only two or three normal flowers may bo 
produced by the axis, and its blunt, sharply trimcatt'd end is surrounded by a 
whorl of bracts or sepals, petals being absent. Sometimes a ring of sessile anthers 
occurs (PI. I, figs. I, ii). 

In typical pelorism the inability to produce internodes affects the terminal 
portions of all of the flower-axes of a plant, both central and side-axes. A varinble 
number of flower-buds fuse and the corollas unite and may form a large sym- 
metrical cup or saucer of some ornamental value, but the se'pals mostly remain 
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H('j)aratc (figs. Ill, iv). When numerous flower-buds fuse a dense rosetU‘ juay be 
formed by the p('t*als, and the result is not pleasing. The peloric or crown-flower 
o])ens early, oftiui bt»fore any of the normal flowers. AfWr the crown-flower has 
fad(^d, the main-axis usually grows through the centre of it, and may even produce 
H second crown-flower (fig. vi); but in the case of the side-shoots the axis generally 
ends in an ovary and no further growth occurs (fig. V). 

If the peloric tendency is not so well-marked, the main-axis may b(‘ only 
slightly affected by the suppri'ssion of several internodes, and by the partial 
fusion of flower-buds, at a variable flistance above the lowest normal flower of the 
axis. Sonu'tinHvs a eonsid(‘ral>K‘ number of internodes may be unduly shorteiu'd, 
so as to prijduce excessiv(‘ crowding of flowers which do not actually fuse (fig. Vll), 
and freiiuently a strongly marked spiral bending of the axis occurs (fig. Vlli). 

At other times the sujipression of the internodes may occur only high uj) on 
the flowering axis close to where it normally ceases to grow (fig. ix). 

When the central axis is strongly peloric the side-axes are invariably so, and in 
all other cas(*8 the side-axes exhibit greater pelorism than the main-axis. 

Finally, the main-axis may hn (piite normal and show no pcdoric tendency, but 
the side-axes may still be strongly pcOoric. 

The last trace of judorism in a plant is shown when only one or two of thc' 
W(‘ak('r side-axes exhibit some slight sign of a jieloric tendency. 

Jt is unfortunate that it has not been found possible' to devise* any jiractical 
method of measuring the intensity of pelorism, and then'fon* the ]>lauts have bet'ii 
arrang(*<l in four grades. 

0 grade = no peloric tondc'iicy. 

1 — 25' grade -= those* in which the central axis is nou-pclonc, but th** sid(*- 

axes exhibit souu* p(*lonc teiulency. 

20 — grade = main-axis iKUi-peloric, but side-ax(*s may n*ach lull pelorism. 

51- 75 grade = main-axis partially peloric, side-axes fully so. 

70 — 100 grade == plants ranging to compK'te pelorism in all axes. 

In the generations produced from 1014 — JO then* were in all 12S h'rtjlisa- 
tions of different classes of individuals, rec(*ssiv(' (peloric), homozygous dominant 
(non-p(*loric) and heterozygous dominant (non-])eloric) plants, and families were 
raised. In the table on p. 105 the experimental and theoretical results are 
compared. Thei fertilisations of the classes DD x J)Dy lilt x RK, and DR x DR 
include both selling and crossing. 'I'he sum totals of the experimental and 
theoretical results are n'lnarkably close ; being, crowned, 1010 experimental and 
1013 theoretical; non-crowned, 1100 experimental and 1175 theoretical. 

It must be noted here that a plant was recorded as ‘‘peloric’' or “crowned” if 
it exhibited the least tendency towards pelorism in any of the axes. Taking all 
the classes or groups together it may be said that the inheritance of the quality of 
pelorism is typically Mendelian. The group RR x RR should include no non- 
crowned offspring, and the 7 which occurred were obtained by gradual selection. 
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The gronj) iu which th(^ experimental result diverged the moj^t widely from the 
theenjtical result was DR x RR (heterozygous plants crossed with reeessives) and 
it would be interesting to know whi‘thi'r such is generally the case in Mondelian 
inheritanct‘. 
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Tliv I iilierifatfoc of the Decree (tr lutenaitf/ of Pelori ho l 

n-a )ric plant be crossed with a non>j)el()rie homozygous douiiiiaut, tlu* 
oHspriiig are hebTozygous and nou-))eloric, and if thesi^ ,ire self-fertilised or ciossed 
iog(‘thei‘ th(* p(doric characUa re-app(‘ars in an appanuitly uiichangt'd and un- 
diluted condition. If*, on th(‘ other hand, a strongly pcdoric plant is c?’ossed with 
a weakly peloiic one tin* offspring are mon or less intermediate, and if’ tin* 
offspring are selfed or fertilised togeth(*r the niU'rmediate nature* of the [leloric 
eliai.ict(*r tends to be* retaiin'd. 

In tin* aeeomjianying table Ay /A Cy i), E are plants of various gametic con- 
stitution. On selfiiig (/I) thi* otfsjiring wei»* all fully peloric On s(*lfiiig sonu* 
5 otfsju’ing, Ay 2 — t), the [ilaiits jiroduccd wen* all cssmitially fully crowned. 

On crossing two ri*ct*ssiv(* plants (^1 and E) of different peloric intensities (si'c* 
bottom of table) the otfspring timdeU to be intermedia^ . 

On crossing (A) with <111 ordinary plant (B) the otfspring were non-j)<‘loric and 
h(*tt*rozygous. On s(*lfing two of th^-se plants, (^*1 x /?) pis. 2 and 7, the offspring 
were c*ither fully peloric, oi* non-peloric (heterozygous and lioinozygoiis). On 
selfing two reeessives, (..1 x B) 2, pis. H and {) obtained from {A x B) pi. 2, the 
offs])ring w('re all nearly comph'U'ly peloric. Thus, there was no clearly marked 
dilution or appar(‘nt contamination by crossing a peloric plant with a non-])eloric 
one. When, however, the same recessive plant {A ) was crossed with a hetero- 
zygous plant (6^) having in its gametes a weak peloric tendency of about 85' 
there was much variation in the offspring, and on selfing sonu* of th(‘8e plants, 
(^l X (>) 1, 2, 7, H, and raising a new generation ii was obvious that considerabh* 
dilution of the peloric tendency had occurred. On crossing the same plant (^1) 
with a heterozygous plant (/)) having a stronger peloric tendency (75^") in its 
gametes it wiis clear that in the next generation raised (A x, D) (>, 5, 11 less 
dilution had taken place than in the fbrnu*r case. 
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Felorism — Various Pairings. 
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In thu last generation it will be seen that th(‘r(‘ wan no sharp separation of the 
jilants into two groups attnbutablc to th(‘ two grandparcrfbal factors. 1'hus, in 
thi‘ case of {A x C) pi. 2 (50'') the offspring are not clearly divisililo into those of 
100' resembling A, and those of J15 attributable to C; in other words there was 
no obvious segregation into two degims of pelorisni. 

On the factorial and chromosome hypotheses we must suppose that the factor 
01 * facjtors governing the jieloric character tend to become mutually changed and 
intennediate in nature vvhen the male and femak* chromosomes containing the 
factors for the two degrees of pelorism lie alongside each other in the zygote. 

It will bt‘ of interest to obtain a general measure of the strength of inheritance 
between mid-parent and offspring with respect to the transmission of the degree 
or intensity of pelorism. For this purpose only recessives were used, involving 


Non^peloric 
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30 niid-paretil8. Employing Prof. Karl Pearson's method the accompanying table 
gives the correlation surface. 

Pelorism — Correlation Table — Reoessives, Mid-parent and Offspring. 


Offspring. Grade of Pelorism. 


Mid -parents. 
Grade of 
Poloriam 

-4 

? 

M 

8 

c 

Cn 

M 

r 

cn 

o 

LO 

? 

o« 

o 

M 

l‘' 

to 

Ot 

o 

ToUilb 

V~ 25" 

fi 

2 

23 

18 

40 

2fr- 60 

5S 

61 

68 , 

11 

108 

T) 1 " 75" 

(>4 

31 

15 i 


no 

70 —100 

U3 

14 

ff i 

1 

5 

173 

Totals 

271 

1()8 

j 117 

34 

530 

- - 

_ 

1 







The coerficK'Ut ol coriH'lation, calculated from the table, between rnid-parent 
and offspring is *5!2. The result can be regarded as only a very rough approxi- 
mation, since a siitisfactory nu'thod of measuring ]>elorism has yet to be found 
The figure obtained is somewhat low, but it would seem to indicate that th^ in- 
heritance of the degree of pelorism is of the nature of ordinary bhuidiid inhi'ritance. 

The point of interest to notice is that th(‘ union of two [leloric plants of 
different pelorjc intensities influences the gamr'tes, while th(‘ union of a jx^lorie 
plant with a homozygous non-jK*loric plant does not very nxulily affect the purity 
of th(' gamete's with respect to pelorism. 

Pelorism, Effect of i^election in a hoinogeneons race. 

A peloric plant {fi) with pelorism iff about H5" intensity was self-ffertilisod, and 
the offspring, 16 in number, were as follows: 7 with 100', 4 w'th 75° and 5 
with 50' of pc'lorism. 
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Two of theses plants of 50'" (O 2 and 7) were sclfcd, and the generation raised 
exhibiU‘.d a lowcrctl pclorism. The various selc^ctions made and the results 
obtained are shown in th(‘ accompanying table. It will be seen that finally on 
the selling of plant (/ 7, 10, 20, 4 (O ') only non-peloric offspring were obtained. 

2. General C/OLouation of the Corolla. 

As (h‘scribed in tlu' previous r<‘])ort (loo, cit.) the intensity of the* pnrj)l(‘ 
coloration was measured by comparing it with a colour-scale foundial on the 
intensity of colour by traiismittc‘d light of varying depths of a standard colour- 
solution. 

Purple and w'hite foxglove's exhibit th(‘ ordinary Meiidelian n'lationshi]), pur[)l(‘ 
being doiiiinaiit. A confusing aspt'ct of the probhun is introduced by i.hc* fact 
that “ whit(' ” foxgloves are not necessarily eritirt'ly white, since they may exhibit 
a faint purple coloration which on the coloiir-scak' adopted may amount to 
about 5. On crossing such a plant with an ordinary piirjjle jilant segregation 
occurs w'hen th(‘ het(‘rozygous offspring an' self-fertilised. Any higlu*r coloralicm, 
say 10 — 15, does not exhibit segregation, but gives a bhajded inheritance', and 
such a plant is t(» be regarded as a very pale pur|)h‘ one' and not “ white'. ’ From 
certain (d)servatie)ns that have' bc'e'n made it is ])robable that a similar conelilion 
e)ccurs in the* lUue' Agapanthus lily, since' senne* of the' “ whitej” plants have flowe'rs 
faintly tinged with blue. It is ejuite' likely that the' phe'ne)me*non is ge'ue'ral, and it 
may throw an important light eai the* [)hysical theeay e)f lu'redity. l\»ssibly it 
may be surmiseel that, a factea* lor a coloratieui of k'ss than 5 units is unable' 
to ble'iid with, e>r influeiiea', the' factor controlling a higlu'i* ceeloration, in that we 
have re 'ached the loAvest dynamic unit. 

Of the te'ii original jjlants, five were purple' and he)mo/ygous, four were purjik* 
anel he'terozygous and one' was white e»r re'ci'ssive'. I’he'se' we're ve'iy varieaisly 
creKSse'd in all mamie'r of ways. In the; acce»mpanying table' the e*.\p(‘rime*ntal 
results are* com]jared with the Me*iidelian exj>ectatioii fe)!’ the differe'iit ganu'tic 
jiairings. 

General Goloratiun of Corolla — Brevdimj liesidU. 
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In the gametic group DD x DD (homozygous purple x homozygous purj)!*') 
there were ]620 offspring. These should have been all purple, but there were two 
white plants which occurred in two deeply coloured families and three* white 
plants which occurred iti one pale-coloured family. I do nru; believe that there 
was containinntion, and it is probable that the two former phints wtTe sports, 
while the three latter plants were produced by selection. 

In th(* group RR x RH (whitt* x white) thc'rc wer(* ;W() offspring, and tluw 
should hav<‘ Ix'on all white, but there were six pale-coloured plants. The difficulty 
in distinguishing a ting(*d “ w'hiti*” plant from a pale-colour(‘d plant may account 
for this rt‘sult, but [ fax our th(‘ view that xvc are here witnessing the b(‘ginning of 
a colon rtMl ra(*e. 

Tin* result givim by T)R < DR (heterozygous ])ur|)le x hi^tiTozygoiis purple) is 
very closely Mimdolian. Out THb otfs]»riiig there were 190 white* plants while 
the exp<‘ctati(»n was 19(i. 

II(‘U‘roz}gous ])lants cross(*d with <lomiiiani.s {DR x /)/)) gave* nothing but 
coloured jilaiits, and this was aKo lb<* ease with dominants crossed with rect‘ssivea 
{DD X RRl 

gametic grouj» DR x RR (hetiu'ozygoiis plants x rec(‘ssives) gav(* a result 
which div(*rg(‘d rathei xvidely from the expectation : there were insuffieii*nt whiti'S, 
tliere being 24 whites and 52 purjiles instead of 8(S of (‘aeli. Tin* numbers are 
soiiK'xvhat small for drawing conclusions, but it is important to notici* that in the 
eharaet(M’ of ]M‘l(>rism it was the same ganu'tic group wdiich div(‘rged tin* most 
wHl(*ly of all the* classes fiom tin* theon‘lienl ex|)(*ctation. On the ehromosome 
hypothesis it. may be conjc'ctiirtsl that possibly |>referential pairing of llu* mah* 
and femalt' chiomosonavs may exjilaiii the discrijiancy. 

The fnherii'uwe of the lufensiit/ of Coloration, 

On er()ssing a purple liomozygons plant with a xvhiti* plant the^)frs[)ring W'eri* 
all heterozygous and all coloured, but the intensity of tin* eolovalion was mostly 
redneed x'i*ry considi'rably. On selfing these offspring the m*\t generation yieldtsl 
some homozygous dominants in which the original colour-intensity of tin* grand- 
parent w'as regaiiu'd; thus, at first sight it appeared that tlu'n* had been no real 
dilution (d* tin* colour by crossing with the while. This was my first impression 
from tlu‘ c*arlier results, but with more ext(*ndt‘d expeuience 1 found that tlua’e 
was certain (widcuici* that the ci-ossing with the white did hav(* some* dolet.erious 
action on the inti^nsity <d’ the coloration of tin* dominant grandchildrtui, although 
th(‘ coloration vvhu*h ajipeared was much givater than a half and half blend with 
white*. 

If tw^o homozygous dominants of marked diffenmeo in colour-intensit,)^ wen* 
crossed, the offspring tcuided h be intermediate. On s(*lfing those* offspring tlie 
next g(*nt'*ratie)ri was similarly intermeeliate, and there* was no segregation into f.lio 
two different intensities of the grane’parents. Thus a triu* hlemd of the* two 
intemsitie*H had taken j)lae*<*. 
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In tho jiccompmying table the results of some instructive crossings and self- 
fertilisations are given. In Series I two dominants (E and F) of different colou)’- 
iritensities were sc^lfed and the families raised showed that the parents were homo- 
zygous. On crossing (E) and (F) a family of intermediate offspring was obtained. 


Colo u r- Inteimty — Vtt no us^^Fairings. 
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Two of these offspring were selected, {E x F) pis. 1C and f), as widely divergent 
from each other as possible, and selfed. In the families obtained there wjis no 
tendency for the occurrence of segregation into the two colour-intensities of {E) 
and (F) respi'CJtively. There was thus a definite blend, and the means of the two 
families approached the respective colour-intensities of the two self-fertilised 
plants. 

In Scries II the same homozygous dominant plant {E\ with colour-intensity of 
[)() ’, was crossed with a white plant and all the offspring were heterozygous and 
intermediate. On selting one of the darker coloured offspring, no. 18, the dominant 
plant.s raised tended to Ik* of about the same colour-intensity the grandpaivnt 
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{E), In Series III a dark-coloured homozygous dominant plant {B) was also 
cr()88ed with a white plant. One of the darkest heterozygous offspring {B x White) 
pi. 1 was selfod and the coloured plants raised tended to b(' paler than the grand - 
jiarent, but the family was small. * 

In Series IV the dark-coloured homozygous plant {B) was crossed with a dark 
heterozygous plant (yi). From the offspring raised, tw(» were Relcct.(»d and selfed, 
one very dark and the other moderately dark. The two families included only 
coloured plants, and consequently the parents may be supfjosed to have biuui 
homozygous. The moderately dark parent (iJxil) pi. 2 failed to produce any 
offspring Jis dark as the gmndj)ar(uit (B), 

In Series V the same plant {B) was cro.sscd with a light hekTozygous plant 
From the offspring produced five homozygous dominants were sedfed, and in 
the five families raised only two plants reached the colonr-inUmsity of the grand- 
parent {B). 

On taking all these n^sults togetJier it maj be said that there is evidenee foi* 
the view that crossing a daik race of foxglovt‘H with white plants tends io dull tin* 
(‘oloiir-intensily of homozygous <lominarits of .‘^ubHO(|uent gi nt'rations. 

(Jeveral Caloruliov B(revgih of Inheritance and Effect of Select ion. 

In 1914 a dark-eolourc'd homozygous plant (B^ was crossed with a somewhat 
pale-coloured heterozygous plant (f7, ^) = 7>Z) x‘ /)/2 = III. The offspring would 
consist th(‘oreticnlly of ajquoximately equal number's of dominants and hetero- 
zygous individuals. The n'cipn'cal cross (f^, $ x B^f) was also made = 11. Several 
dominants wen^ selfed and families were raised. Out of the.S(» families certain 
plants w(Te s(d<»etod and sedfed and now families were obtained. This procedun' 
Nvas continued until 1917, and the results are given in the accompanying table. 
The fannli(*s of tlie different years are arranged in ascending order of the colour- 
iiitensiti(\s of the parents. On comparing the means of t.he families with the 
colour-grade of tiu' jraronts (shown in brack(4s) it will be at once seen that small 
\ariations in th(‘ colour-intensity of the parents tended to be transmit te<l to the 
oftspring. It is obvious that th(» table exiiibits the effect of selection in self- 
fertilised homozygous g(‘n<‘rations. 


For example we may take the following: 


lloiiio/^gouH plant, IT. 1 
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f offspring 

74 

All offspring of above, TT. J, 4 
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An offspring of al)o\<\ IT. 1, 4, 17 
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An offspring of above, ITT. 2, 1, 18, 28 

lliwerse selection is shown also : 
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An offspring of above, 111. 2, 5, 5, 1 2 



30 „ 


»i 

32 



112 


Inhcntam-e in the Foxglove 

Inheritance of Grimw-Intensity among Dominants. 
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Thus starting with a plant of aboiit 70 rohmr-intensity we arrive by selection 
of self-fertilised plants at iiieau family intensities of 100 in one direction and 32 in 
the reverse direction. 

In another series, starting with a homozygous dominant, plant of colour- 
intensity of about. 11, I have by selc-ction obtained plants in which the corolla 
exhibited no general tint.. On selling the pale plant no white plants occurred, 
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and the offspring \vor<‘ nil palc'-colonred ; but when the intensity was decreased by 
selection to about 4, the “white'' plants showed Mendclian segregation, for the 
offspring arising from th(^ plants produced from a cross with a <]ark-coloured 
plant were shar])ly divisible into strongly coloured and “white” individuals. 

As a further example of selection, J started with a homozygous medium- 
colour(»d (48) plant (0). This was selfed and a family of 31 coloured plants was 
raised, tlierc were no whites. Thus, the parent plant may be regarded as homo- 
zygous. A j)lant {(if 3) in this family, not far removed in colour (55) from the 
average*, was seHed and the n'sulting family had a mean colour approximating to 
the colour of the parent. A light-coloured (27) plant (U 3, 20) and a dark (81) 
plant {(} 3, 13) in thi.s last family were selfed also, and the two families raised 
t(*nded to resembh' their respeetiv(* parents. In a succeeding generation furth(*r 
progress was obtained in sc^curing dark race and a pale race. Th(' necessary 
d<*tails are given in tlie accompJinying diagrammatic tabic*. Th(* familic*s jirintcd 
in heavy type* are those l(‘ading to a clerk race, while thovse in ordinary type arc* 
])assing into a light race*. 


Fowtitinm of Light and Dark Races fro'.n a> JJornwant 
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(\)rrvlatiov Table —Colvni -Intensity — Dominants {homozygous). 
Serins J1 and TJ I. 
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Inheritance in the Foceglove 

In the last table, p, 1 13, a correlation surface is shown between parents and 
offspring. It is formed from the series of families given in the table preceding the 
last, and arising by self-fertilisation. 

The constants calculated from the table are: standard deviation of weighted 
parents 1*7805 units, and of offspring 1*8962 units, coefficient of correlation *707. 

In this table 39 families were involved, as detailed in the previous table. 
The starting points were four homozygous dominant plants occurring in the two 
families raised from the reciprocal crosses (Oi x and x C,). 

♦ 

3. Brown Spots. 

The amount of spotting on the inside of the corolla is not closely correlated to 
the intensity of the general purple coloration of the flower, for even in white 
plants the spots may be numerous and of a deep purple colour. In colouriKl 
plants the spots were almost always dark purple. As a very rare exception in the 
coloured plants (4 plants in about 2500) some of the spots w(*re russet brown, and 
ill the case of the largc^r sjxits there was a middle area of brown bordered by a 
margin of purple. In white flowers the spots were fairly frequently brownish- 
green or brown. In such brown spotted white flowi'rs 1 could niwer detect the 
slightest tinge of purjiK' on the general surface^ of th(» corolla, while in purple- 
s|x)tted white flowers a faint tinge of purpli^ could often be seen. The brown 
spits of white flowers might not bccomi* vivsible until the flow(‘rs w(u*e on tin* 
point of fading, and in the case of any given white plant it was wholly imjiossible 
to affirm that brown spots were, or would be, (mtirely alisent from all of the 
flowers. 

With the exception of th(‘ four plants mentioned above' there was a sharp dis- 
continuity to the naked eye between purple spots and brown spits, int(‘rnu*diat(' 
conditions being absent. The brown colouring mattei may be regarded as alU'red 
or decompised anthocyanin. In purple sjiots a microscopic c'xaniination oft(‘n 
showed a certain amount of decomposition ; but, with the exception of the four 
plants, the amount was not enough to alter the colour of the spots sufficiently for 
detection by the naked eye. Thus, the discontinuity lies bc'tween a normal small 
amount of decompositimi, and an abnormal (uitire decomposition. It may ho 
statiKl that under onlinary circumstances brown or gri*enish spots (as seen by the 
naked eye) are linked to a perfectly white corolla, but purple sjiots occur in both 
purple and “white’’ flowers, and an apparently perfi'ctly white corolla may also 
bear purple spots. 

If a brown spotted plant, is crossed with a purple spotted one the offspring are 
all purple spotti'd and heterozygous. The brown spotted condition is inherit'd in 
Mendelian fashion, and is recessive to purph' spots. 

No special crossings have been made to investigate the matter, and the results 
which an* given below arc merely picked out from the records of the numerous 
families which have been raised for other purposes. 



Ernest Warren 


115 


In the accompanying table it is useless to include families in which there was 
no taint of whiteness, since all the individuals (except 4 plants out of 2500) had 
purple spots. 

Brmm Spots — Families White or Some Taint of Wniteness* 
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It is obvious from the table that the brown spotted t*ondition exhibits M(n- 
dolian inhcTitaiice, 


4. Inheritanpe of C'ehtain Sport Abnormalities. 

Crenate Ma/rgin — In a homogeneous family of 29 plants thc‘n‘ appeared one 
plant in which the fr(*e edge oi the mouth of the flower exhibited a well-marked 
st‘»’rated ccmdition. All the flowers of a main-axis of considerable size W(»re 
similarly affected, and later, lateral flowering axt's were formed, and the flowers 
wore also serrate. The character wfis sufficiently marked to be noticofiblo at a 
casual glance of the plant, and since all the numerous flowers woiv aWko in this 
paiticular, the character was clearly inherent in the plant, and was not due to a 
chance environmental disturbance influencing a young growing axis or certain 
flower-buds. The plant was sedf-fertilised, and il was confidently expc‘cted that 
the character would reapiK^ai in the offspring. Out of a family of somt“ 20 plants 
12 flowered and no sign (»f the peculiar serrated condititui could be detected in 
any one of the plants. Ilore we have a conspicuous charactei in a large health} 
plant affecting iwery flower of all the flowering axes, and yet apparently it was 
incapabl(‘ of b<dng transmitted to the offspring. 

Split Corolla . — In a homogeneous family (XXXIV) of 2.7 plants there apjHWcd 
one plant in which in the great majority of the* numerous flowers the corolla was 
symmetrically divided into an upper, a lower and two lateral piece's by four lnt('rnl 
splits extending down to the base of the flower. The plant was a large, healthy 
one and pnKlucc'd a number (»f similar lateral axes. At least 90 7o flowers 

wore completely split (PI. 1, fig. 10). 

In a family (VIII 7) unrelated to the above there were 16 plants, and of 
thesi', four plant*’ wen* similarly affected. In one of these plants pmctically all 

8 - 2 
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(99 7o) t»he flowers were entirely split into four pieces, while in the remaining 
three plants some 60 — 60 of the flowers were split. All the plants were large 
and vigorous. It was thought that very probably the character would exhibit 
Mendelian inheritance. The results of crossing and selfing are shown in the 
accompanying tabl(\ 

Inheritance of Split Corolla, 



The first mentioned plant (XXXIV 4) with 90 of the flow<Ts split was 
croHstMl with an unrelated plant with some 99 ’/^ of th(* flovviTs split (fith v(‘rtical 
column of table). Of the 17 oifsjiring 8 plants were wholly unsplit, while tin* 
remaindtT exhibited the character in a very grcuitly weakeniHl condition. Three 
of these offspring, S. J. nos. 9, 18 and 6 having 0 7oi /o 18 7,, the 
flow(T8 split respectively, were selfed, and the familii's raised all contain(‘d some 
plants very conspicuously split, but the character wsis more marked in the two 
families raised from parents 18 and 6 which showtsl sonui degree of splitting. In 
a subseejuent generation (S. J. 18 pL 4 and S. J. 18 pi. 10) raised by selfing, the 
character became very strongly pronounced. 

An unrelated non-split plant (TI 6, 1) was crossed with the first incmtioned 
plant having at least 90 7 nf the flowers split (XXXIV 4). In the fannly of 
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12 plants raised none of the plants exhibited splitting. Two of these offspring 
(R. J. nos. 9, 10) wore seHed and no splitting occurred in the two families. 
Another generation was raised from R. J. 10, plant 14 and some re-app'arance of 
splitting was detected. The table* includes all the split plants which have occurred 
among some plants which have been under observation. 

The results obtained indicate that heredit)^ has some influenct*, but the data 
arc* insufficient for (h'terniining tfie nature of the transmission which does not 
bear a Mendelian as}>(ict. 

Creased Upper Lip . — In a certain plant in the majority of thi* ffcnvcrs the 
upper surface and lip exhibited a conspicuous puck(‘r or ciease. This plant was 
erossi'd with an urinbited normal plant with no crease. Most of th(3 seedlings 
were killed by the violent elements, but four plants Avere raised, and in one, 
a number of flowci-s exhibit <‘(i a crease, which, howev(‘r, was much loss developed 
than in tlu* pal(*rnal par(‘nt. The data are scanty, but tin h(*reditary trans- 
mission doe*-' not s(*( m to be Mcmdelian. 

tiponid neons Appearance of White plants . — Among th(' numerous homozygous 
dominant etdouivsl families that have lusm raised a whit(i plant appi'ared vSj)on- 
tan(‘()usly on two occasions in two unrelated families. J'liese plants, of course*, 
bn'd true, and as th(‘iv was no csideiice of contamination of the seed the plants 
must be n‘garded as new sports. 

5. INH^:KlTAN^K OF Sef.d-Length. 

The* nu'an length of the s(*ed varied considerably in diffiu’tmt plants. No 
diseontinuous variation could bo deb'cted, and inh(‘ritance was of the blended 
lyp“. Ten se(*dH w^en* taki'ii ai random from one or more eapsult‘s of a number 
ot plants of ei*rtaiii series and the means detcrmineil. 1''ht‘ stM*dr of a ciipsnle 
exliibitcd a mod(*r,it(* atmumt of variation, but they were inonuinorphic in varietal 
crossings, and not flimorphic as was noticed in an interspecific crossing. The* 
elistributioii was more or less neu'inal. Uidbrtnriat(‘ly th(*re was very eeiUHielorable 
variatieui in the* mean size of the se*eds in different capsules e>f the same plant, 
anel coiiseepiently ne) very accurate determination e>f the strength ol inlii‘ritaneo 
was |)ossible with this character withe>ut an exce‘ssive number of measurements. 
As it was, the* i lives tiga tie *n entaile*d the mensure*mciit of about 1000 soeels. 

A plant, i'l (nman sccal-lcngth 039 units), was crosseel with (mean s(*e<l- 
leiigth 02S units'! and a family was raiseal , 0, x /^ = II. In family II twelve* 
plants weTe selfed, name*ly II 1, IJ 2 ... II 12, the seeds weTO measun‘d anel twelve 
fainibes were obtained. In family II 1 throi* plants were* selfed and the s<‘ed- 
lemgth de*termined, namely (11 1) 1, (II 1)2 and (T1 1 ) 4. The means of the seed- 
lengths of these* three plants wore compared with the* seed-length of the parent 
II 1, Similarly, feir examplcj, m family II I, 2 two jilants were selfeel, namely 
(II 1, 2) 5 anel (II 1, 2) 20, and the means of the seed-lengths of these two plants 
were cornpired with the seed- length of bhe parent II I 2. The data are given in 
the accompanying table 
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Mean Seed-leiigtk, Parents and Offspring. 


Parent (nelt^) 

Offspring (selfed) I 

Parent (selfed) j 

Offspring (selfed) 

Desig- 

Mean 

Seed- 

Desig- 

Mean 

Heed’ 

( 

Desig- 

Mean 

Seed- 

Desig- 

Moan 

Seed- 

nation 

length 

nation 

length 

nation 

length 

nation 

length 

U 1 

606 

11 J, ] 

572 

II 4 

592 

11 4, 8 

62B 



11 1, 2 

66S 



II 1, 12 

598 



11 1, 4 

649 

— 

— 

— 

— 

- 


— _ _ 


116 

620 

116,1 

621 

11 1, 2 

668 

JI 1, 2, 5 

668 



II 6, 3 

641 



II I, 2, 20 

642 



11 6,4 

670 



— 


— 



II «, n 

695 

11 1,4 

(UO 

11 1, 4, 3 

655 

- 






11 1,4, 17 

674 

11 6, 11 


II 0,1 1,8 

665 

11 2 

.528 

11 2, 1 

624 

117 

547 

117, 1 

671 



II 2,3 

.582 



11 7, 12 

570 



11 2, 5 

637 



n 7, 14 

.624 



11 2, 16 

566 

_ 

- 

— 

- 



— 

- 

11 7,1 

671 

117, 1,7 

649 

11 3 

629 

II 3, 1 

686 



— 

. 

— 



11 3, 4 

686 

11 8 

620 

118,2 

629 



11 3, 15 

672 



118,3 

624 









11 1 

592 

114,2 

668 

Jl 9 

653 

11 1), 2 

633 



11 4,6 

657 



II 9, 11 

620 




1 



11 9, 10 

m 


Parent (eelfed) 


Design 

nation 


II S) 
11 10 


Mean 

Seed- 

length 

05? 

040 


11 10, 1 
II 10, 5 


11 10, 7 
11 11 
II 12 


600 

049 


015 

079 


OffHpring (selfed) 


Moan 

Soed- 

length 

029 

000 

(>09 

049 

600 

713 

681 

042 

598 

029 

049 

053 

017 

642 


nation 


II 9, 3 


II 10, 1 
11 10,2 
II 10,5 
II 10, 7 
II 10,8 
II 10, 13 

II 10,1,18 

II 10, 5, 5 
1110,5,10 
II 10,5,18 


060 I 11 10, 7,9 


II 11,8 

11 12,0 


€i (Nelf-pollcn j sccd-loiigths=639 
(‘sclf-pollen) „ =628 

G\ (Zfi iwdlcn'' „ =642, thc«c last so<‘dti produced fain. II 


Till* cfK'fficicnt of correlation, calculated from the above mnubers, between 
pirents (Hclfed) and oflhpring (selfed) is *378. This is low for nnd-part*iital corre- 
lation; but as all the generations arose by self- fertilisation we ought to have 
practically no correlation at all according to the pure-line hyjX)thesis, for the two 
(original parents (Oj and B^) wore closely similar to each other in the character 
under investigation. 


6. PuKPLis Spotting of the Cokolla. 

The purple spotting of the lower surface of th(‘ corolla-tube and lower lip 
varied greatly in the original parent plants, and the character was obviously 
inherited. The amount of spotting had little relationship to the intensity of the 
general coloration of the corolla, and white*' flowers were sometimes richly 
spotted with purple. 

The percentage area of the lower surface covered with spots was estimated by 
comparing the flowers with a series of diagrams each covered with a definitely 
known percentage of spotting. With practice it was found that sufficiently 
uniform results could be obtained by this method. 
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In plants which had lost completely the power of producing any purple 
coloration whatever, the sjHjts were brown^ and usually small and scanty, and 
among such plants an almost entire absence of spots of any kind occasionally 
occurred. Wc have already soon that with regard to th(i colour of the s|)ots 
(brown and purple) Mendtdian segregation takes place. 

In the inhoritiuicc of the amount of purple spotting no Mendelian relationship 
could be detected. The* smallest amount of purple spotting met with in coloured 
foxgloves equalled about 1 7o, and the maximum about 70 It will be re- 
memben^d that on crossing a dark purj)k^ plant with a plant bearing flowers very 
faintly tinged with purple (say, colour 4 of skindard), definite segregation into 
white” and purple plants occurred in the second generation following; but on 
crossing a [dant possessing an abundance of purple sp^^ts (say, 50 ""jj with a plant 
bearing very few purple spots (say, 2 7 or 3 "'Z^) no such segregation Wiis found, 
and tlu‘ spotting tended U) remain intermediate in amount. 

Ill the numen)us crosses that have been male for various purposes the con- 
dition of the spotting was observed, and it is undoubtedly true that the means of 
the spotting of the familit's resulting from the crosses tcnd(*d on th(* average 
to a[)proximate to the sjK^tting of the mid-parent, ^ (cf + ? ) No difference could 
be detected between the I'ceiprocal crosses of two plants. 

Influence of Selection and Strength of Inheritance in Self-fertilised Generations. 

In this connection details of Serit's II and III may be given (s(‘e p. 120). Plant 
(\ with 1 ] 7o J^potting was crossed with pollen oi plant with spotting 48 7o = H* 
Sev^en of tlu^ offspring were selfed and the spotting of the resulting families was 
determined. SubsiMjucntly two other generations were raised by selfing. Plant 
was crossed with pollen of (7i = lll. Four (»f the offspring were selfed and sub- 
se<pu*ntly three other generations were raised by self-fi‘rtilisation. 

The distributions of tin* spotting in the families of the different generations are 
shown ill the accompanying tabic. In each gonenition the farnilie^s are arranged 
in the asceuidiiig order of the |)ai’ciital spotting (sec the top and middle horizontal 
lin(‘s). A* casual inspection indicat(*s at once that the gemeral trend of the family- 
distributions follows the gradual increase in the spotting of the parents. 

As an example of s<'lectioii we may take : 

III 32 (9 VJ Hclfod produced with others a plant 111 2, 5 (15 / ) 

111 2, 5 (15 7J selfed „ „ „ JH ^ 'j) 

in 2, 5, 10 (22 7J hclfed „ „ n, fH % 1 ' (27 7J 

III 2, 5, 10, 17 (27 7 ,) selfed produced a family with mean siiotting of 39 

Thus, wc have ]>a8sed from a plant with D'^Zo spotting to a plant with 27 Zo> 
which on selfing produced a family with a mean spotting of 39 ''Z.>‘ 

With reference to th(‘ strength of inheritance two tables aie given on p 121, 
one for pirents and offspring, and one for grandparents and grandchildren. Th(' 
respective coefficients of correlation are '560 and *395. This correlation does not 
arise by the mixture of two races which have been sorted out by segregation 
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during the different self-fertilised generations. Inspection of the tables shows 
that the distributions of the various families give no indication whatever of the 
occurrence of segregation into little spotted and much spotted plants. Th<' 
gradual rise in the degree of spotting of the different parents is folhmed by a 
gradual increase in the spotting of the respective families obtaiiu'tl by self- 
lertilisation. The fact that th<' correlation between thi‘ grandpanmts and grand- 
children is less than that between the parents and offspring is further evidence 
that th(‘ small, apparently fortuitous, variations in spotting occurring among self- 
fertilis(‘d generations are inherited. This result is opposed to the purt*-liiu‘ 
liypothesis, according to which such small variations ai’t* n'garded as slightly 
diffi'n'ul exprc‘ssions of th(' same identical character which nunains unchang(*d in 
its essence from one self- fertilised giaieration to another. If such were* the case 


CorreUfiloit Table — Spotting -‘Parent^' and Ojjspring. Senes II and IlL 
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Correlation Table — Spotting —Grandparents and (handchildren. 
Senes II and III, 
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hiheritmu*e in thv Foxglove 

the small variations would bo fluctuating, non-inheri table variations; but the 
results in the present cjxsc arc definitely against a supposition of this kind. 

It might bc‘ urgefl by some that the result is really due to the existence of 
g(^notypes, and that variations within the limits of each genotype are not inherit- 
able. The distributions of the families in the table do not indicate th(‘ occurrence 
of genoty[)eK of any considcrabh' magnitude. If the genotype's are supposed to bo 
very small the j^ractical result would become indistinguishable from the inherit- 
ance of continuous variations. 

7. Ratio ok Rueadtu to Len(jth ok Coroi.la. 

Th(‘ breadth wjis metisured as the maximum horizontal width across the 
mouth of the corolla of a fully expanded flower in which the anthei*s had opened; 
the h'ngth was the maximum distance moiisured along the mid-adcauline surface 
with the lowcT lip stretched out straight in the long axis of the flower. It is 

eonvcnii'iit to express the ratio in the form, 1000. The moan of the 

ratios of the four lowest flowers of an axis was taken jis the mean of' the plant. 

Th(' original parent plants varied wddely in this ratio, and the families raised 
by selfing tended to have the saiiu' ratio as their parents. 

A plant bearing wide flowers was crossed with one having nan‘ow flowei’s, nnd 
the oflspring tend(xl to be intermediate. On sc'lfing these offspring the new 
g(‘ncration exhibite<l, of cours(i, considerable variation, but taken «is a whole the 
intormediab' condition was retained, and there was clearly no sc'gregation into 
wide flowers and narrow flow(»rs. Thus, the ditferent degrees of this charactc'r 
blend readily on crossing, and the mode of inheritance is very similai* to that of 
the spotted condition. 

The results of a multitude of crossings of plants bearing variously shaped flowers 
have been ca'vfiilly d(‘tennined and tabulated, and there is no (picstion about the 
general acciiracy of the statement made abovi'. In the present place we may 
confine our attention to the self-fertilised generations of Series II and III (p. 123). 

A plant (? Oj) with relatively wide flowers (ratio 1)08) was crossed with a 
plant (cT having relatively narrow flowers (ratio 487). The family (==II) had 
flowers approximately intermediate. The reciprocal cross = III. The distributions 
of the families of the various generations raised by selfing are shown in the 
accompinying ttible. The families of each generation are given in an ascending 
order of the ratios of the parents. As in the case of the character of spotting it 
will be seen that there is a qlcarly marked tendency for the mean ratios of the 
families to approximate to the mtios of the respective parents. In none of the 
families do we find any definite segregation into plants with wide flowers and 
j>lants with narrow flowers resembling those of tho two progenitors of the scries. 

Wide and narrow races could be raised by selection using only self-fertilisation. 

Thus in family III with a mean ratio of 531 there was a single plant (III 2) 
with as high a ratio as 576. This was selfed and the mean ratio of the oflFspring 
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The ce<»fl[icients of c()m‘latiori arc *()01 for parents and offspring and *492 for 
grandpaients and grandchildren. The latter figure is somewhat high; but taking 
the results altogether the) are inciuupatible with any notion of pure-lines. 








Ernest Warren 


125 


8. General Conclusions. 

In tho viirioiis charactei*s that have been dealt with in the crossing of rlifforont 
strains of the garden foxglove we have aeon that in pt'lorism, colour of corolla and 
colour of sp^ts, th(' niod<» of inheritance is Mondeliau wil.h reference to the 
(}ualities: peloric and non-poloiic, purple and white corolla, juirple spots and 
brown spots. If, however, there ar(‘ any marked differences in the intensities 
of these (pjalities, the niod(‘ of inheritance of the intensity of the quality was 
found to be of the bhuided type. 

The other charactei*s examined were quantitative in nature, such us degn'c of 
the development of purple spots and the ratio of“ breadth to length of corolla, aiul 
tlu'se charac*t('rs blended complek'ly. 

When the intensity of a (piality is ve»y slight and approaching zero the 
difficulty arisc\s as to whicJi category the individual should bcj referred. When 
Mt^ndelian inh(‘rii.an(‘(‘ is in (widence* the critical pt)ini may apparently bti (Udermined 
by the occurnuicc* of segr(‘gation. Huis, il‘ a hom<>zygous [)lant with a very faint 
tiiigc ol purpl(‘ (say an intensity of about 4) is crossed with a homozygous strongly 
colour'd plant, si'gregation occurs in the so-eall(*d F., generation, and vvi' obtain 
on i.h(‘ averag<* 1 faintly ting(‘d [)lant to 3 mneh more darkly ('oloured plants. 
When, howeV(‘r, tlie j)al(' plant has a somewhat greater intensity (say about 10), 
the and 8ubs('()uent geiii'rations arc inkuanediati', ami definiU* st'grcgatioii does 
not. occur. Jji accordance' vsith this procedun' a plant with flowc'rs having an 
ink'nsity of gc'iu'ral coloration which di<l not niach 5 of’ the scab' was classi'd as 
'‘white*.'’ AVithout (‘inploying such a line of demarcation the results obtained 
w('n* wholly nninU'lligible. 

From the strict McuuU'lian standpoint, in the example given above, it would 
probably lx* affirmed that the faint tinge* of purple on “white” flowe'rs is not 
really a fi’actional part of the ge'iiernl pur})le col(>ration of (*e)loured plants, but is 
a distinct cluirack'r gov(*rnc*d by a different factor (U* set of factors in the chromo- 
sonu's. To one who has grown tin* plants tl)is vi('w appe'ars an artificial one. 
In my ])revions account I stated that there* ajqx'are'd t-o b(' a distinct, gap among 
my plants between “white*” plants ami coloure'd plants, and that coloratieuis e)f 
about 8 -25 of the scale were* e*xtr(*in(*ly rare or alme)St abse*nt, but I have* sub- 
s<‘(juently obtaine'd a number of plants having such intciisitie*s of ce)le)ration, 
passing imporce'ptibly de)wn to absolute whitemess. (yemseeju(*ntly it is (piite* un- 
likely that thi^. faint tinge e>f purple on “ white” fie>wera is anything (‘Ise than the* 
last remnant of a general purple* ceiloratiou. 

It is quite similar in the character eif pclorism, but the difficulty in finding a 
suitable method of me'asuring this character renders the matter le'ss e>bvious. 
Thus, it would appew that if a characteu* is not jircseuit beyond a certain minimum 
or unit quantity it may be unable* te) blend em crewsing with a plant pe)sscHsing the 
eliaraeler in a well-marke»d degree. 
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Inheritance in the Foxglove 

With reference to the characters which blend, the accompanying table sum- 
marizes the results obtained for parental correlation. Mid-parents and self-fertilised 
parents are regarded as comparable. 


Character 


Intensity of polorism (homozygous recessive, I 
mi(l-l«irentH and solf-fertiliHcd parents) J 
Intensity of general iiuiplo coloration (hoiMf»- 1 
zygous dominants, solf-fertilised rents) J 

Seed-length (self-fertilised paront/s) 

Spotting (self-fertilised parents) 

Ratio of (Wolla (self-fertilised parents) 


Number of 
Offspring 

Coeflioient of 
Correlation. 
Parents and 
Offspring 

530 

'520 

529 

•707 

4G 

•378 

716 

•660 

713 

•601 


The probable errors of these results are reasonably small and the average 
ooofficient for the 5 characters is *558 which is not far removed from the average 
coefficient found by Professor Karl Pearson for a large number of characters in a 
variety of different organisms. 

It must be again emphasized that these results are based on self-fiTtilised 
genemtions of pedigree plants of known gametic constitution, and on Johannesen*s 
theory of pure-Unes these parental coefficients should be zero, or at least very 
small. 

Th(* evidence of the present investigation is therefore definiUdy against any 
general application of the thc'ory of pure-lines and of genotypes of any apjmMjiabh' 
magnitude, and further it indicates that selective breeding within self- fertilised 
goiuTations of a homogeninuis race is capable of modifying that mce to a maik(*d 
degr<\' 


EXPLANATION OF PLATE I. 

FtgH. 1 and 2. — PeloriHiu of maximum intensity ; grade 100”. Corollas absent, sessile anthers. 

Figs. B and 4.— Perfect pelorism, giade 100”. Corollas joined along their split edges forming a complete 
saucer. Stamens with iilaments. 

Fig. r).^I»eloric flower of side-axis ; the axis terminates in an ovary. 

Fig. 0. >Pelorism of grade 100”. Knmerous flowers fused irregularly forming a rosette, the axis has 
grown through the crown. 

Figs 7 and 8.— Incomplete pelorism of main axes, grade 75”. A spiral bending often occurs. 

Pig. 0.— 'Faintly defined pelorism. When such occurred on the lateral axes the plant was said to 
possess a grade of 25°. Side view, and view from above. 

Fig. 10. ^Flowering axis of a conspicuous sport in which practically all the corollas are completely split 
longitudinally into four elongated blades. Nature of inheritauoe obscure. 

The photographs were kindly taken by Dr Conrad Akerman. 



ON POLYCHOTIIC COEFFICIENTS OF CORRELATION. 

By KARL PEARSON, F.R.S. and EGON S. PEARSON. 

(1) One of the difficulties which are constantly recurring in statistical practice 
is that of the correlation or contingency table in which the two variates are 
classified in broad categories. We may indeed proceed by the method of nioiin 
square contingency and correct for the grouping of both variates by the class 
index corrections tm the assumption that the marginal totals* for both variates 
may be assumed to follow approximately normal distributions. Such a procedure 
gives reasonable satisfactory results*, provided the marginal toUils are not in very 
unequal groupings and the correlation is nut intense (say, *85 and above). The 
polychoric table has been discussed by Ritchie-Scott and he has described a method 
of reaching a polychoric coefficient of correlation from the weighted mean of the 
j>oH8iblt' U‘tvaehoric valuesf. Such a prtKiess is, however, so laborious that it can 
hardly establish itself in practice. From the theoretical standpoint, however, 
Ritehi '-Scott’s paper was of great interest (i) as guiding us by th(‘ size of the 
probabh' enors to discriminate between the valuable and worthless dichotomies in 
tt'trachorie determinations of the correlation J., (ii) as providing standard values by 
which those obtained by other procedures could be directly tested. 

We shall ('ndc*avour to reach in this paper another form of polychoric co- 
effieitmt, — that is a correlation coefficient which does use all the information given 
in a polychoric table, — but which requires less analysis than Ritc'hie-Scott s weighted 
iiK'an coefficient. 1’'hus what may be lost in exactness will possibly be repaid by 
practical efficiency. There is another point also of very considerable illustrative im- 
portance ; we desire wherever the data are suitable actually to exhibit in the* form 
of a graph the' relation between the two variates. This should bc‘ possible in the 
case of a polychoric table, and in the piust has frequently been done by approximate 
methods of more or less validity. 

We can indeed tak(' such methods avS i»ur present starting [K>int as they will 
directly indicate to the reader our lin<' of approach. 

We start with the hyjiothesis that the marginal totiils of our polychoric tahh' 
can be represented on a normal scale. This is no great assumption in itsolll If a 
true quantitative scale ever becomes available it can be attached at once and with 
little trouble to the normal scale. To exhibit a variati' on a normal scale niakf's 

* B j “ reasonably satisfactory results,’* we mean that m cases which can be directly checked by the 
product moment method the dillerenoe is witliin tiie range of practical insignificance as judged by 
probable error. 

t Btomctrikn, Vol. xn. pp. 93—138. 

5 Thus in a 8 X 3 table it is possible for two of the comer dichotomies, i.e. those nnassociated with 
the diagonal in the sense of the correlation, to have even negative weights, so that they should be omitted 
in finding the mean. 
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On Polychoric Coepidaits of Correlation 


no greater fissuraption than when we exhibit a prowHure- volume curve as a straight 
line by fising a logarithmic scale. 

Now let the polychoric tabic* be sueli that in the population N under discussion, 
t he 5th category of the* first variate A contains a#, individiuils and the 5^th category 
of the s(*cond variate H contains individuals, while the* number of individuals 
who combine in the popiilation N tin* 5th category of A and the .v'th category of B 
is . 

Now when we proceed to exhibit the catc*gorieH of the 4 -variate on a normal 
scale, the proec'ss will give us two iinp<»rtant (|uantitios : 

(a) Wc* shall have the ratio of abscissa to standard deviation at the* dichotomy 
bc‘tw<‘en (‘ach pair of brciad catc‘gorics. 

If W;,., ... ... b(* the frecpiencies of the 4 -variate f<>r the st‘veral cate- 

goric*s the* valu(*H of the* ratios of fibscissae to standard dc^viation will be s[H*eific‘d as 

-x, Aj, //.„ //.„ ^4, //,,,. ..-f 00. 

Here As are the values on either side of the category and if there be 
(j categories, is bounded by A,, or — x and Ai, while is bound(‘d by A,^^i and 
or 4 - X. The* low(‘r A’s will have n<*gative and the upper positive* signs and the 
greatest car<* must be* taken to see that tlie proper signs arc* given to the* values 
of A. Similarly if the* fr(‘(|ueiicies of the various categories of the /^-variate be 


/y.w, a.3, ... ..., 

the values of the ratios of ordinatc*s to standard deviation will be r(*presen1-<*d by 

— * X , /i*j , /*2 , A* . , . . . /V— 1 » > • • • ^V/' 1 “h X’ , 

where /»v-i and Zv give the dichotomies on either side of 

We may consider the* coordinate at the back of the variate 4 wht‘n r(*presf*iit(*d 
on a normal scale to be* .r', the origin b(*ing taken at the mean on the normal scab*. 
Hence if the staiuLird deviation be* we shall find it. convenient to wi-ite tin* 
absolute normal abscissae 

:v = A/ ~ 


Similarl\ \\v take ij for the coordinate at the back of the variate B, measnr(‘d 
from the mean, and write*: 

if ^ <Tyh\y 

wh(*re‘ cr,, is the* standard deviation ed* B, Clearly until a ejuantitative^* scale has 
bee*!! <le‘t(*rmined we shall know A, /r, ,/•, y but not h\ k\ afy y\ ar and 

(6) We* shall de*termine the ratio of abscissa to standard deviation, or the* ratio 
of ordinate* to standard deviation of the centroids or m(*ans of the groujis 
and 


Let 

n‘n the* unmans of the 


V 27r 


./b" ^ ’ 






(i) 



. Kabl Pkabson and Egon S. Pearson 


129 


Freapectively. The numerical values of X, and le^ con be easily ascertained from the 
table published recently of oi'dinates of normal curve to permilles of area*. Care 
must be taken in every case to give the correct sign to and . 

Now if there were no correlation, hg and Icg' combined would give the mean of 
the gi oup ngg , and they give a fair approximation to the result if there are numerous 
categories, that is if the range of the categories be small. 

The correlation found from these marginal centroids would then be 

h>g7cg>)j N (ii)> 

but as Ritchie-Scott has shownf this diverges much more than the mean 
square contingenc}^ value from the true correlation, and considerably more than 
the totrachoric or polychoric coefficients do. The n'ason for this is clear and was 
pointed out by one of us in 1913]. Namely Hg and Zv do not giv(» the coordinates 
of the mean of In fact is not Ihe contribution of n^g to the product- 

moment. 

W(^ pioposo in the present paper to give first the actual contributions of to 
l]i(‘ UK^uns and produet-momcnt.s of the two variates /ind then to apply these results 
in ordt‘r to obtain (a) a polychoric coefficient, and (6) a gi'aph of the relation of the 
two var'iates. 

The essential assumptions that will be made are the following: 

(i) Th(‘ marginal totals having been reduced to a normal scale, and the corre- 
lation being supposed to be r, we shall calculate whal the contents of the sth-^'th 
cell would be on the assumption that the frequency surface is th(' normal surface 
reprc'sented by the given correlation and the marginal totals reducc^d to normal 
scal(\s. W(‘ shall further calculate the a-momeut, the /y-moment and the ay product- 
moment of tli(> 5th-.v'th cell on the same hypothesis. 

(ii) From these data we shall determine the most suitable value to give to r, 
so that the actually observed frequencies differ least from those that would be given 
by such a correlation surface. We shall also obtain a formula for calculating th(» 
mean value of y for the array of jB-variates, in number, which con’osponds to 
the sth category of A. We shall thus be in a position to plot the regression line of 
H on A and test at the same time the closeness with which it fits the thus calcu- 
lated array means, both variates being represented on a normal scales 

We shall write the real coefficient of corrt‘latioii of the population r, the 
coefficient as found from a single 6’th-s'th cell, as and those found from the tig. 
and n.g^ arrays as Vg. and r.gf respectively. 

will be the A- and JB-variate moans of the «th-s'th cell and iTgg^ the 
product-moment, per unit of the population, of the frequency in the 5th-/ th cell 
about the mean axes as dc'tormined from the marginal totals on the normal scale. 

* Soe Biometrika^ Vol. xiii. pp. 420-8. 

t Biometrika, Vol. xn. p. 122. 

J Iliomftrika, Vol. ix. p. 388. 
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(2) The developnioiits we rec[uiro involve the use of the Ictrachoric functions. 
The tetrachoric function of the onlor t is given by* 


Tt 




.(iii). 


The tetmchoric functions to are tabled for pomiive valuers of x in Tables 
for Statisticians and ^^inetriciansj; to five decimal places. For negative values of x 
tetrachoric function.' pu odd ord(*r remain unchanged, but those of an even order 
must have their sigr jgiven in the tables reversed. 

It will fre(juentlj i needful to take the difference of the tetrachoric functions 
at the boundaries of i marginal category. Thus if t/(//) denotes the value of lihe 
tetrachoric function for x -= A, we .'-hall need for the .9th marginal total 

This difference w(' shall writ(‘, for brevity, 

XVy 


and in obtaining its numerical value from tables of the tetrachoric functions it is 
essential to remember that s (or s') is supposed to increase in the positive direction 
of the axis of x (or y), and that ’when h (or k) is negative attention must be paid 
to changing the sign of the tabled value of if ^ be ('ven. 

The formula for determining the successive t(d/rachoric functions for a ghan 
value of X is 

Tf == irptTt^x - (iv), 

where and gt are gi\en by the following table: 


t 

Pi 

*Jt 

t 

Vt 

Ut 

1 2 

•707,1008 

•(MK.),(KK)0 

14 

••207,2012 

•889,4990 

3 

••'■.77,3503 

•408,2483 

15 

•258,1989 

•,897,0851 

4 

•.500,00(X) 

•577,3503 

1(5 

•250,01 HH) 

•903,0902 

n 

•447,213(1 

•670,8^04 

17 

•2 12,5.3.50 

•90<1,5()M5 ' 

0 

•408,2483 

•730,2908 

18 

• 2 : 1 . 5,7023 

•914,0.592 

7 

•377,9(>4r) 

•771,5108 

19 

•229,4157 

•919,2517 

R 

*353,5534 

•801,78:18 

20 

•223,00(;8 

•923,3804 

9 

•333,3333 

•821,9.578 

21 

•218,2179 

•927,10.51 

10 

•310,2278 

•84:1,2740 

22 1 

•213,2(K)7 

•930,4842 

11 

•301,5U;5 

•858,1 1(53 

2:1 1 

•208,5144 

•9;i3,50:i7 

12 

*288,0751 

•870,3880 

24 i 

•204,1211 

•930,3819 

13 

•277,3501 

•880,7017 

25 1 

••20(»,(KK)0 

•938,9709 


Since - e it can be found at once froni the tabh's for the ordinates 

of the normal curve, and will indeed have been computed at each division in order 

* The rcanoDB why the tetraohoric fanctioDK are tabled witli the factor 1/N/tI arc: (a) becauBe this 
factor greatly slQiplihpR our formulae and (/^) because a factor of some such order is essential, if we arc 
to have manageable tabulated values. As a matter of fact the factor chosen reduces all tetrachoric 
functions to numerical values lying between 0 and 1. 
y Cambridge University Proas, pp. 42 -51, 
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to determine and . It is then often simpler to work directly with (iv) rather 
than interpolate into the tiibled values of the functions. 

In an earlier paper^ dealing with the tetrachoric functions one of us has shown 
that if 

N - 2rxy+y'‘^ 

b(' the equation to a normal correlation surface the variates being measured in tlu' 
standard (hwiations as units, thin 

z/N = Tit/ -f 2rTaT./ -h ilrVaTa' -f . . . 4- (^ + 1 ) + (v), 

where Tt = Tt {x) and t/ = Tf (y). 

Now in order to proce(‘d liirllier it is needful to <letcriuine the following 
integrals : 

f ’ Tfdr, f ' soTfdx. 

J //u_l 

We can determine thes(‘ by using (iii) after in the second case integrating by 
parts. We have : 

, 1 f*. / 1 


1 / dV"^ 1 K 

ViiV dT/ v/27r^ j/'. 


As.i,K /I!;,"''''-/.;, 'vL*'*'’*' 


But by (iv): 


r 1 V'. 1 (h 

r I 1 e-. 

= - T,_, a- — ~ r, ..> 

[ \f J/-, , 


.. 


.(vi )l)is. 


where pt = (p = (i - 2)/Vi (^ — 1). 

* Phil. Trann, Vol. 195 a, p. 4, Equation (xiv), with a slight change of notation. In that paper, 

-7^ r. is written lor T„ ,, and ~ foir',,^^. 

v/27r "v^(w + l)! 1)! 
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Thus: 

Aeconiingly 


1 

•JT^ 


T,_,a-+ /_ T,+\/t-l T(_2. 




Tf-2 


ft. 

ft.-, 


* ” V< ^.T, + Vi - i ^»Tf_3) 


.(vii). 


Tho latter form throws us back on which will have to be calculated to 
det(‘rmin(^ the integral in (vi) for the successive values of t and s. 

On the other hand a table of 

1 = T/ + ~ 1 T/^o (viii') 

would be a convenient method of det(‘rniining the integral nnd tables of T might 
bo (‘Jisily Ibrmed, say up t.o Tn, 

In this case wo may write (vii) : 

[|‘ a;T,dir = - ) a,7’,_, (ix). 

J h, , V« 

We ar<' now in the position to compute all the reipiisite integrals we need; if 
wo write fig#' for the contents of the .9th-.9 th cell, thtm on the supjiosition that the 
surtaee is normal, has correlation r and follows tin' actual marginal freijiu'ncies, we 
have : 

r* Urdy 

■N J k,.,N 

■= T,,' + T,' 4- T / + ... + Tp -f ... (x), 

A " \"k /a*' r/ 

+ ... + + (xi), 

^ il ^ - XrM' + rXr.%,T,- + r-^.-r.X T! 

+ ... + r'%rp\ Tp + (xii), 


A ’"*• Jk , it = + rV.X-T,' 


+ ... + rPXTpXT; + ... 


.(xiii). 


It is desirable to say a few words about the fuoctions t„ and which tiiay at 
first present diffictiUiies to tlu’ reader. — clearly stands for the integral 


[ ' i.e. r* r^dcc, 

J//t-iV27r y //«-! 


and is therefore simply 
Similarly -* t,,' ~ n,JN. 
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Next clearly — 


stands for 



Tixdx 


=/: 


-r 


K 

V27r 


1 

LV27r 




or 

which is precisely the value given by (viii). 


Thus (viii) is shown to be correct even for this spe(;ial ease although a forni 
like (vi)bis through which it is reached shows difficulties. 

Similarly 


The remainder of the t s knowing t « and t , come dirc'ctly from (iv) and the T*h 
are always given by (viii). 


Now it is clear that (x) to (xiii) provide a large number of ways of detcr- 
mining r. We might find r, i.e. from the single cell by writing in (x) for Tigg', 
Or ^\e may find 



= a t/ + ... + yi'XTjX r; + ...l) (MV). 


wh(‘re is givcm by (x). But Ttg. is the known centroid of the Hg, marginal total, 
and accordingly the above is an equation to find r, i.e. av, from a given column of thtJ 


table. 


If we use this value of r„. in (x) and (xii) to find ng/, txnd hgg', we obtain., the^ 
theoretical cell frequency and y-mean of the cell as found from a column. 

Now sum l'gg> for every value of s and we find k^. the y mean of a column 
dc[K*nding on the data as found from the column, i.e. 


h. = -- +r%r,X.l\' + ... + r»Xrj,X T,.' +...}) (xv), 


when^ iigg^ is the observed cell frequency and Tigg the frequency found by (x) when 
we insert the value of r as found from (xiv). We are thus in a position theoretically 
to (h‘termine on a normal scale the mean of a column from the correlation actually 
determined from that column. This would be the ideal m(thod of determining the 
mean of a row or column ; but it would involve a great d(‘a) of hard work, as with 
the two regression curves we should need to find r lor every row and column by an 
equation of a high order. Hence in most cases we are likely to content ourselv(‘s 
by finding r for the whole table and then use this value in (x) to determine 
and in (xv) to find the mean of the array. Tcg. plotted to the known Jig. on the 
normal scale will give the regression curve. 


* Wcoan thus take Xq— n * 
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The question now arises as to the manner in which we can find r for the whole 
table most effectively. 

Clearly we might assume the pr<»duct-momcnt components from (xiii) and sum 
for all cells. We should have 

,r. V N j"'’ 

sinc(‘ the coordinate's an' nu'asured from the means in terms of the standard 
deviat.ions as units. 


H(‘nee substituting from (xiii) we have: 


A, 4 \'W 






(xvi). 


Hero must be substituted from (x) and we have finally 


. _ s r/ + . . . 4- T^x T, ; + . 

I Tj^ + . . . -f + . . . I / 

This equation based upon the product-mouK'nt method of finding r is clearly 
likely to be very complicated, and although it can bo proved that the product- 
moment method is the "'best'’ method of finding r when we an' dealing with 
a series of quantitatively measured individuals, we have no certainty that it is the 
best method in the ])res(‘nt case of broad categories. It may imh'cd bc' qiu'stioned 
whether another ini'thod now to bc considered cannot b(' shown to be b('tter or 
at least equally efficacious. 

Let US eonsidi'r for a moment what we hav(' in vit'W. W(' observe* as the 
fre(j[U(‘iicy of the 6*th-6''th cell ; we find that with a given corn'lation r tlu* fri'(jueiiey 
of this cell would b(‘ on the assumption lliat the freepu'Dcy surface* is the* normal 
fn'epicUcy surface corres})onding to the observed marginal totals. Aeceudingly tlu* 
most probable value to give te) r Mumld be that which maele 


^ == minimum, 


eir, what is the same thing, 


S i'y ) = mini 


minimum. 


Tliih leads us, difierentiating with regard to i\ te) 



-0, 


e)r, writing at length, our equatiein for r is : 




4- 2ra-,Ti.^^ t/_4- 4* . . . _ [ 

(S*ToS^4f'T„' 4“ 4- + . . . 4- 4- . . .)^i 


:() (xvii). 


Neither (xvi) nor (xvii) are very readily solved. Probably the easiest way will 
bo to obtain an approximate value of r by existing lucthods either from a good 
fourfold table, or from contingency, and then evaluate (xvi) or (xvii) fe)r values of 
/•, e>ne well {ibe)ve and one well below this result, so that the real value of r lies 
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between the two. A linear interpolation will probably suffice in most cases to 
determine r with sufficient accuracy. 

It will be obser ved that what we arc trying to do ia to fit a normal correlation 
surface to a series of cell frequencies. We may do this by equating product- 

mouK^nts, or actual cell frequencies properly weighted. The factors and 

come into our equations as a form of weights. When is small as compared with 
that cell will contribute less to the gfua^ral equations for r, and when /w iw 
larg(^ as compared with tlio contribution will be considcrablo. If the observed 
* results w(‘re closely normal then would be nearly ^f,g. If we might assume the 
differences of and ngg> so small as to be negligible we should havt^: 

r = S {X2\X T: 4 7^1 4- ... + + ... (xvi) ter, 

ml 0- S 4 *4 .. 4 ... (xvii)bi8, 

/ S. S 

instf‘a(l ot (xvi)bis and (xvii). These equations it will be found an* identically 
s,itisfied. Hence our values for /’ from (xvi) and (xvii) depend on Tigg' differing 
from 7>^s'. 


(f‘l) We now proceed to illustrate the ajiplication of these results. 


Stature of Father and Son. 

Th(‘ following tables gi\e‘s a correlation table tor the inheritance ot stature in 
Katheu* and Mon made up in bre)ad categories corresponding to eyc-colour groups*. 
Upon this material \\o shall be able to test our congelations and our graph against 
the^se* lound by definite* numeri(*al groupings 

Stfituro of Fathei (liioad (We'goiies). 




/ 

i 

/ 

i '/ 


1 

( 

TotiW 






1 . - - 




1 

s 

(■* 

p; 

r 

4 

1 2- 

1 7 

1 

1 1 





34 1 

j 

2'6 

1 mi 

84 

20 


G 

- 

301 1 

£ CD 

1/ 

s 

87 

7.0 

00 

i 22 

24 

2 

2H1 

CO c 

*4-1 5'^'' 


1 

29 

18 

30 

27 

37 

20 

1 14 

! ‘i 

14 

18 

6 

137 

105 

Sc3 

h 

— j 

9 

2(; 

19 

7 

29 

1 8 

98 

3 

CO 

. t 

1 

.3 

9 

0 1 

1 

* 0 

10 

t 7 

4J 

Tot ils 

;M! j 32J 

204 

180 

09 ’ 

loi 

28 

in()() 1 


The peisilive direction ed j is tioiu left to right and eif y vertically downwards. 
It will suffice to take the r’s to five d(»cimal figures but it will be needful to go 
further with the rs if the Ts are to be taken correctly to five figures from,(viii). 


The general reduction formula for the Th is : 

2’,_. (J) (^ - 2) Vi - Ir'-Tf., (.r) (< - 8) ((« - 1 ) + 1 ) 

Ve(i- l)(/-'(i- 2 ) + l) 




...(xviii), 


or, 


iL 

' a? {t- 2)-^ I 


Pi-, 




• Sec Ihometnka, Vol. ix. p. 220. 


(xviii) bis. 
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Hence if and Ti be found accurately the remaining Tb can be determined as 
accurately as wc please without reference to the t’s. 

But, y. = Tj « ■ U e - (xix), 

v27r 

= („). 

Hence the tables of ordinates and areas of the normal curve readily provide 7*0 
and Ti to sevtm decimal places, and (xviii) provides the higher 7's. These were cut 
down to five figures and an approximate check on their values obtained by (viii). 

As a matter of fact if r is of the order *50 we cannot hope to obtain more than 
three figure accuracy in r without going to higher r- and 7 -functions than the 
sixth, especially when using (xvii). But three figurcvs in the correlation are usually 
adequate and the labour of computing is much increased if higher functions are 
used. Such must, however, be used if th(» correlation be sensibly higher than SO. 

The following table gives the \ (1 H-a)’s, //’s, /f’s, .c*s, t’s, ^t’s, 2%, and for 
the fl;-variate. 


h 




TABLE 

I. 

♦ 


*036 

•35S 

622 

•802 

1 

I *871 

•972 

-1*70012 

- *36381, 

+ •31074 

+ -HaSTU 

! + M8I13 

+ 1*01104 

•07008 

•37340 

•38014 

•27827 

1 -210^2 

•0642 -) 


-2*1J)007 -•9140i 


+ -ricno I + *08333 + 1 *4 4723 | +2*20404 


- -036 

- *358 

-•622 

- *802 

-•871 

- *072 i 

+ *07008 

+ -37340 

4 -38014 

+ *27827 

+ •21042 

+ ’06125 1 

-•1(K)60 

- *00606 

+ -08353 

+ •16701 

+ *16830 

+ •08682 ' 

h *07221 

*13226 

-•14021 

- *03176 

+ *02401 

+ *(^052 

- *00688 

+ •07052 

- *07001 

-loom) 

- *08.350 

+ *01031 

- -04291 

+ *07579 

+ *08432 

-•02041 

- *05839 

- *03270 

+ *03654 

- *06033 

+ •06182 

+ •07310 1 

+ *03408 

- *03744 


- *030 

- *322 

-•264 

- *180 

- *069 

-•101 

- *028 

+ *07008 

+ •29432 

+ •(K)074 

-•10187 

- *06785 

-*1 1617 

- *06425 

- -lOOlK) 

+ *00454 

+ *17059 

+ *08348 

+ *00129 

- *08148 

- *04682 

+ •07221 

- *20447 

- *(K)705 

+ *10845 

+ *05577 

+ *04555 

- *06956 

- -mm 

+ *08640 

- *1 4053 

- *03980 

+ -02631 

+ *09903 

- *01634 

-•04201 

+ *11870 

+ *008.53 

- *10473 1 

- *03708 

+ *02669 

4 *03270 

+ •03654 

- *10587 

+ •13115 

+ •01137 

- *0391 1 

- *07152 ' 

+ *03744 


-•17827 

- *49385 

- *50388 

-•56581 

- *63299 

-- -84922 

+ *23690 

+ *29898 

+ *29475 

+ *33853 

+ *33915 

+ •21 135 

-•18799 

- *00734 

+ •00466 

+ *06947 

+ •12432 

+ -18307 

+ *04818 

- *09506 

- *09186 

-•10916 

- -08255 

+ -OOfK)! 

+ •07412 

+ *07799 

- *0051 1 

- *06648 

- -10343 

- *05618 

- -08325 

+ *05616 

+ •05364 

+ *06379 

; + -01471 

- -08491 


+ -07908 

+ -29432 

+ *(K)6/4 

-•10187 

- *06786 

-•14617 

- -06425 

-•178-27 

- *31558 

- *01003 

- *06193 

-•06718 

- -21622 

-•16078 

+ -sseoo 

+ •0(5208 

- *00422 

+ -04377 

+ -OOOfiS 

- -12780 

- *21135 

- *18799 

+ *18065 

+ *01200 

4- *06481 

+ *05485 

+ *05874 

- *18307 

+ •04848 

-*14354 

+ *00320 

-•01731 1 

+ -02602 

+ •14866 

- *06601 

+ *07412 

- *06613 

- *01310 

-•06137 ! 

- -03695 

+ *04825 

+ ‘05518 

- -08325 

+ •13941 

- *00253 

+ -0(X)16 1 

- -03907 

- -09962 

+ *08491 
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The following table gives the corresponding quantities ^ (1 + k's, K\ ij\ 
r’s, &Ti'’s T's and for the y- variate. 


TABLE II. 


i (! + «') 

0 


•336 

•619 

*750 

•861 

•959 

i-ooo 

k 

- cc 

- I -sssoi , 

- *42615 

4 *30286 

+ -69349 

+ 1-08482 

+ 1*7 

3920 

+ X 

A 

0 

+ •()7r)45 

f *36431 

+ •38106 

+ •31367 

+ -22149 

+ -08792 

0 

a; 

y.-rr / r-\ 

j-a-aioifa-j um-H ' --OSSW! | +-49188 +-H7789 

1 1 

+ 2-14430 i 

ro 

0 

- *034 

- •s.i:. 

- -619 

- -756 

-■801 

•9.59 

- 1 


0 

+ -oT.wr) 

+ •36431 

+ *381 Ofj 

+ •. 3 1.367 

+ *221 to 

+ -08792 

0 

r/ i 

0 

•00737 

- ■10978 

f -osioo 

+ •15382 

+ •16990 

+ •10812 

0 


0 

+ ■07179 

-•12172 

- 141:10 

- -06647 

+ •01599 

+ •07268 

0 


0 

- 


- -OGHf.) 

- *11 185 

- -08942 

+ -00077 

0 

7./ i 

0 

- -0407)7 

+ -oiwus 

+ *08,5 -U 

+ •0099(1 

-•05411 

-•04815 

0 

r.,' 

0 

4- ‘03702 

- *07647 

+ 0(K)(il 

+ •084^9 

+ •04134 

~ • 0:1475 

0 




- -034 

~‘:ioi 

-•284 

-*i:i7 

-•10.5 

-- -098 

- -041 

3r/ 


+ -07545 

+ -28886 

+ •01675 

~ -067:50 

-•09218 

«-i;i:i57 

- -08792 



- -09737 

-•01211 

+ •19138 

+ -07222 

+ -01608 

- -06178 

-•10812 

St,{ 


+ -07179 

- -19351 

- -0195s 

-i- -07483 

+ -082 16 

+ -05669 

•07-208 


; - *(K)929 

! + -09861 j 

*15783 

•04331 

+ ■0224.3 

+ -09019 

- -00077 

^Tr! 

- -04057 

8*10520 

+ -02088 

-•07561 ' 

'•-•06401 

+ -rK)596 1 

1 4- -04815 

<3r,; 

+ -03702 

- -11349 1 

' + -13708 

+ *02388 j 

-•04316 

-•07609 

+ -0347 5 


t: 

TJ 

\ 

0 

-•17170 1 

• 6)025 

- -50:160 i 

-•538 17 

-•62073 

-•K(MilO 1 

-1 

0 

+ •2310.5 1 

+ -:50I39 

+ *29416 

+ •32847 J 

+ •34004 

+ •2.5021 , 

0 

t; 

0 

- -18723 

-•01151 

+ •00132 

+ *04271 i 

4--1151t 

+ •18882 

0 

'/V 

0 

+ -062^6 

- -09892 

-•0<0 10 

- -11081 

- -osixir 

+ -0.3768 

0 

T.: 

0 1 

+ •06989 ' 

+ -01240 

- -00474 

- -04316 

-•09869 1 

-•08310 1 

0 

n 

0 

- •08112 

+ -05897 

+ -05326 

+ *0626:1 

+ •02276 1 

- -08010 

0 


.97-; 

1 + -07.545 1 + -28886 

+ -01675 

-•067.39 1 -•09218 --133.58 

•08792 

rr; 


•J7170 

^ •:41855 

•013:44 

- -03488 1 -'08225 i --18537 

~ -19:191 

i)T: 


+ -23105 

+ - 07:13 1 

- -01023 

+ •03431 , + -01247 •‘■09072 

- -25021 



- -18723 

+ •17572 

+ -01.583 

+ -o:)8;<9 j + -0727:1 +-073;i8 

-•18882 

ilT,' 


+ *05286 

- -15178 

i +-(M)752 

-01911 , + -021 79 1 + -12670 

-•03768 

rj\: 


+ ■(K)989 

- • 0.5749 

- 0171 4 

- -0:1842 ' --0.555:1 1 +*10529 

+ •08340 

.97’,; 


-•08112 

+ •1 1.309 

•00.571 

H- -00937 -0:1088 j - *10286 

+ -08010 

t 


From Table.s I and II we can find from (x) the value of for any given 
value of r, and by equating n,,/A'^ to w<' should have- an i'quatioii to determine 
the correlation r from that cell alone. The w<'ighte<l mean of t.hesc 49 r’s would 
be Ritchie-Scott’s polychoric correlation coefficient. But the labour would be 
immense*. 

We are now in a jwsition to give the product of : soi; Table III, p. 1 38. 

There are certain checks on the* accuracy of this table*, namely 
S„' Tp% Tp = 0 ('xcept for p = 0, when it = 1. 

* We are not underrating the large amount of arithmetic of the piesent procesH. It is not likely to 
be often repeated, and the sole puipose of pubheliiug all these tables for an individual case is to impress 
the reader with that fact; wliile at the same time illustrating the actual numerical processes. The 
amount of arithmetic, great as it is, is relatively small compared witn that of solving and weighting the 
resulting r’s in the case of a 49-cell table. 
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TABLE III. 

Values 

I 

* = 1 i‘ = 4 s = 5 & = C 8i=7 


+ *(Kjl/252i +'()iO,Ji4H 4-‘0()8,97« |+tKK>,l4{) >*(X)si,34(> + '(>03,4:^ + •(K)(),9r)2 0 

+ *(X)r),!K>7 +*(){M>,.V)9 |- •(X)7,(»8« , - 4)0.5,119 ~ •011,0^9 4^)4,848 1 

4-4)09,795 4)OOJ4:i 4)17,487 - 4X)S,Ii8 i - 4)tX),]iJ0 4 4)07,931 4-4)08,454 > 

4- *005,184 -*014,079 ~ •1K)0,.571 + 4M)7,78r> + 4)01,001 4- *003,270 ' - 4K)4,99 4 3 

4-4X)0,0()4 -•000,803 4- <4)1,389 + *000,371 i - 4K)0, 2 44 *CK)0,928 +4)00,152 4 

+ •001,741 - 4X)1,81() - 4)00,310 ,+ -004,2 49 +4)01,541 -*001,042 -4H)lj327 5 

+ 4M)1 ,353 I *003,919 + 4X)4,855 ' 4 4KK), 421 | - *001,448 *002,048 + *001 ,38(1 6 

+ 4)10,830 j+4)90,922 '+*079,404 I+-054, 180 +4)20,709 +4)30,401 +4)08,428 0 

+ •022,8 43 1+4)85,017 +4K)I,947 4)29,426* 4)19,599 - 4)12,223 - *018,5.59 1 

+ *(K)1,248 - 4K)0,056 - 4K)2,229 I - -(K)! ,036 ' - 4)(W),O10 +-001,011 |-f*CX)l,07 2 

- 4)13,973 + 4)39,507 1 + 4)0I,.538 , - 4)20,986 I- 4)10,792 - 4K)8,81 4 + 4)13,461 3 

-•0(K),678 +-008,520 I- 4)1 1,745 - 4)03,931 '+*(X)2,594 , + *(K)9,8r)J , - 4)01,611 

- *004,514 + -012,487 ' + 4)»X),897 | *011,018 1 4K)3,995 + 4X)2,703 | + *(X)3,440 

-*004,117 +*012,015 - 4)Ij,8s| j - 4)01 ,2JX) 1 + •(X)4,439 1+ 4X)8,117 - 4K)4,249 

+ *010,224 +*091,448 +*074,976 +4)51,120,4*019,596 + *028,684 + 4X)7,952 O 

+ *001,325 +-(X)1,93() +*000,113 -4)01,706 - *001 ,136 1 - *002,448 -*(X)1,()76 

- 4)19,253 +-000,869 + 4)31,370 f *015,976 +*000,2 47 1-4)15,594 . 

*rK)l,4i4 +4)04,0(44 +4)00,156 *002,123 4)01,092 ~4XX),892 +*OnI,362| 

+ 4)01,086 4)13,637 + •023,6iX) I f 4)06,296 - *004,153 1 - 4)15,772 I -{ 4)02,579 

4)(X),896 +*<X)2,478 + 4XX),1 78 | *- 4)02,187 j - *000,793 1 + 4)(H), 536 '+ 4K)0,(;83 

+ *00r),(K)9 -4)1 1,5)3 1+4)17,978 I + *(X)1, 559 I - *005,361 , •0(»9,80l +4H)5,132 

+ *004,932 I + 4)44,1 1 4 + 4)36,l6s|+ 021,660 + 009,453*1 4)13,837 I 4)03,8.36 

-*(X)5,329 - 4)19,834 -4KM),154 +4)06,865 +*004,572 | + *(H)9,850 | + 4M)4,330 

- *(407,265 +4XX),328 +4)12,970 f 4H)6,()29 8 -(KH), 093 1 - ‘005,884 | - 4X)6, 279 

+ 4K)5,403 --0J5,.300 - 4)00„595 + 4K)8,115 +4>0I,I73 +4)03,109 - 005, 205 

+ *000,298 - 4X)3,715 + 4)06.181 +4X)l,729 - 4X)1,I40 4)04,331 4 4XX),7()8 

+ 4)03,214 -*008,975 -4MM),645 +4X)7,919 + 4)02,872, 4K)I,912 -4X)2,172 

+ •000,873 -*002,528 +4)03,132 + 4)(X>,272 ^ - 4X)(),934 - 001,708 +4)00,891 

+ 4M)3,780 4 4)33,810 8*027,720 +4)18,9(H) 4 4)07,2 15 !+ *010,605 +*002,940 | 0 

-•(X)7,290 -4)27,130 4KX),621 + (X)9,390 + *006,254 '+ *013,47 1 8 4H)5,923 | I 

-•001,678 +4)00,073 4 4M)2,888 +4)01,342 + *000,(421 1 - 4)01 ,310 -4X)1,39(> 

•005,954 - 4)16,861 - 4)(X),656 4*008,943 + 4X) 1,599 '+ 4)03,756 - 4X>5,736 

-•(XX), 154 +4X)1,938 - 4K)3,3r)] - •(M)0,895 +4)(K),5!X) +4K)2,2I1 -*(HX),3(J7 

+ *(X)2,747 *007.598 --(KX),516 + (X>6.701 +4X)2,43l -*001,6 4 4 -*(402,093 1 5 

•(X)J,577 4 4K)4,568 - 4)05, (159 4)00,491 +*001,688 + •rX)3,0S6 4)0] ,616 6 

+ *003,528 + 4)31 ,5.56 + *025,872 8 4)1 7,640 + 4M)6,762 ,'+ 4K)9,898 1+ 4X42,7 4 1 0 

-•010,563 4)39,312 - •000,9(K) +013^607 8 *()()9, 063 '+ *019,524 > *008,582 1 

+ *00(),215 --(X)0, 280 -4)11,095 - (M)5,157 - •(KX),()8() +*00.5,031 + •(X)5,364 2 

8 4)04,094 *011.591 - 4)(H), 151 + •(XX>,148 1+ 4K)3, 1(>2 + *002,. 582 - •(X)3,943 3 

•(XK),621 +*097,792 '- 4)13,486 - *003,598 ,+ 4X)2,373 4*009,013 -*(X)],174 4 

-4XH),256 +4)07,107 +4)(X>,()51 - 4K)0,624 j - •(KK),226 +4X)0,]53 +4)(X),195 

- *002,780 ; + 4)08,056 4X)9,979 - 4MM),865 + 4X42,976 + *005.442 - 4)02,849 

-•(H)l,47()* +*013,202 + 4)10,824 + 4X)7,380 + 4)02,829 +*004,141 +*001,148 

- -(HX;, 953 I - 4)25,877 - -OIK), 593 + •(K)8,956 +4X)5,965 +*012,851 +4)05,649 

+ ■010,877' •(XX),49J -*019,417 - *(X)9,026 -•(-HH),139 +*008,810 + 4X)9^387 

- 4X).5,248 I + *01 1,861 +-(XX)/»78 - *(K)7,882 - 4K)4,053 - *m3,3]l + *005,056 

+ *(X)0,(M)5 - *(XX),0G7 | + *fXX),115 + *(K40,031 - 4KK),020 - •(K)0,077 +*(HK), 013 

-•002,066 +*005,715 +4KK),411 - •(X)5,043 -4)01,829 + •001,237 +*001,575 
+ 4)01,270 - *(X)3,679 +*(K)4,557 +*000,395 -*001,359 *002,485 +*(401^301 
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Applpng these tests we find : 

T„ Sr,. T„') = 1-000, 000, ,S*. T, S,. t/) = + -OOO.OOl, 

*SV (S, T, a,. T.; ) = + -000,00 1, -S,,. (S, t, ■&,. r') = + -000, 003, 

-hV T, Sr,, t/) = - -000,002, (S. T, S,. t/) = + •000,001 , 

and (S, t„ S,. t„') = + ‘000,002, 

results as close as we ahtmld expect, when we take into acconnt the fact that our 
St’s were only to five figure accuracy, and our products lo six. 

The meaning of Table 111 should be quite intelligible; natnely, for example; 

•084 = = -070,464 + -001,047 r - -002,229 r- 

+ -OOl.SJiSr*- •0I4,745>* + 000,807/-“' - -01 4,884 /•“■ + (xxi) 

is tli(‘ equMtion which will give the correhition poefiiciciit r as deduced from th<' 
(♦S, 2) cell. If r be given imy otluu- value the right hand of the abovt‘ expression 
is c(jual to the contents of th(‘ (3, 2) cell for n normal correlation surface of corre- 
lation coeflficiimt r having tin* observed marginal totals. 

Thus far the arithmetic is absolutely comparable with that needed for Riichii‘- 
Scott’s jiolychoric vT W<i should have to solve the 49 equations, and then 
ea](*nlal('—th(‘ stiffest part of the work — the probable errors of the 49 correlation 
coefficitmts which are the roots of those eijiuitions. Using those pi'oliable errors as 
our weighting data, we should find a mean eoofficiimt. Our jyurpose is to replace 
tlu‘ weighting and th<* solution of the 49 equations by t.he solution of a single* 
Lijuation. Jt will be noticed that both Ritchie-Scott s and our methods have an 
undesirable limitation, for we both assume the inargin!\l totals to be those of the 
normal oorndation surface, \ctually in our case we ought to tn*at tht' marginal 
totals as unknown, or stdect //,, Ihj, /h. ••• /e/, ^i. /•», Av/ as wtdl as r to givi* as 

closely as possible the observed fre(]uenci(*s. Now the t^s and consoqmmtly the 
r's and SfT s and ^^Ts all de])end upon the As and /r’s and the eijuations obtained 
by making 

-T 

, ( • ) = minimum 

V / 

do not app(‘ar to lend themselves to any reasonably brief system of sidutions. \V(* 
were compelled tlnu’efon* to introduce the ailmittedly limited form of solution, i.t*. the 
determination of the best mn’inal correlation surface subject to th(' restriction ol' 
its having th(‘ same marginal totals as tin* observed frequency surface. We eoji- 
sider this a practically necessary but noiu* tbo less grav(* r(‘Ri.riction. 

We next proceeded to determine thi* value of and for certain 

selected values of r in order to build uj) eijuation (xvii) and solve it by inter- 
polation. The values chosen wci*e: 0*45, 0*50 and 0*55. These' cover the range* 
within which wc anticipate the solution of (xvii) tor r will lie. We need also the 
value of the numerator in (xvii). i.e*. 

P.SS — T| -f 2/*^h T.j^s' 'r* 4- 2 a’*-^^ t,; 4-..., 

for the same throe values of r. The^se results are given in Table IV. 
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(hi Polychoric Ooeffidenta of (JorreUxti&n 

TABLE IV. Values o/ (««'/«** ), atid 


Function <r 1 

^-2 

s-3 

« = 4 


« = 6 

« = 7 


•879,954 

*814,714 

1 

1 JO 

•388,000 

X 

X 

1 •R4(),CKM) 

•JK)2,000 

*705,571 

X 

*266, CKK) 

X 

X 

2T15,5(K) 

•916,409 

1 *587,857 

X 

•174,0(K) 

X 

X 

2 •508,80(1 

‘774,321 

•663,759 

X 

•150,544 

GO 

X 

3*407,7 h> 

[ *813,601 

*497,830 

X 

*070,756 

CO 

X 

4*475,3 40 

, *839,805 

•345,576 

X 

•030,276 

X 

X 

4- *018,462 

4*011,177 1 *014,603 

- *009,218 

- *002,733 

- *002,747 

~ *000,336 

4 *020,480 

'4*(W)8,1J3 

1 - •015,910 

- *(K>8,382 

-•(X)2,154 

- *001 ,929 

- *000,218 

4 *022,604 

4*001,477 

1 

j - *017,013 

- *007,243 

- “(K)! ,519 

- *001,228 

-•000,168 

•867,318 

I -905,539 

1 *944,250 

I *478,500 

1 •379,(XK) 

1 *887,333 

X 

*814 1, 5(55 1 *04 4,630 

' *939,833 

1 *383,61 5 

1 *215,375 

1*544,667 

X 

•1)15,130 

j -986,935 

933,333 

1 |•278,5(K) 

' 1*043,500 

1*213,333 

X 

*752,203 

■82(),tK)l 

•891,608 

' 2*185,962 

j 1*901,641 

3-562,026 

X 

-8(M),247 

I *892,326 

1 *883,286 

1*9U,3{K) 

' 1*477,136 

2-;i«5,99(> 

X 

*837, 463 

1 *971,011 

\ 871,110 

1*631,562 

' 1 *088,892 

1-472,177 

X 

4*013,8 46 

1 4 *1 16,000 

, - *(K)5,963 

•016,913 

1 - *025,552 

- -041 ,623 

- -009,764 

4 *011,08 4 

4 " 1 2«) ,0.> 1 

- *009,01 1 

- -Ool ,854 

, - *026,828 

j - -040,529 

- *(X)7,913 

4*(KJ7,767 

4*135,874 

j - *013,006 

1 *057,659 

|- *028,1 71 

- -038, 8(U 

•005,940 

a/hgg *857,750 

J -075,552 

1*108,280 

•812,50<> 

I *85 4.818 

' *98 4,375 

[ 2-194,tKK) 

*751,875 

1 076,195 

, 1*138,747 

•823,410 

*814.773 

, -930,333 

1-8 46,500 

•635,750 

1-075,118 

. 1-175,027 

•835.909 

*831,636 

-866,000 

1 1-186,500 

735,735 

1-156,812 

1 1*228,285 

*660, 1 56 

730,71 4 

1 -968,994 

' 4-813,636 

•565.316 

1 158,196 

‘ I 296,745 

*678,(K)1 

! *713,641 

I *865,519 

3 409,562 

*101,178 

1*156,588 

1 1 *380,(588 

•698,7 14 

1 *691,618 

*7 19,956 

2*209,682 

•016,005 

4*0<)2,075 

4-011,770 

14-013,402 

- *(H)3,847 

- *023,749 

~ -013,555 

- *017,786 

4 *000,037 

4-019,8*27 

14*015,435 

1- (K>5 ,038 

- *028,268 

•01 4,205 

- *019,311 

•002,805 

14-059,278 1 8*017,601 

*006, (MW 

- *033,522 

~ •OJ4,5;«> 

1 *63 4,000 

i 1*155,897 

1 1 078,222 

1 *808,892 

1 *850,571 

1 1*225,786 

•671,833 

1-260,(KM> 

1 •096,1M)6 

1 *098,417 

1 *837.135 

•877,714 

1 239,929 

•627,333 

*017,(KK) 

1 030,862 

ri21,9U 

1 *869.568 

1 -907,129 

1 J 250,000 

570,(KK) 

2-669,956 

1 *336,098 

1*162,563 

1 651,30(» 

*723,471 

1 *502,551 

•451,360 

1-587,600 

1*203,331 

1*206,520 

•700.795 

‘770,382 

1 537,124 

•393,5 17 

•840,880 

1 *062,676 

1 ‘258,758 

, *756,149 

‘823,427 

, 1*562, 5(H) 

•324,900 

- -007,715 

- *032,319 

'4-013,131 

4-019,505 

4*007,261 

1 4 -001,459 1 

- •(X)4,()25 

- *007,215 

- *036,132 

1 4 *015,(>96 

' f -022,370 1 4 -007,917 

' 4 •(K)3, 130 1 

- •0(K>,()95 

-*006,471 

- *040,720 

14-018,237 

4 *025,7 1 7 

j •(K)8, 735 

,4 (K)2,185 

•007,680 

QC 

1-lJ i,278 I 

1 1*028,556 

•934.123 

960,5 15 

j *935.111 

-9 46,6(K) 1 

cc 

1 -(KM), 167 1 

1*027,185 

1 *969,000 

1 -008,273 

1 *978,94 4 

•9-14,400 1 

ac 

•HfK),389 

1 02 1,1 18 

1*(K)7,692 

1*(HJ 1,727 

, 1*025,111 

•927,100 

1 ( oc 

J -241,615 j 

1 *057,927 

•873,146 

1 -922,647 , 

I *87 1,433 

•896,052 1 

X j 

! 1-012,372 

1*055,109 

*9.38,961 

1-016,614 

*958,331 

■891,891 

X 

•792,793 

1 *048,879 

1 1*015,413 

1-127,261 

1 *050,853 

•860,071 

- -004,797 1 

1- •()37,()53 

-•OIK), 381 

4 *017,025 

' 4 •(K)9,967 

4 *015,398 

4 *000,4 40 

- *003,057 

- -040,252 

-•001,134 

4*018,995 

14-011,095 

4*016,166 

- •(KK),9i6 

*(X)2,988 

- -043,158 

- *002,230 

-f *021,305 

U -012,465 

4 017,113 

- •(X)2,508 

X 1 

1-461,333 1 

•867,077 

-216,474 

1 1*604,286 

1 *701 ,931 

•JX)6,5(K> 

X 

1-224,000 ‘ 

•830,576 

•245,526 

1 1 -(>93,71 4 

*754,966 

•969,125 

X j 

•988,111 1 

786,077 

•273,789 1 

1-791,(K)0 

•812,828 

•1 028,375 

X 1 

2-135,494 

•751,823 

•179,809 

2-573,734 

•492,707 

-821,712 

X 1 

1-498,176 

•689,856 

•551,335 

2-868,667 

•569,974 

•939,203 

X ' 

•976,363 1 

•617,917 

. *622,538 

3-207,681 

•6f»0,6H9 

1 -057,555 

- *003,069 ! 

- -042,728 

- *017,170 

4-011,161 

4 •012,(X)0 

4 -029,5 12 

4 *010,202 

- *(X)2,180 1 

- *042,658 1 

- -020,931 

4-010,905 

4 -013,028 { 

4 -032,069 

+ *009,778 

- -(X) 1,381 j 

- *042,197 1 

•025, 179 

4 *010,572 

4-014,219 

4-035,116 ] 

4 •(K)9,152 

00 

•961,333 

•747,556 

1 *462,667 

•845,000 

1-140,500 

•870,286 

X 

-705,CKK» 

*618,556 

1*411,167 

•865, (KK) 

1 *235,000 

1*003,143 

X 

•491,000 

•542,000 

I *337,333 

*877,000 

1*331,000 

1 *150,286 

1 X 

•921,161 ! 

•5e58,8U) 

2*139,395 

•714,025 

1-300,740 

•767,398 

a 

•497,(J25 1 

•420,625 

1*991,392 

•748,225 

1 -525,225 

1 •0(K>,296 

X 

•241,081 , 

•293,764 

1*788,460 

•769,129 

1-771,561 

1*323,158 

- *000,633 

- -016,551 

- -017,086 

- *004,935 

4 •(X)2,845 

4 *018,719 

4*017,641 

- •OtK),417 

*014,160 

- -018,536 

- •<H>7,468 

4 *001 ,950 

4 *019,060 

4*019,571 

- *000,30)9 

-•011,471 1 

- *019,78 

-*010,293 

4 •(KX),«73 

4*019,302 

4 *021,685 


The valiieH (b)^ {o) refer respectively to ras0*45, 0*50, 0*56. 
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Having obtainoti and for the trial values of r, it is only a matter 

of abiding v^l{nfff,l7i^^y for all values of s and s on the machine in order to obtain : 

'tt ^ Ss»> 

The values obtainc^d were : 

r«| 0*45 j 0*50 0*55 

I H- *157,074 ^ *012,276 - *200,976 

Whence' by inv('i*sc interpolation* we find : 

zs: 0 for 7'j, = *50f‘14, 

which is “polychoric r” as bast'd upon Equation (xvii). We shall compare later 
the value for r as found by other processes. But the above valut' is clearly well 
in accord wuth the usual result for paternal correlation in man. 

Table V givt's th/t? working values of 

TABLE V. Valnen of v,, /(«..'/«..')*!• 




.-•i 1 


8 ~H 

i ^-4 

1 


s = 0 

« = 7 


-f(X)7,lHt{ 

+ -oi 1, w,') ' 


•022,001 

1 

t 6 

- *018,150 


0 

(l» 

+ 000,010 

+ •(K)!),!»7:i 


0:il ,?)6H 

0 

- *030,4*24 


0 


-f(K15,071 

+ •(i05,:Wl 


•040,232 


- *060, 1:12 


0 


4- 018,406 



•(K>0,088 

'-•021,17.') 

•013,430 

-•011,085 

0 

,h' 

+ 01:1,861 

+ •140,1 tl 


•010,202 

- -0217.0% 

•018,l()2 

-•010,080 

0 

( 

4- 000,27 \ 

+ i:)!M!i,-. 

- 

•01 4,?):iO 

j “ *0:15,275 

~ -026,871 

- •()20,:i00 

0 

0' 

*021, 87() 

l + -(K)l,7)»l 1 + 

•034,(X)7 

4* '0-20, :n>i 

- lK)r),2r)6 

- *02 1,600 

*CXJ2,810 


• *031,402 

4- (K)(),0:i2 

+ 

•0:18, 125 

•4“ *1 122, / *>6 

- *007, 0(k) 

- -032, (>00 

- -(mjioo 


•047,770 

‘-•<M)2,126 1 

-h *042,9:1 4 

-f026,18.9 

•00!),644 

- *0 44,832 

- •00f;,579 


•(X)2,8tK) 

' - -024,18?) ' 

-f 

» . 1 ,560 

U -020,810 l-fOIO,0;iO 

+ -^2,008 

•010,247 


()Ot,6J.3 

' - *0:10,027 

•h 

•oi:i,(K)'i 

1 + *031,021 

+-*010,31(> 

f fX>2,23l 

- -015,487 


- ’(K)7,r)0") 

- *0:18, 3] 8 

4- 

•014,188 

1 f *0:14,010 

+ •010,008 

4 -AlOK.-lOR 

- *023,0:39 

{<n 

1 0 

- •o:io,:i2o 


•(XX),:iOo 

+ •010,108 

- -01 0, 80.3 

+ •017,010 

, + *(X >0,491 

ih) 

I 0 

- o:«).7t>o 

- 

'(M) 1,076 

+ •< >20,2:10 

+ *0Jo,011 

+ *0l(;,8(i?> 

1 - -(K) 1,027 

(0 

0 

1 

' --oni,.!;!?? 

- 

•002,120 

+ *020,081 

+ -OH ,0,68 

+ •010,28,6 

|-‘IK)2,?)10 

W 

1 

1 - *020, OOh 


•022,8:i8 

+ *007.6 46 

+ *004,U80 

+ •060,t)68 

+ *012,415 

ih) 

' 0 

' - 028,47 1 


•040, :ui 

+ *007 ,02? > 

+ *tK)4,6 42 

1+ 060,204 

3- *010,4 11 

(^*) 

0 

j - oi:i,2l0 

- 

•0 41,231 

' + *(KX>,61f> 

i--()04,i:j:i 

+ *063,1.61 

1 

-r *008,054 

((f) 

1 0 

i •()17,0I(» 

__ 

•0:10,574 

•(K)2, :i07 

J- •O03,?)84 

1+ •Ol4,:301 

+ *023,291 

(/>) 

0 

, •028,101 

- 

•014,007 

- •(K):i,T60 

+ •002,000 

hf -012,407 

+ •019,449 

(c) 

0 

•017,670 

- 

*o(;7,360 

i *006,766 

+ -iK)l,i;36 

1 + •010,8?)6 

+ •01 62389 


A’O/j 

^ -f* 1 o7,07 4, 


Sib)^ 

+ 01 2,270, 



A\c)-- - 

•209,970. 



• Tho t»imnla iiRod was Cagua I or A"- H f th^' solution of the quadratic 

giving 0. 

f Tbe table suggests, a posteriori, that we should have got quite leasonablc results fiom Jineai inter- 
polation ; we have ; from (</) and (6) / =*601*2 ; from (a) and (c) r = *49*28, and from ih) and (r) r= *60*26, 
as against our *5034 It should be noticed that the values in Table V are not always in agreement in 
the last figure with those obtained by dividing in Table IV by the of that table, because the 

somewhat more accurate process was adopted of multiplying Pgg> by ;<V and then dividing by . Still 
tho physical meanings of (w,* )- arc so prominent in the work that it seemed desirable 

to register their values. 
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On Polychork CoeffkimfH of Correlation 

Before we consider th(‘ graph due tt) this solution, l(»fc us investigate the value 
of /• to be found from (xvi). The values of are already provided in 

Table IV, but we iu‘ed a table corn^sponding to Table III giving the product 
instead of the product This is provided in Table VI. 

Further if • 

2 ; a. 2V + r T, % T' + T, 7^/ + . . . , 

Table VII (p. 143) provides for the same three values of r, i.e. 0*45, 0*50 and 
0*55. Finally Table VIII (p. 143) gives whence by summing we obtain 

for the three cases. 

Using the sanu^ interpolation formula as before in order to discover the value* 
of /• for which ~ 0 we find : 

r *6204. 

There is thus a difference of *0170 betwe(‘n the two methods. The probable 
error found for the product-moment /* is *01 00 and the result, by the usual product- 
moment j)rocess may be given : 

r=: *5189 ±*0100. 

Thus either of the values reached by tin* methods of this paper differ by less 
than the probable error from the true* product-moment value. 

(4) If w(* work out the results by mean sejuan* contingency we find : 

6^ = *480,690, 

and the class index corndations are*: 

For fathers: ?v^= *962,329. 

For sons : = *904,523. 

Hence correlation from mean scpian* contingency 
• r:=6V(/Vyrr,)=*ol79, 

which is in (excellent agi’eement with the prodiiet-monuuit valin*. 

It would therefort* be (juiti' n'asonable for su(*h a tabh* as the pr(*Hent to use 
meiin sfpiare contingency and class ind(*x corrections, and save tlu* heavy labour 
of Etpiation (xvi bis) or (x\ii). At the same time wo cannot assert that this 
proc(*ss would always be erpially satisfactory for tables with but fe'w bi'oad 
categories and with much higher correlation. 

Our two processes seem to give values slightly in defect and in excess of the 
true value of r, and we miglit use their mean, i.e. *5118, to obtain our graph. Wc* 
shall, however, first proceed to comp«ire the actual results of solving (xiv) and 
substituting in (xv) with the j’csult of such approximative processes. 

Tabhj IX (p. 145) gives the products of and will therefore enable us 

by aid of Table IV (p. 140) wdiich gives th(* values of to obtain hg. for any 

valiu* of r. Let 

X,,. - 7 ; To' -h /* 2 \ % t/ + 7*^ T , % t/ + . 

* tlu> value‘=» of J„ and //, in Tahleb 1 and II resppc lively. 


,(xxii). 
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TABLE VI. 

Vidues of'^iTp'^t'Tp. 


p 

( 

« = 2 

h=r4 

«5=:5 

8 = 6 1 

8 = 7 


0 

+ -oon/jco 

+ -022,207 

+ •CKX),3()0 - *007,080 

-•003,120 1 

-*011,028 

- *004,848 


1 

4- ‘Oao^JOH 

+ *034,183 

+ •001,722 +*010,033 

+ •011 ,330 

+ •037,120 

+ *025,800 



+ -()r)4,73« 

+ •014,342 

-•(X)O,070 +*010,114 

+ •000,143 

- *020,328 

-•018,833 



+ -035, K)0 , 

- *033,823 , 

-•(X)2,240 -‘012,130 

- *010,270 

j - *010,000 

+ *034,270 


1 

p -(Kpj^nrri 

- -007,387 

+ *0(K),lfi0 -*000,013 

+ •001,407 

1 + •007,833 

-•003,480 


r> 


-•004,022 

•(K)(),013 |-*(X)4,289 

- •(X)2.r)83 

1 + -003,372 

+ *003,850 


() 

1 

+ -ex >7 ,003 

|- *01 1,727 

+ •000,213 -*000,013 

+ -003,287 

+ •008,380 

- *007,142 


1 

0 1 


1 -083,018 

4*(X)1,0I8 ^* 020 , 420 ! 

-•010,001 

- *042,222 

-•018,550 

0 

1 

-f •or>o,7H7 

+ -1(M>,328 

[+•003,103 +*010,728! 

+ ■021,402 

+ •008,878 

+ •018,033 

1 

d 

+ *017,373 

+ *(K) 1,733 

- *0(K),3I0 -*003,210 

+ -(KX),040 

1 - -(MX), 373 

- •015,501 

2 

:i 

- *033,033 ! 

f 031,743 

4 -002,108 +-011,380 

+ •000,030 

[ + •010,323 

- -032,100 

3 

4 

0()7,33S 

H -021,780 , 

1 (MX), 480 , + *002,027 

- •(X)4,040 

- *022,348 

+ •010,010 

4 

r> 

- -OOLiiOl 

1 •(K)3,H02 I 

+ *(M)0,7.^3 1 + *003,328 

+ *(X)2,124 ‘ 

-•(K>2,771 

- -003,172 


(; 

•011,013 

‘+•010,0 0) 1 

1 ’ 1 

1 *000,302 1 1 •(MK),022 

-•003,301 

- •011,23.7 

+ •012,130 


0 

4- -‘H >1,321 

1 f 001,020 1 + *0(X),|I3 - •(K)l,70fi - 

1- *001,130 

- *002,448 j 

-•001,070 


1 

f *002,374 

, + •001,211 

1 + *000,134 +*()(X),820 

1 4 •0()U,800 

+ *002,883 

4 •(H)2,012 



•002,123 

' •0(H),033 

i + *(K)0,013 1- *000,448 

- *IX)0,000 

+ *(X)1,307 

+ -(X)2,102 



- •002,!>70 

‘+•002,800 

| + *0>H»,IOO ! + MKil,02(j 

+ *(K)0,80h 

+ *(KK),03() 

- -002,808 



■f (M >0,303 

•<K) 1,080 

4*(MMM)24 '--OOOjaO +*000,200 

+ ‘(X)1,118 

- •(X)0,407 



•(M)],271 

+ •001,131 

+ -0‘K),223 +*(X)1,032 

j4*(KK),031 

i - •0(K),827 

- *000,040 



-f *(HM>, 173 

- •(KK),700 

+ *(KK),0N j-*(M)0,(X)l 

1 + *000,223 

+ ‘000,300 

- -(MX ‘,485 



- *003,320 

~ *0I0,S33 

*000,433 | + *(X)0,K0r) 

+ *0() 1,573 

+ •000,830 

+ •(X)4,330 

0 


f *000,217 

+ •011,000 

+ •000,330 ' + *002,100 

4*002,313 

+ *007,341 

+ •005,250 

1 


+ 4miS,127 

1 + -002,130 

000,143 ' + •001,502 

, + •000,022 

- •001,383 

- *(X)7,2r)l 

2 


•007,217 

4 000,033 

+ *(KK),40] I+*(K)2,1S8 

, + -lX)2,100 

1 + -002,233 

- -007,028 

3 


•000,011 I4-‘<«>2,7H0 1 

-•0(M),(M)2 1 + *000,330 

-•000,717 

- *^>2,883 

+ •001,281 

4 


- *002,417 

4 *002,310 +*(K)(>,.703 '+*(K)2,338 +-001,410 

- *001,834 

-•(X)2,12U 

3 


^ •0')0,7M) 

+ •001,30(1 1 

(K)0,021 1+ •000,(X)l 

1 > *000,300 

1 - •()(K>,034 1 

4 •(X>O,700 

0 

0 1 

1 *007,240 ' 

' •027,130 ! 

•(MK),022 1 1 *000,300 1 4 •(K)0,23r) 

+ •()]:!, 179 1 

'+*(X>3,023 

0 

1 

+ -01 1,002 

+ •023,0.70 1 

+ -Dt H>,S23 1+ -003,001 ! 

+ '( M ).>,32(> 

+ -()17,7Hl I 

+ •012,402 

1 

2 

4 -(M >2,073 1 

+ '000,771 , 

-•000,0.73 +-0(K),340 

+ •(M>0,( >08 

- -wii ,.599 , 

-•002,035 

2 

3 

- 013,073 ' 

8-013,130 

+ •000,873 +-001.7U 

}--(X)3,000 1+ -001,273 1 

-•013,313 

3 


' i- -(H >1.037 1 

- *<>03,128 ' 

+ -(KM ), 070 -(MX), 377 1 

+ *0 «^>,.780 1 

, } <K)3,238 1 

- (X) 1,430 

4 

r> 

001,110 1 4- *003,072 

+ •000.727 1 i- *003, 408 

+ •002,032 ' 

- •(K)2,070 

-•003,001 

5 


f 1)03,320 1 

- *003,330 ' 

’ f 

+ *(H)o,10J 000,000 

+ •001,338 

4 -(M >3. 073 ! 

- *003,380 

0 


1 


0 I- |-•l)(K)i»lll 1 ^ •01:L<)07 ^ +•(»!!♦, '•> 24 ' + -')08,jH:J I 0 

1 +■ -(m.OJO (-•((.'■S.-'iOd -I -OOl.HfiOl^. | + -012,4ijl + •() tO.OHi ' 4- I 1 

i •0:21,1!);! j •(Kir),t):« +-ooo,:i8:4 --(M):!,!);! •()(K),057 +-011..W.') '-foi}),!;?) | 2 

:t --oi:!,?!).') +-oi:<,-4.')(i i+-()oo.HW) I fOOLT.V! 14 ■<X)i,02r) 4-(X)4,:!n -•oi3,43.8' 3 

I 4'<X«>,ll:2i 'OlM.IMi 4'(HK), lot) i-IHia,]}):! '4 •(X).3.:}7i 4 '018,822 j- '(HlS.HtU j 4 

lo.) --001,011 -•))()0,2 ooI •tKX),!).39' •0(K),f)G:) 8-tHK),73H i 4 '(XH), 8 U ' 

•008,5(i3 - 011,340 4'<XH).2<)0 I . -OOtt.Olti I4'004,01!) 4-t»10,!!17 •008,733 

-•0.>5,87)! •OtK)..7i)3 4 •(X)8,f)7i(l j 4 -OO.'),!)!)!) |4 •012,8.71 4-005,049 1 0 

4-034,6«7 4-0G1,193 |4'<X)l.9ir) 4 -OIS.IKIO |4 '01.3,028 4-011.927 4-029,238 

-'O.79,-270 •OI.7,.'):32 l4-001.0,77 - •OlO,9.')3 -•(XX),1.77 4 '031,978 4 '0.52,883 

4 '03.5, 198 -OSl,!!! -'002.265 - •010.3.')7 i - -011,002 4 '031, .567 

•(K)l,827 I 00.5,409 -•000,121 4 4XX),652 'tXlLtKKJ - •(Kl.5,.590 , 4 '002,488 

4'(K)6,181 -•IX)5,515 -'IKlI.OOi -4)0.5,118 . 4 •CH)4,024 4 004,002 

-•006,668 1 4-011,167 -•(XH ).202 4 ' 0 <K ),202 - '003,130 I - 007,980 4 '006,801 
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TABLE VIL Values of K,, 


(a) + -034,290 + '045,918 + '000,873 1 - *0023076 
{h) -f -0393786 + *047,865 + '0W,831 --0013549 
{r) + *045,903 + *049,408 + '0003762 1 - *001 ,097 

(a) + '048,425 + *135,200 I + -003,506 j - *018,688 

(h) + *050,671 + *142,180 + *rX)3,719 - '017,061 

(c) 1 + *052,617 + '149,704 ' 4- '(K)3,946 - '015,291 


.*000,798 --000,849 -*000,094 
.-000,541 -'000, 496 -*000,036 
*(XX),360 -'000,251 -*000,001 

*009,255 -*013,278 -*002,561 
•007,957 -'01 0,554 -*001,722 
•*006,630 -*008,054 -*001,089 


(a) 4- *001,628 4- *006,926 I + •0(»0,205 | - *001,317 - *000,633 - *000,765 - -000,039 | 

(h) 4- -001,526 4- *007,188 |4- •1X)0,223 , - '0*)1 ,252 - *000,545 - *000,609 4- '000,040 1 

(0 4- •(X)l,386 4- *007,465 14- '000,245 I - *001,175 - *000,444 - '000,235 4- '000,096 


, (a) -'001,641 

' (5) -*001,250 

j (n -'000,903 

-*001,344 

(5) - *000,940 

{( ) - '000,625 

(a) - •0(K),958 

(6) -*000,584, 
- -000,328 I 

{a) ’-'000,047 
(5; - *000,076 

I (V) '4-*0<)0,159 


*013,645 - 
.-012,657 ) 
.-011,563 j- 

*014,202 1 - 
•012,484 j- 
•010,689 |4- 

•013,805 ,4- 
'011,207 4- 
*(K)8,749 4- 


•000,278 

•(XX3,247 

•(XK),2U 

.000,165 

•000,085 

•(X)0,007 

•(X)0,109 
•CXK>,258 
•(MX). 419 


4- *008, 425 4- 
4- *008,726 f- 
4- -009,071 + 

4- -012,270 1 4- 
14**012,745 1 + 
j 4- '013,278 4- 

14- *01 8,295 4- 
4- *01 8,782 4- 
4- 019,263 + 


•006,826 4- *012,401 
•006,019 4- -01 2,653 
•006,233 4* *012,663 

•009,181 4- '021,669 
' 09,643 +'022,682 
•010,160 +-023,756 

•015,185 ' + -041,172 
•016,036 I + *044,362 
*016,957 ,+ *047,837 


+ -004,608 
+ -004,294 
+ *003,892 

+ *009,613 
+ *009,562 
+ •(K>9,352 

+ *023,419 
+ *025,040 
+ *026,557 


-•004,380 ' + *(MXV263 +'010,961 4 *010,729 + *036,961 +*032,908 
.*003,086 +'(XX), 316 I + '010,574 +'010,938 + 040,073 '+'038,215 
. 002,067 ' + '(XK),34S +*010,019 +'011,027 +'043,208 '+*044,126 


TABLB VllL Values of 


{a) 

+ •021,394 

1 + -052,182 ' 

(^) 

, + •0*21,552 

1 + -053,054 

0) 

+ *021 .098 

j4 -053,980 

('0 

1+ 055,831 

’+ 149,303 

(b) 

'4 -056,013 

+ 150,51 1 

<) 

+ -057, 197 

-151,086 

1 

{u) 

I+-CK) 1,898 

+ •( )()(>, 139 

(ft) 

1 + -002,029 

+ *(Kj6,079 

8-002,180 

+ •(MJ6,941 


1- -IK)! ,004 

- 011,805 


- 0(H), 992 

011,538 


- •(MJO,985 

- -011,217 

1 1 


0 

- -012,715 

(ft) 

0 

-•012,407 


0 

- '012,005 1 

i<^) 

0 

- -009,447 

(ft) 

0 

-.•009,156 

(0 

0 

-•008,854 

(«) 

0 

— *004,. >56 

(ft) 

0 

- | 

(0 

0 



i.=4 

1 s^5 

1 

6 ■=(> 

>> = 7 

0 

1 

, - •(K)2,0,57 

1 

0 

0 

1- -(M >2,033 

i 

0 

() 

- 022,011 

0 

0 

•012,610 

'-•006,711 , 

- '0 >7,035 

0 

012,331 

•(H>6,517 

(‘(K;,833 

0 

01 1,9()0 

j--(KK>,351 

- 006,638 

0 


-•0(K),185 - OOJ ,(>21 I - '(XKl.TU - *(MK),777 ' - 0(X),018 
- 0(X),19G -'(MU, 521 -'(KM), 645 - •(X)<),5)7 |+ 'O0(J,()22 I 
.•0(K),209 - 001,406 -*000,534 - •(MK),2'; I + •0(X),065 f 

' ' I 

•(K)0,25h 1 H 010,115 ' f -006,850 + -(>10,1^17 * 4 *<H)6,859 
•(MK),225 ,+ 010,124 +-006,858 + 010,1 24 j + *006,8 45 
(MM),188 1+ 010,432 +-006,869 + •010,130 j+ '0(K}, 828 

•000 160 +*013,131 +*009,558 + 023,162 I + *010, 1 55 
-'000,083 '+'013,153 !+'(XJ9,564 +*023,170 ;+'01(),l*25 
. '(X)0,(X)7 |+*013,177 +*009,569 + *023,173 +'010,084 


+ '510,.573, ,V(6)^ + *617,476, S (c) -+ *624,735, 

060,573, ri,- -'017,476, +*025,265, 
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reBpectively. The numerical values of X,, and can be easily ascertained from the 
table published recently of oidinates of normal curve to permilles of area*. Care 
must be taken in every case to give the correct sign to and 

Now if thcrt‘ were no correlation, an<l combined would give the mean of 
the group and they give a fair approximation to the I’esult if then' are numerous 
categories, that is if t.he range of the categories be small. 

The correlation found from these marginal centroids would then be 

r, * S in^kJ-^)lN (ii), 

but as Ritchie-Scott has shown f this diverges much more than the nman 
square contingeiKy value from the true correlation, and considerably tnore than 
the tetrachoric or polychoric cocjfiicients do. The reason for this is clear and was 
pointed out by oiui of us in 19K1J. Namely hg and Zv do not give the coordinates 
of the fneai\ In fact tigg hgl'a' is not the contribution of itgg' to the product- 

monumt. 

Wi‘ pr()|)oso in the pr(\senl pa]>er to give first the actual eontribnti<U)s of to 
t.h(* means an<l product-moments of the two variates and then to apply these results 
in ordi'r to obtain (a) a polychoric C(»effieient, and {(>) a graph of th(‘ ri‘lation of the 
two variates. 

(‘ssential assuinpti(ms that will be made are the following: 

(i) The marginal totals having luam r<‘dncod to a normal scale, and t.he corre- 
lation being su])posed to b(' r, we shall calculaU' what the contents of the ^'th-.s*'th 
c('ll w(»uld be on the assumption that the frequency surface is th(‘ normal surface 
repi(‘sent(‘d by lh(‘ given corri'lation and the marginal totals reduct'd to normal 
scab's. We shall further calculalt* the .r-moment, tht' yy-momt'nt and the ,ry jmxlucl- 
moment of iht' ^'th-Ntli coll on the same hypothesis. 

(li) From thes(‘ data wt' shall dt'lt'rrnine tht' mo>t suitable value to give t.o r, 
so that the actually observt'd fret pientu os difter least from those that would be given 
by such a eorrt'lai ion surface. Wo shall alst> t)btain a formula for calculating tlio 
mt'an valut' oi‘ y for tlio array of i^-varialcs, in number, which coriesponds to 
the .<?th cah'gory of A, Wt' shall thus b<» in a position tt) plot the regression lint* of 
li on A and tt*st at the s‘une time the closeness with which it fits the thus calcu- 
lated array mt'ans, both variates being represented on a normal scale. 

We shall write tht' rt'a! c(H‘tficient ot t'orrelation of th^' population i\ th«' 
ctieffieient as found from a single .vth-.v'th coll, ns jv*, anti tht)sc found frtnn the 
anti n.g- arrays as and r.g' respectively. 

kgy’ will 1 h' tht* A- and /?-variato means t>f the 6‘ih-/th ctll anti t.he 
pnxluct-momt'nt, pt'i* unit of the populatitm, of the frequency in the ,vth-.v'th cell 
abt'Ut tht* mean axes as tleo iinined frt)tn the marginal totals t>n tlie nt>rmal sciile. 


Uiometrika xiv 


* Soe Biometrihi^ Vol. xiir. pp. 426-8, 
t Uiometrlhn^ Vol. xu. p. 122. 

J lUometriht, Vol. ix. p. 138, 


8 
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On Polychoric CoeffidenU of Corrdation 


(2) The developments we require involve the use of the tetrachoric functions. 
The tetrachoric function of the order t is given by* 


T/ 


Vf ! V V 27r 


(iii). 


The tetrachoric functions Ti to are tabled for positive values of s' in Tables 
for Statisticians and Biomefriciamf to fiv(‘ flecimal ])lact‘s. For negative vahuss of x 
tetrachoric functions of an odd order remain unchanged, but those of an even order 
must have their sign as given in the tables reversed. 

It will fre(juenlly be lu'edfid to take* the difference of the tetmchoric functions 
at the boundaries of a marginal category. Thus if (A) deiiot(‘s th(‘ value of the 
tetrachoric function for .r = h, we shall netsl for the .sth marginal total 

Tt Oh) - r, Oh-i ) 

This differenc(‘ we shall write, for br(‘vity, 

and in obtaining its nunuuncal value from tables of the tetrachoric functions it is 
essential to remember that .v (or s') is supposed to increase^ in the positive direction 
of the axis of x (or g), and that when h (or k) is iu‘gative attentioik must b(‘ paid 
to changing the sign of the tabled value of t/, if t be (‘\en. 

The formula for determining the suecessi\e tetrachoric functions for a gi\en 
value of X is 

Tt-XptTt-i-qtTt.j (iN), 

where pi and (p an* gi^en by the following table: 


t 

Vt 


t j 

1 

Pt 

Ht 

1 . 

•707,I0G8 

'000,0000 

1 

1 1 1 

•207,2012 1 

•889,4990 

1 ^ 

•:)77,3.0O.3 

•408,2483 

15 1 

•258,1989 1 

•897,0851 

' 4 

•.VKMXXlO 

■r,77,3.V)3 

m; I 

•25(),(KKM) 

•J103, 0,902 

5 


•G70,H:J()4 

i: ' 

•242,5.350 1 

*909,5085 ♦ 

G 

•408,2483 

•730, 29(18 

18 1 

•235,7()i:l 1 

•!)1 I,t!.->1>2 

f 

-.377,00*45 

•771,51(>S 

19 1 

•22!»,li:.7 1 

•0 111, 2347 

H 

•35:1.5534 ' 

801,78.38 

20 1 

•223,f>0(;8 1 

•1)23,3804 

U 

•333,3;W3 i 

•821,9578 

21 1 

•21H,217!» 1 

-.427,1031 

10 

310,2278 

81.3,2710 

22 1 

•2I3.2(K)7 ' 

•4:10,4842 

11 

•301,51 i:i 

858,1103 

23 1 

•208,31 41 

•43:4,3(137 

12 

•288,f;751 ' 

•870,3880 

24 • 

•204,1241 1 

•4:«>,38l.4 

13 

•277,3501 

•880,7017 

25 

1 

•2(K),(M)00 1 

•438,4704 - 


Since Tj = e it can b(* found at onc(* from the* tables fijr the ordinates 
V27r 


of the normal curve, and will ind(‘(‘d have been computed at each division in order 

The reaflODfl why the tetrachoric functions are tabled with the tactor ij\Ul are: (a) becanse tliiR 
factor greatly sitnpliheR our formulae nnd (h) because a factor of some such order is essential, if we arc 
to have manageable tabulated values. As a matter of loot the factor chosen reduces all tetrachoric 
functions to numerical values lying between 0 and 1. 

I Cambridge University Press, pp. 42—51. 
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to determine and It is then often simpler to work diiwtly with (iv) rather 
than interpolate into the tabled values of the functions. 

In earlier paper^ dealing with the tetnvchoric functions (jne of us has shown 
that if 


N 




l~r* 


be the equation to a normal correlation surface the variates being measured in the 
standanl deviations as units, then 

~ TiTi *f 2rT2T3^ -f + ... 4* (i + 1) r^T/4iT^f4., + 

where Tt ~ rt (a ) and t/ « (y). 

Now in to proceed further it is needful to determine the frdlowing 

integrals : 

TK/.r, ‘ 

J hg ^ 1 

W<‘ can delcrnune these by using (iii) after in the second case integrating by 
parts. We havt* * 

f‘- T,,;.,.. ‘ [*■ i .-Kh 

l‘. 

‘i 



r ’ e-i’-’l 

V rfa-J 

y/2w 






Again 


f"“ \_e '’V.r 

J h, , .1 h,., Vt ' V V2ir 

‘ I \ d.r/ V^TT J hg , 

+j. p- (.yv- 

\'t'.JKA «•»•/ y/i-rr 


I 

y/t: 


Hill by (h): 


1 , 1 '« ^ 

/ T,_,a'| +.^ L n-iO'* 

yt Ji'.-i vMA,., 

1 1 }K 

Vf V/ « - 1 ) J ft, , 

1 I 

V< L y/t—1 ftj-i 


.(vi)bis. 


T,_,ir 


_ T, + qtjt-i 

Pt' ’ 


where — — 2)/V < (< - 1 ). 

* Phih Tran^» Vol, 195 a, p. 4, Equation (xtv), with a alight change ^of notation In that paper, 

1 1 m written for r-j 1 and c " forr' i,. 

s'2ir %'(« + !)! s^2w s'(n ll)! * 


9-2 



IS2 ()}) Poly cl or ic Coejfficienfs of Correlation 

: Tt~ I CO + j t,^ 2 = Vi t/ + — 1 T^_y. 

Accordingly 

n^n j 1 r , 1 ^^8 

‘ . 1 , , 

Vi + V< — 1 %,T,_s) (vu). 

The latter form throws ns back on which will have to be calculated t(> 
dotennine the integral in (vi) foi* the snccessivt* values of t an<l s. 

On the other hand a table* of 

Tt , = ViT/ + Vi— 1 T^_o (viii) 


would be a convenient metheul of det(*rniining tho integral and tabhss of T might 
bo easily formed, say up to T’,,. 

In this ease we* may write (vii) : 




We are now in the position to compute all the ivepiisite integrals wi* ne‘i*d ; if 
we write* for the contents of the sllWth cell, th<*n e)n the* suppositiem that the* 


surface* 

is normal, 

has c 

orrelation 

r and fe)llows the* actual marginal fn 

i*<jUe‘ 

ncie*s, we 

have : 










JM 

J //, 

/;■ 

^ 







= ^sT, 



.t/ + ,-‘Xr 

i'As'T.f + ... + 

+ .. 

(')■ 

N 


= 

J 

p, 

1 , 

o'C iiachf 
N ‘ ■“ 


+ r'^«7',a,T.'+ 








-1 .. 

. + {■'•'ii/rj,':), Tj,' + 

, . . . . 

(XI), 

TUs 

A 


-r 

J K 

r 

} ' 1 

yzdoi'di/ 
N ‘ " 


+ T,' + : 

T„ 







+- .. 

. + Tj, f 

. . . . 

(xii). 

N 

■n-.* 

= ["' 

J 

rK 

1 i J 

^ryzdjt'dy 

' A * ' 


; + r'A/r.XT: + 

.t: 







+ .. 

. + r; + 


.(xiii). 


It is elesirable to say a fe*w woreis about the functiems t„ anel 2\, which may at 
hrst pre*se*nt difhcultie'S te) the reader. — r,, clearly stands for the inte'gral 



I 

“7 ^ 

V27r 



anel is therefore simply Us.jN. 


Similarly — rj ~ 
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Next clearly — stands for 



<>I* ^//o=^#cT,, 

which is preds(‘ly the value given by (viii). 

Thus (viii) is shown (o be corr(*ot even for this special case although a form 
like* (vi)bis through which it is renehe.(l shows difficulties. 

Similarly 

TIk* remaiT\d(‘r of the t s knowing To and t, come directly from (iv) and the 
are always given by (viii). 

Now it is cU'av that (x) to (xiii) provide a larg<' number of ways of deter> 
mining 7*. W(‘ might find 7*, i.e. /v, b’oin the single ct‘ll by writing in (x) for n^s'. 
()i* we ma} find 

h —s /S ) 


= .S' >.7'At; + ... + V+ (xio, 


wh(‘re is given by (x). Hut is the known centroid of the marginal total, 
and accordingly the abov(‘ is an e<[uatioiJ to find r, i.e. /v, from a given column of the 
table. 


If w(‘ ust‘ this value of in (x) and (xii) to find ancl we obtain tin* 
theoretical cell fn'quency and y-mean td the cell as found from a column. 

Now sum for every value of / and we find Ic^. the y mean of a column 
de])(*nding on tlu* data as found from the column, i.e. 


. - H 2V -f T/ + . . . + +...)) ( xv). 


where is tin* obstTved cv*ll fnspieiicy and the frerpioncy found by (x) when 
we insiu t the value of r as found from (xiv). We are thus in a ])osition theor<*ticalIy 
to determine on a normal scali‘ the moan of a column from the* correlation actually 
(h'terinined from that eolunm. This would bo the ideal method of determining the* 
mean e>f a row or column ; but it wenild inve)lve* a great deal of Imrd work, as with 
the* two regression curves we should need to find r for every row and column by an 
eejuation e)f a high order. Hence in most cases we are likely to cenitent ourselves 
by finding /• for the whole table and then use this value in (x) to determine 
anel in (xv) te) find the mean of the array. A*, plotteel te) the known on thei 
normal scale* will give the regrossiem curve. 


Wo can thus take 2 o=ti and 
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The question now arises >is to the manner in which we can find r for the whole 
table most effectively. 

Cleai‘ly we might assume the product-moment components from (xiii) and sum 
for all cells. We should have 

Z ^ ^ 

since the coordinates are measured from the means in terms oi' the standard 
deviations tis units. 



Hence substituting from (xiii) we have: 


s 1^*0. t: + + ... 4 - + ...i) (xvi). 

iff S ^ w 


Here must be substituted from (x) and we have finally 
' \N I t/ - f ... 4- + . .. 


(xvi)bis. 


This e({uation bjised upon the product-moment method of finding /* is clearly 
likely to bo very compliented, and although it can be proved that the produet- 
moment method is the “best"’ methocJ of finding r when wt* are dealing with 
a series of quantitatively measured individuals, we have no certainty that it is the 
best method in the presiuit case of broad categories. It may indeed be qmsstioned 
whether another method now to be considered camiot be shown to be betti'r or 
at lea.st equally efficacious. 


Let us consider for a moment what we have in vh'vv. We observe* as th<' 
frequency of the* 6*th-6'th cell ; we find that with a given eojixdation r the frefjueiiey 
of this cell would be on the assumption that the fnMjuency surface* is lln^ normal 
frequency surface corresponding to the obsiTved mai-ginal totals. Accordingly the 
most probable value to give to r would be that which niade 


.1 o ( • • 

Y-=o _ ~ minimum, 

or, what is the same thing, 


.S’ ( = 


mnuinum. 


This leads us, diflerentiating with regard to r, to 

...'(V’W/ dr) 

or, writing at length, our equation for r is: 

o ^ 2r^,T2^ii'T, + . . , + ^ .. 


Neither (xvi) nor (xvii) are very retulily solved. Probably the easiest way will 
be to obtain an approximate value of r by existing methods eithtir fi'oin a good 
fourfold table, or from contingency, and thim evaluate (xvi) or (xvii) for values of 
r, one well abov(i and one well below this resiilt, so that the real value of r lii>s 
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between the two. A linear intet*polHtion will probably suffice in most cases to 
determine t with sufficient accuracy. 

It will be observed that what we arc trying to do is to fit a normal correlation 
surface to a series of coll frequencies. We may do this by equating product- 

moments, or actual cell Ireqmmcies properly weighted. Th (5 factors and 

Tlgg' 

come into our equations as a form of weights. When is small as compared with 
that c(»ll will contribute less to tin* general equations for r, and when ngg> is 
larg(' as compared with the contribtition will be considerable. If the observed 
results were closely normal then would Ih‘ nearly If wc might assume the 
diffiTonces of and so small as to be negligible we should have: 

... ... (xvi)ter, 

v,«‘ 

and 0 = S r/ + 27'^„r2S<,'T3' -f ... -f pr^' + ... (xvii) bis, 

instead of (xvi)biH an<l (xvii). These equations it will be found are identically 
satisfic'd. Hence our values for r from (xvi) and (xvii) deptmd on rigg' differing 
fi’om 7igi , . 


(3) Wt' now proceed tu illustrate the application of these results. 


Stature of Father ami Son. 

Tlx' follo\^ing table givi'S a eorndation table for thc' inheritance of statiirt' in 
Fathi'i* and Son made up in broad categories corresponding to eye-colour groups*. 
Upon this material wc sliall be aide to t(*st our correlations and our graph against 
thosi' found b}' definite* numerical groupings 


Statuiv of Father (Hro/id ( ’ategorios; . 


1 

» _• 

~ » 

1 

1 

'•i 

1 

I • 

\ 

i ' 

7 

1 6 


Totals 

r 

4 22 

I 

, 7 

1 

1 1 



n 

34 1 

y 

2a 1 154 

81 

20 

' 8 

0 

HI 

301 1 

^ a 

,r 

H 1 H7 

75 

00 1 

1 22 

24 

IH 

284 I 


1 f 

1 1 21) 

30 

37 

1 14 

14 

^9 

137 



1 I« 

27 

20 1 

11 

18 

5 

105 1 

! 

■4J 

C« 

1 0' 

' 0 

20 

10 1 

7 

20 

8 

08 

1 

! 

1) 


0 

10 

7 

41 

1 

3: 

Totals 

1 322 

2«4 j 

IHO ! 

1 

00 

101 

28 

10(X) 1 


Tho positive direction of j‘ is from left to right and of y vei-tieally downw^ards. 
It will suffice to take the rs to five decimal figures but it will be needful to go 
furth<*r with tlu t s if the T’s are to be taken correctly to five figures from (viii). 
The general reduction formula for the T s is : 


Tt-x (.r) (« - 2) \/< -1 (x) (i - 3) (« - 1 ) a;’ + 1 ) 
V<(<- l)(a^*(«-2) + l) 


...(xviii), 


or, 




- 2) + 1 \flx “ u + 0 2 Ws. 


* See Jiiometriha^ Vol. ix, p. 220. 
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(hi Pohji'hork Coe^cimfH of Correlation 


Honcc' if I'n and T’, bi' found accurately the reumining 'Fb can be detcruiined iw 
accuraUdy as we please wilhout reloronce to the t’s. 






HeiuT t!u‘ tiibl(‘S oi ordinates and arojxb of the normal eiirve roaddy j)rovide i',, 
and Ty to sevt'n decimal places, and (xviii) provides the higher 7 s. These wert‘ cut 
down to five figures and an approximate check on th(‘ir values obtained by (viii). 

As a mattiu* of tact if r is of the order *50 we cannot hope* to obtain more' than 
Ihret* figure accuracy in r without going to higher t- and 7'-functionH tlian the 
sixth, especially wiK‘n using (wii). Hut three figiir(‘s in the con elation are usually 
adecpiate and the labour of computing is much incr(‘ased if higher functions an^ 
used. Such must, however, la* us(‘d if tin* correlation be sensibly higlnu- than *50. 

Th(' following tabh' gives the I (1 4- aVs, h\ if’s, .rs, r’s, T’s, and ^^7'’s foi 
the ./-variate. 

I^ABLE I. 


i(l4-a) 


‘086 

•868 

•622 

•B()‘2 

, *871 

1 -97*2 

1 1-000 

h 

— a 

'-1 ‘71)1)12 

- ‘30381 

4*31074 

' 4*81879 

4l 13113 

+ 1 !>lini 

4 y 

IfanTi 

0 

•(1700S 1 

, -37340 

•3H01 1 

1 *27827 

1 -21042 


1 6 

IL ,-II. 1 



2‘n)()(;7 1 - ‘91401 - 02;>:)3 -s ‘VloOl + *98333 -f 1 • 

1 

14723 1 42- 

29161 

ro [ 

0 

~‘()3(; 


•622 

- -802 

1 --871 

•972 

1 

//T 1 

Ti= 

0 

+ 0790H 

-f *37340 1 

i 4 -3801 1 

1 4*27827 

1 +-2Ht42 

4 *0642*) 

0 

T-2 

0 

-•lOOUO 

- ‘OOUOO ' 

4*08353 ; 

1 4-16701 

4 *16830 

S -08682 

0 

Tl 

0 

1 -07221 

- -13226 ’ 

-•14021 1 

•f»3176 

' 4*0240) 

^•(K1952 1 

1 0 

T] 

0 

1 *(KK;8h 

4 *07952 

- -07001 , 

, - -lOOtM) 

- -08359 

f -01631 

0 

r , 

0 

-*01291 

+ *07579 

4*08432 

- -02041 

- -05839 

- -03270 

0 

To 

0 

, +‘03rr>4 

* *06933 1 

4*06182 ! 

' 4*07319 

4 -03408 

- -03744 

0 


•Sr,, 

•036 

- *322 

- *264 

-180 

- -069 

1 - -lui 


•028 


•07fK)8 

4 *29432 

4-00674 ' 

-*-10187 

- -06785 

■I4(il7 

— 

■06125 

ih, 

• *10060 

4*00154 

4*179.59 

4*08348 1 

1 4*00129 

- 'OSI IS 

- 

•08682 


4-07-221 

•20447 

1 -•(K)795 

4-10845 1 

I 4*0557 


— 

-06956 


- •0')688 

4 '08640 1 

- *14953 1 

- *03989 j 

4 *02631 

+ •< 199.93 

- 

•01634 

^T, 

14291 

4*11870 

4 ^K)853 

-•10473 ' 

- -03798 

+ •02.'»C9 

4 

•()327() 

iiru 

4 *03654 

, - ‘10587 

4*13115 1 

4*01137 t 

- -0391 1 

-•07152 

4 

0374 1 


T, 

0 

- -17827 

- -19385 

- -50388 

-•56581 

1 - *63299 

•84922 , 

1 

T. 

0 

4 *23690 

4 *29898 

4 *29475 

4 *33853 

1 4 33915 

4*21135 

0 

r\ 

0 

1 --18799 

- *00734 

4*00166 

4*(K)947 

4*12432 1 

1 4*18307 

0 


0 

4*0 1818 

- -09500 

-•09186 i 

- -105)16 

- 08255 

4 

0 

T„ 

0 

4*07112 

4 -07799 

-*00511 ] 

-•06648 

- -10343 

•05518 

0 

7’,, 

I 0 

- *08325 

4 *05616 

4*05364 

4*05379 i 

4*01471 

1 ~ -08491 

0 


yr. 

4 -07908 

4 *29432 

4 •(M)674 

-•10187 

- -06786 

- *14617 

- ‘06425 

97', 

-•17827 

- -31558 

- '01(K)3 

- 06193 

- -06718 

- *21622 

-‘15078 

'iT, 

4 *23690 

4 *06208 

- *00422 

4*04377 

4 *(HX)63 

- -12780 

- ‘21135 


•18799 

4 *18065 

4*01200 

4 *06481* 

4 *05185 

4*05874 

- *18307 

1 1 

4-04848 1 

1 -‘14354 

4*00320 

-•01731 

4 *02662 

4*148.56 

- '06601 

ST, 

-•07412 

- -06613 

- *01310 

-•06137 1 

- -03695 

4 *04825 

4-05518 

ST, 

- -08325 

4*13941 

-•00253 

' 4-00015 , 

- -03907 

- *09962 

4 *08491 
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Tho following table gives the corresponding ipumtities ^(1 +a )h, k\ K's, i/% 
r'ti, 2^''s and for the /y-variate. 

TABLE II. 


4(1 fa') 


•034 

335 

•619 

*750 

•861 

•959 

1*000 

/• 


- 1 *82501 1 

- *42015 

+ *30280 

+ *60349 

+ 1*08482 

' 1 

+ 1 *73920 . 

+ x 

fC - Tj' 


-1 *07545 

+ *30431 

+ •38100 

+ *31367 

'4 -22149 

+ *08792/ 

0 

I 

H 

- 

2 21910 ^ *95908 - *05890 + *40188 + *8 

778!) +l-3fiail j + i'14-13(i ' 

r.,' ; 

0 

-■034 

1 - *335 

- *040 

— *750 

, -*861 

, - *959 

- J 

0 

* + *07545 

+ -.30431 

+ •381 0(4 

+ •31367 

+ *221 19 

i f *08792 

0 


0 

, *00737 1 

1 -*10078 

1 +*08160 

+ *1.5382 

+ *16990 

' +*10812 

0 


0 

1 +*07170 

- 12172 

-•14130 

-•0(>647 

+ *01,599 

+ *07268 

0 


0 

•(K)020 

+ *089.32 

- *06851 

- *11185 

- *08942 

+ *tKK)77 I 

0 


0 

' *0 4057 

' +*0040.1 

+ *08551 

+ *(K)9fX) 

- *0541 1 

- *04815 

0 

1 

n 

+ *0.3702 

' *07047 

+ 00061 

+ •08419 

+ *04134 

- *03475 

0 


:h: 

'hi 

h: 


V'M 

4 * * 07 :)^^ 

- * 007:^7 
-h •071 71) 

- ‘ 001 ) 21 ) 
- •04057 


-f *28880 

- *01241 
~ -lo.'ir)] 

-f -ODSOl 
+ -10520 


*284 

+ '0l07'> 
+ •11)138 
•011)58 
- *15783 
+ *02088 


-*137 
- *00731) 
+ *07222 
+ •07483 
-*04331 
- *07501 


- -105 
-*00218 
+ *01008 
+ *08210 
+ *02213 
-•(KUOl 


- *01)8 
-13357 
- ‘00178 
+ *05001) 
+ * 01 ) 011 ) 
+ *(X)590 


-*041 

- *0871)2 

- *0)812 
*07208 

-•(MK)77 
+ *01815 


hi! 

+ •03702 1 -*11349 * +*13708 +*02388 -*04315 1 -*07609 | +*0347 

5 1 


i 

-*17170 

- *19025 

- *50360 

- -fisw 

- *62073 

-•80610 1 

-1 

t: 

0 

+ •23105 

+ *30439 

+ ‘29416 

+ •328^7 

+ *34094 

+ •25021 ’ 

0 

f: 

i 0 

- *18723 

-•01151 

+ *00132 

+ •04271 

+ •11544 

+ •18882 

0 

T{ 

0 

+ *05286 

- *09892 

- *09140 

■llOHl 

- *08901 

+ *03768 

0 

t: 

0 

+ *06989 

+ •01210 j 

i - 00474 j 

- -04316 1 

1 -*09869 

-•(>8310 

0 

Tu 

0 

•08412 

+ *05897 

+ ‘0.5326 1 

+ -(Hi2C3 1 

+ *02276 1 

1 -*08010 

0 



+ •07515 

+ *28886 

+ •01675 

- *06739 

- *09248 

•1.3,3.58 

*08792 


•17170 

- *318,55 

•01331 

-•03 488 

- *08225 

•18537 

-•19391 

l)f, 

+ 23105 

+ *07331 

- *01023 

+ 03431 

+ •01247 

- *09072 

- *25021 


•*18723 

+ *17572 

P *01,583 

+ *03839 

+ •07273 

+ *07.338 

-•18882 

rr; 

P •052S() 

- *15178 

+ *00752 

*01941 

4 *02179 

+ •12670 

- *03768 

i)T: 

+ *06989 

•05749 

-•01714 

- *03842 

- *05553 

+ •10529 

+ *08340 

'> 7 ;' 

- *08 1 1 2 

+ •1 4309 

•00.571 

+ -(KXriT 

- *03988 

*10286 

1 + *08010 


Froiii Tnbl(\s I and 11 w(' can Hnd from (x) th(‘ value of for any given 

value of r, and by ccjuating n^^JN to we should have an equation to determine 
th(‘ correlathm r from tliat c(‘ll alone. H^he weighU'd moan of tlu'se 49 r’s would 
b<* Ritehie-Seoit s polychoric eorndation coefficient. But the labour would be 
immense*. 

We are now in a j)osition to give the product of : see Table III, p. 138. 

There are cei'tain checks on the accuracy of i.his table, namely 

t/ = 0 except for p = 0, when it = 1. 

“ We are not undcnatmg the large amount of arithmetic of the present process. It is not likely t(y 
bo often repeated, and the sole purpose of publishing all these tables for an individual case is to impress 
the reader with that fact; while at the time illustrating the actual numerical processes. The 
amount of arithmetic, great as it is, is relatively small compared with that of solving and weighting the 
resultmg r’s in the case of a 49*cell table. 
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On Polychoric (Joeffix'ienin of Correlation 


TABLE III. 

Values o/'^fTp^grp. 


#=0 I <=-7 


+ ■()()] ,a;il +-{)IO,!)48 
+ •(X)r),!M)7 + •()s!2,a(»C 
4-'<)0!).7!)')|- -(XW.Ua 
+ •005, 184 ' --01 1.079 


+ -IKXI.OCI 
+ -(X)1.741 


•000,803 
- -Ul+OlO 


+ •001,353 --003,919 


+ •008,970 I + •006,120 
+ -(XRt.WlO - •(X)7,080 
•017,187 - •(X»8,I28 
- •(K»0,.'>71 + •(K)7.786 
+ (K)l,389 +-0(X),371 
-•(X)0,3IC +-(X»1,2I9 
+ -(X)I,8.').'> +-(XX),I21 


+ -002,346 + -003,434 + -000.962 I 

- -IXia.IlO - -011,029 ! - •(X)l,848 | 

- •(XX),J2« + - 007 , 934 ! + -008,451 
+ •(X)l,004 + -003,270 | - •(X)4,99 1 

- •iXX),244 - •(X10,928 ' + IKXl.l.^E 
+ -IXll ,.')4 1 I - -IXll ,042 I - -(Xll ,327 
-•<K>I,148 I - -002,648 + -(Xll ,386 


+ •010,830 + •096,922 +-079,161 
1- -022,813 +-085,017'+ (Xll ,947 
1 -(Xll ,2 18 - •(XX),o:»(i - •(XJ2,229 

- 013,973 +-039,.567 + -(Xll ,5.38 

- -OlXl.fOT 1- •008,.520 I - -014,745 

- -004,51 1 + -01 2, 187 + •(XX),897 
•(K14,147 ' + -012,015 1 - -01 1,884 


+ • 0 . 54,180 +- 020,769 + - 030,401 H -(XXl , 428 
• 029,126 - •OI 9 , 5 iX) - 042.223 I - •OI 8,.559 

-• 001.036 --aXI.OlO + (Xll . 01 1 1 + - 001.077 
-•( 120,986 --( 11 ( 1,792 - - 008 , 814 ' + - 013,461 

- •(X) 3,931 1 + •(XI 2,594 + •(X) 9 , 8.54 | - -(Xll .61 1 

- - 011,018 - - 003,995 4 •(X 12.703 | + -(XI 3,1 10 I 
• 001 , 21 X 1 1 + -(Xll , 439 +- 008,1 17 I- - 1 X 14,219 ' 


(I If-(I10,224 +-091,1 18 1 + -074,976 +-051,120 +-(II9,.596 +-028,681 +-(XI7.952 

+ -(XII.325 I + -(XH,93(I| + -(XI0,I13 - •001,7(K! ' - -(Xll.l.-K! (X)2,118 -(Xll.IWi 

•019,2.53 1 4 -(XXl, 869 4-031.370 +-01.5,976 +-(XX1,247 --015,591 - OKi.fiK. 

■(XI1,4M l + -(Xll,(Xll +-(XXI,1.56 -(HU, 1 23 1- -001,092 - •(XMI,892 4 -(Xll ,362 

+ •001 ,086 I --013,637 +-023,(XXI +-(XX:,296 - •(XI4,I.53 --(115,772 + •(X)2,579 

•(HXI.896 +-(XI2,478 +-(XX),178 -•(X)2,I87 --000,793 f-(XXI..53() ( -(XXl, 683 

8 •0(I5,(XI9 --014,513 I + -(I17,978 +-(X||..5.59 - •(XI5,3(il •(XI9,801 +-(XI.5,I32 

'll 

+ -(XII.932 1-011,114 8-036,168 + -02 1.6(Ki +-009, 153 + 013,837 +-(X).1,S36 

-•(Xl.5.329 --019,831 --00(1,451 '+-(XX!,86.5 +-(XI1..572 +-009,8.5(l +-(X14,330 

-•(XI7,265 +-(XXI,328 +-()42,97(I|+-(XXI,(I29 l8-(XXI,093 (XI5,88I - •(XXi,270 

+ •005,403 - 01.5,300 - •(XXI,.595 ] + (Xi8,l 15 1+ •(XI1.I73 + -(XXi.lOO •(Xl.5,20.5 

+ •000,298 - -003,745 I + -(XI6,48I +-001,729 -(Xll, 140 •(XI4,33I + (XXI.708 , 

+ -(XI3,244 --008,975 '-•(XXI,6I5 + -007.919 +-(Xi2,872 •(Xll.9t2 -•(XI2,I72 


-•(XI7,2(i5 +-(XXI,328 +-()12,97(I|+-(XXI,(I29 l8-(XHI,093 (XI5,88I 

[ + •005,403 - 01.5,300 - •(XXI,.595 1 + (Ki8,l 15 1+ •(Xlt.173 + -(XW.IOO 

+ •000,298 - -003,74.5 I + -(XI6,48I +-001,729'- -(Xll, 14(1 •(XI4,33I 

+ -(XI3,244 - -008,975 '-•(XXI,6I.5 +-0(17.919 +-(Xi2,872 •(Xll.9t2 


+ -(XI3,244 - -008,97.5 '--(XXI.0 15 +-0(17.919 +-(Xi2,872 
+ -(XXl, 873 I - •(XI2,.528 I + -(XXl, 1.32 + -(XXl, 272 j - •(KXI,934 


•iXll.708 +-(XXI,894 


+ •(XJ3,78(I 

- •(XI7,2!X1 

- 001,678 
;+ -00.5,9.54 
-•000,1.54 

•(XI2,747 

- -001, .577 

+ -003,528 

- •(I10..563 
+ •006,215 
+ •001,094 

•0(XI,621 
I - •(XX1,2.56 
,-■002,780 


4 -033,810 1 + 
-•027,130 I - 
+ •(KX),073 , + 
•016,861 
+ •001,938 
- -007,598 i - 

f -(xn.oos - 


+ -027,720 +-(II8,1XHI 1+ -007.245 ' + 

- -(XX 1,621 + 4X19,31X1 ' + -006,25 1 1 4 
+ -(XI2.888 +4X11,342 I + -000.(121 - 

4XX1,6.56 +-008,913 i + -(XI4,.599 + 
•(XI3,3.51 - 4XXI,h9.5 +-n(X),.590 + 
-•000,.546 +-(106,7(14 | + -(Xl2,431 - 

- •(Xl. 5 , 6.59 •(XI0,491 I + -001 ,688 ' + 


4I1(I,(XX5 + 
•013,474 + 
4X11,31(1 - 
4XI3,7.'’»(> - 
■(XI2,211 - 
•(Xll, 641 
4X13,086 ' - 


+ •031.556 + 
-•030,312 [- 
-•(XXI,280 |- 
-•01 4, .591 ]- 
+ 4X17,792 - 
+ •007.107 1 + 
+ -008,0.56 - 


+ ■025,872 + 4117,640 .+ 4KXi,7C2 | + -(1011,898 + 
- -(KXI.lXXl + (113,607 + 4X19,(X)3 I + 4)19,.524 ' + 


- -011,09.5 - (X).5,1.57 - 
-•(XXI,4.51 +4XX>,148 1 + 
-•(113,486 -•0(K1,.598 ,+ 
+ •000,051 -•(KXJ,621 - 
•009,979 - -(XXl.HOO ] 


'000,08(1 1 + 4X1.5,031 1 + 
(XXl, 162 +-002,582'- 
(102,373 I + -009,013 | - 
’0(XI,226 +4XK1,1.53 + 
002,976 +-005,442 - 


(X12, 9 10 1 
■(X15,1123 I 
4XU,.3!M! I 
■005, 736 1 
'(XX 1,367 
'(X52,(I93 I 
(Xll ,616 

'002,7 14 I 

'0(I8,.5H2 

(X10.364 I 

003,943 1 

001,474 

0(XI.195 

002,849 


-•001,476 +-013,202 
,-•006,963 --025,877 
' + 4)10,877 -•(XX1,491 
-■005,2 48 +-014,861 
+ •000,005 --000,067 
-•002,066 +-005,716 
+ 4X11,270 --003,679 


+ •010,824 I + -(107,380 
-•(XX),593 ' + -008,966 
-4)19,417 ,--009,026 
+ -(XXl, 578 ' --007,882 
+ -(XX).115 +-(X10,a}] 
+ -(XK),4U --006,043 
+ •004,567 +-000,395 


+ 4X12,829 
+ 4X15,965 
-4)00,139 

- 4X14,053 

- 4)00,020 
-•001,829 
-•001,3.59 


+ •004,141 
+ 4)12,851 
+ -{108,810 

- -003,311 

- -000,077 
+ 4)01,237 

- -002,485 


+ •001,118 
+ 4X)6,649 
+ -009,387 
+ •005,066 
+ •000,013 
+•001 ,.575 
+ •001 ,.301 
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Apj)lying these tests we find : 

8^ {X T„ To') = 1*000.0()0, 8^ {% T, T,') = + -000.001 , 

(^, To ^0- T.J) = + -(KIO.OO J , S',,. (^. To V T,') = + -000, 003, 
-S.,-(a,TA..T/) = - -000,002. /S„.(a«T,^.-T/) = + -000,(K)l, 
and 8gt’ (S’, TgS, t,') — + *000,002, 


results as close as wo should expect, when we take into account the fiict that our 
St’s wore only to five figure accuracy, and our products to six. 

The niea.ning of Table III should be quite intelligible ; namely, for example : 

•0H4 = = •070.4C4 + -001,947 r - -002,229 

+ -001,538r“- •014,74.5r* + •000,897/’"- -01 4,8841-* + (.sxi) 

is ihv oqiiatioii which will give ih(‘ comjlatiuu ceeffiek'iti/ r as deduced from the' 
2) coll. If r b<‘ given any other value the light hand of the alum* expression 
is ecpial to th(‘ contents of th(^ (3, 2) cell for a normal correlation surface of corre- 
lation coefficient r having the libscrved marginal totals. 

Thus far the arithmetic is absoIut(‘iy comparable with that iie(‘ded for llitcliu’- 
Scott’.s “]K>lycboric r.” We should have to solve the 49 (‘(piations, and then 
c*al(*ulat(* — the stiffost pirt of the work — the probable errons of the 49 correlation 
coefficients which are the r(»ots of tlu‘sc equations. Using th(‘Ho probable errors as 
our weighting data, W(‘ shoidd find a mean cooflfici<*nt. Our purixiso is to replace 
the weighting and the solution of the 49 equations by the solution of a single 
eejuation. It will lh‘ noticcMl that both Ritchie-Scott s and our nu'thods have an 
undesirable limitation, foi* we both assume the marginal totals to be those of the 
normal correlation surface. Actually in our case we fiught to treat the marginal 
totals as unknown, or select //j, A.., /#,, ... /i^, ^3, k,, ... its well as r to give as 

closely as possible the observed fn-quemcies. Now th<‘ th and consi‘quently the 
T'h aiul ^t’s and all depend upon the A’s and A?’s and the ecjuations obtained 
by making 



do not appear to leial themselves to any reasonably bri(d' system of solutions. W(» 
were compelled therefore to iiitrcwluee the admittedly limited form of solution, i.e. tht‘ 
(h'termiiiation of the best noraial correlation surface subject to thi* restriction of 
its having the same marginal totals as the observed frequency snrfixce. Wo con- 
sider this a practically necessary but none the less gmve restnetion. 

We next proceeded to determiiu* the value of and (nw/^w)* for certain 

selected values of ?• in ord(*r to build up equation (xvii) and solve it by inter-* 
polatiun. The values chosen were: 0'45, 0*50 and 0*55. These cover the range 
within which wc anticijmto the solution of (xvii) for r will lie. We need also the 
value of the numerator in (xvii), i.e. 

J'aa 'T’j Tj -f- 2?' ^If Ty^l,' Tu + S/** ^ 1 , T 3 Sr,;' Ty 
for the same three values of r. These results are given in Table IV. 



14:0 Oil Polychoric Coefficients n>f Correlation 

TAkIdLIIj IV. VitLtf&S '}i f ^SB' • 

Function 5 = 1 ! * = 2 « = 4 « = 5 8=6 « = 7 

{(x) ' l-tK)2,7r)() -879,951 *814,714 

(/>) r84(>,(X)0 -90:2, (KX) ! ‘705,571 

vV) 2*115,500 •91f>,409i *587,857 

00 2*5(>8,8(X> •774,:i21 *(>(>3,759 

(b) 8 *407, 7 Hi ' ■813,(>04 *497,830 

(c) 4*475,3(0 *839,805 *315,576 1 

00 + *018, 162 4- -OJ 1,177 *011,603 I 

(A) 4- *020,480 4- •(X)8, J 13 - *015,910 I 
CO f* 022,(j94 |4-*00I,177 -•0]7,013 



(a) 

•867,348 *905,539 

1 *9 1 1,250 

1*478,500 i 

1*379,(XK> 

1*887,333 

cat 



•894,565 1 *944,630 

•939,833 

1*383,615 ' 

1*215,375 

1*544,66 

X 


(O 

•915,130, *986,935 

1 *933,333 

1 *278,5<K) 

1*()43,5CK) 

1 *213,333 

X 


y c<o 

752,293 ' •820,(K)1 

*891, 60S 

2*185,962 

1*901,641 

3*562,026 

X 


(b) 

8(H>,247 *892,326 

■883,286 

1*9] 4,390 ' 

1*477,136 

2*385,996 

X 


{<') 

•837,463 1 *974,041 

•871,110 

1 *(>31,562 

1 *088,892 

1*472,177 

CO 


{(() 

1 4- ‘013,846 4-*116,(K)0 

- •{»05,963 

*046,943 

- *025,552 

- *041,623 

- •(K)9,764 



1 4- *01 1,084 4- *125,051 

009,011 

- *051,854 

- *026,828 

- *040,529 

~-*(X)7,913 


ov 

|4*(K)7,767 4“ *135,874 

- *013,(X>6 

•057,659 

- *028,171 

•038,864 

•<K)5,940 


. (^0 

•857,750 i *075,552 

1*108,280 1 

•8]2,5(X> 

•851,818 

•981,375 * 

2*194,(XK) 


{fo 

•751,875 1 076,195 

1*138,747 

*823,410 

•814,773 

•930,333 

1 *8 16,500 


(( ) 

•635,750 1*075,148 

1*175,027 

•835,909 

831,636 

•866,000 1 

1*486,500 


y ('0 

*735,735 1*156,812 

, 1 *228,285 ' 

*(>60,156 

*730,714 

•968,994 1 

4*813,636 


(^0 

*565,316 1*158,196 

1 *296,745 1 

*678,^Kn 

•713,641 

•865,519 i 

3*4<>9,r)62 


(ri 

•104,178 1*156,588 

1*380,688 

*698,741 

•691 ,()i8 

•7 19,956 , 

2 209,682 


(<0 

016,095 4-*(X)2,075 

+ •041,770 

+ *013,402 

*(M)3,817 ' 

- 023,749 

•0 13,555 


{f>) 

•017,786 I 4- •(X)0,o37 

1+ *049,827 

4 *015,435 

- (K):),038 

- 028,268 

•01 1,205 


(0 

1 *019,31 1 1- *(X)2.8()5 

1 

+ -059,278 

+ *017,601 

•<XM),()01 1 

033,522 

- *01 4,539 


{(f) 

j 1*634,(KX) 

1*155,897 

1 1*078,222 

•S08,89’J 

1 -850 571 

l*225,78(; 

•67 ! ,833 


J*260,(KK> 

1 *096,966 

l*(X)8,117 

•837,135 

877,71 1 

1 239,929 

627,33:1 

(<) 

•917,(KM) 

1 *030,862 

1*121,944 

, *869,568 

•JX)7, 129 

’ 1*250,000 

•570, (KX> 

, )•" {(f) 

1 2*669,956 

1 -336,098 

1 162,563 

•65 4,30(» 

•723,471 

1 502,551 

*151,360 

(f>) 

, 1*587,600 

1 -203,334 

1 *2(X>,520 

•7(X),795 

•770.382 

1*537,121 

•;V.)3,547 

(c) 

*840,889 

1 *062,676 

1 *258,758 

•756,1 19 

•823,127 

i*5(;2,5( »0 

:12 1,900 

(a) 

-007,715 

- -032,319 

+ •013,43 4 

+ *01 9,5< r> 

1- <X>7,261 

+ -00 4,459 

0O4,(>2”> 

{b 

007,215 

! *036,132 

4 *015,696 

4 022,370 

+ (K)7,947 

+ -(K >3,430 

- *006,0! >5 

(<) 

-•()()(), i7J 

•040,720 

-f *018,237 

+ *025,717 

+ 01)8,735 

f *002,185 

007,680 

(a) 

jr 

1 114,278 

1 *028,556 

*934,423 

•960,545 

•935.111 

•946, (>00 


X 

1 -(XX^IOT 

1*027,185 

*969,000 

1 *008,273 

978,94 1 

9n,4(K) 

{<■') 

X 

•8(X),389 

1*024,148 

1*(K >7,692 

1*061,727 

1 025,111 

•927,100 

ia) 

X 

1 211,615 

1 *057,927 

•873,146 

*922,647 

*874,433 

•896,052 

iff) 

X 

1 -012,372 

1 *055,109 

*938,961 

1 016.614 

' *958,331 ; 

•891,891 

(w 

CO 

792,793 

1*048,879 

1*015,443 

1*127,261 

' 1*050,853' 

•860.071 

(«) 

•001,797 

- -037,653 

- *(XK),38] 

+ *017,025 

1 + *009,967 

1 + -015,398 ' 

+ •(KM>,440 

{f>) 

•(X)3,957 

- 010,252 

- •(K)l,131 

+ 018,995 

, + •011,095 

+ *016;166 ‘ 

- -(XX),!)!!! 


•002,988 

- (>43,158 

- *(X>2,230 

+ *021 ,305 

|4 *012,165 

'+ 017,1 13 

- -002,508 

Kh, {'( ) 


I 161,333 

*867,077 1 

1*216,471 

1*604,286 

701,931 ' 

*!X)6,5(K) 

(b) 

0) 

* i 

1 224, (K)0 
•988,111 

•830,576 
•786,077 ' 

1 *215,526 

, 1*693,711 

I -754,966 1 

•96!), 1 25 

1 iih« y {(f) 

or 

2-135,494 

*751 ,823 

1 * 179,809 

' 2-573,734 

' *492,707 

*821,742 

(<v 

CO 

1 *498, 1 76 

*689,856 

1 *551 ,335 

2*868,667 

i *569,97 1 

*939,203 

CO 

•976,363 

*617,917 

1 *622,538 

3*207,681 

•660,689 1 

1 *057,555 


- *003,069 

- *042,728 

- 017,170 1 

+ •011,165 

+ *012,060 

' + 029,542 1 

+ *010,202 


- *002,189 

- *042,658 

- *020,931 

4 •()10,4X>5 

, + ‘013,028 i 

1 + •032,06!) 1 

•(K)9,778 

(c) 

- -(K) 1,381 

- *042,197 

- *025,479 j 

+ *010,572 

1+ 014,219 i 

1 + *035,1 16 

+ *009,152 

^BsIf^BB {(() 

X 

•961 ,333 ' 

•717,556 

I *462,667 

I •845,(MX) 

1*140,5(K) *870,286 

(f>) 

CO 

705,0(X) 

*048,556 

1*411,167 

I *865, 0(X) 

1 •235,(KX) 

1 •(X)3,143 

(C) 

X 

*491, (KK) 

*542,(XK) 

1*337,333 

' *877,000 

1*331,000 ' 

1 *150,286 

y {(^'^ 

Cf^ 

*924,161 ' 

*558,840 1 

2*139,395 

•714,025 

1*300,740 1 

•757,3!)8 

{f>) 

X 

*497,025 

•420,625 

1*991,392 

*748,225 

1 *525,225 

1 •0(X>,296 

(f) 

CO 

•241,081 

*293,764 

1 *788,460 

•769,129 

1*771,561 

1*323,158 

(f*) 

~ *000,633 

-•016,551 

-•017,086 

- *004,935 

+ *002,845 

+ •018,719 

+ *017,641 

(A; 

- •0(K),417 

- *014,160 ' 

- *018,536 

- *007,468 

+ *001,950 

+ •019,060 

+ *019,571 

(*^) 

-•CKKJ,309 

-011,471 1 

- *019,787 

- *010,293 

+ *(KK),873 

+••019,302 

+ *021,685 


The vaJueh (a)^ (A), (c) refer rewpectively to /•=0*45, 0*50, 0*55, 


00 *388, (XX) 00 00 

X *266, (XX) 00 00 

GO •174,<XX) 00 00 

GO *160,544 00 00 

00 *070,756 00 oc 

Qo *030,276 I X oc 

- *009,218 *002,733 I - •<KJ2,747 *(XX),336 
-•008,382 *002,154 *001,929 - •(XK),218 

- *fX)7,243 • •(X)l,f)l9 I - •(K)l,228 -*0(K),168 
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Having obtained and i»,y for the trial values of r, it is only a matter 

of adding for all values of s and s' on the machijie in order to obtain : 

The values obtained were ; 

r = , 0-45 ; 0-50 i 0-.55 

I _ 

« = , + -157,074 ' + -012,27(5 - -209,970 

Whence' b}' inverse interj)olation* we find; 

u ssiO for 7'p = *5084, 

which is “polychoric r*' a8 based upon E<|uation (xvii). We shall compare later 
the value for r as found by otht*r processes. But the above value is clearly well 
in accord with the usual n^sult for paternal correlation in man. 

Table' V ^ives the' working values of 

TABLK V. Values of 

1 


N- 1 

Ez=‘i 


>.-8 ' 

E — 4 


«*==() ! 



4- *007,18(1 

4* *014,435 


‘022,001 ' 

0 

•018,150 



i) 

4 0tH;,()lO 

4-*(K)0,072 


•031,058 ' 

0 

- *030,42 1 

0 * 


0 

+ *(K)5,07l 

4-*(K)5,331 


•040,232 I 

i ' 

- '050,132 

0 1 


0 

4- *01 8, 105 

4- *111,103 


•000,088 

-•021,475 

- *013,430 

-•011,085 ' 


0 

f 013, 851 

4-*l40,ill 


•010,202 

- *027,080 , 

- *018,102 

-’010,080 


0 

1-(M)<),271 

4- *130, 405 

- 

•014,030 

! — *035,275 

-*025,871 

- -O^Oy'lOO i 

1 

0 

•021,870 

f •(K)l,70l 

4- 

•031,007 

l4-*02O,;JOJ 

- (K)5,205 

- *02 1,500 

. 

•0()2,8l0 

031,402 

'4-‘Ot^HM)32 

4- 

•038,425 

4- *022,755 

.•(H)7,000 

- -032,000 


•004,100 

*017,770 

-•(K>2,125 

4- 

•042,03 1 

4 *025, 180 

•(K 10, 541 

-044,832 

- 

•(X)0,570 

•(K)2,H90 

-•024,180 

+ 

01 1,550 

I 4 *020,810 1 

4- *010,030 

'4-’<K)2,00v8 


•010,247 

‘(KM, 543 

- *030,027 

f 

•013,(KU 

1 4- *031,021 1 

4- '010,310 

l4**tK)2,231 

— 

•015,487 

'(KJ7,005 

-’038,318 

+ 

•01 4,488 

,-h *03 4,010 

4 - ' 010,008 

1 4- *001 ,308 

- 

•023,030 

0 

•030,320 


•(KM>,:iOO 

, + • 010 , 15(8 ; 

- *010,803 

1+ -017,010 

4 

•0(K),401 

0 

- *030,700 

i 

(K)l,075 

4- -t >20,230 1 

4 - - 010,011 

,-4*010,800 


•(K)l .027 

n 

- 05 4,430 

1 

‘(H 12,120 

1 4 *020,081 1 

4 •011,058 

i4--()10,28:. 

- 

•(K> 2,010 

0 

* 020 , (H)S 


•022,838 

4 *m)7,5 45 j 

•4 •lK)4,(iJ^0 

+ -(>50,058 

4 

•012,415 

0 

028,471 


•030,341 

♦- •(K)7.020 

4-*t)tM,512 

, 4" •05(>,20 1 

4- 

•010,41 1 

0 

- *013,210 

_ 

•041,234 

4 - *000,510 ] 

4- *00 1,133 

4 ’053,151 

4- 

'(K)8,Or>4 

0 

- (U7.0IO 


•030,57 1 

•tMJ2,30’< 1 

, + •(K)3,08 1 

'4*014,301 

t 

•023,201 

0 

028.101 


•014,007 

-*(K>3,750 1 

4 --(M) 2 , 00 () 

-4*012,407 

4 

•010,4 40 

0 

j — *04 r .5 / (» 


•007,350 

1 - •(K)5,755 

'4*0<1M35 

4 -'()lo, 8 or> 

4 

•010,380 


- 4- *157,071 


*V 1 />) «3 

4-*Ol5Jvd70, 

- 

•200,070. 




The formula iiRcd wan CVmmn I ot i the Holntion of the qnadratie 

giving 0. 

t The table fluggests, f/ pmieriori, that we should have got quite reasonable loMilts fioin linear inter- 
polation ; wo have : from (a) and (//) / - •r»0i2 ; Irom («) and (e) r--*492S, and from (/>) and (o) rsesWiS, 
as against our *5034. It should be noticed that the values m Table V are not always in agreement in 
the last figure with those obtained by dividing in Table IV by the )“ of that table, because the 

somewhat more accurate process was adopted of multiplying by and tJien dividing by . Still 
the ph;ysical meanings of and /«s^ )" are prominent in the work that it seeim^d desirable 

to register tlicir values. 
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On Polyehoric Coefficients of Correlation 

Before we consider the graph due to this solution, let us investigate the value 
of r to bo found from (xvi). The values of are already provided in 

Table IV, but we need a table corr(‘S|)onding to Table III giving the product 
instead of the product V. This is provided in Table VL 

Further if 

n a. X T, % t; + r® t, r/ + . . . , 

Table \^II (j). 14.S) provides for the same three values of r, i.e. 0*45» 0*60 and , 
0*55. Finally Tabic VIII (p. 143) gives whence by summing we obtain 

I'S'hh')]* 

for the three cases. 

Using tht‘ same inku’polation formula as before in order to discover the value 
of ?’ for which e = 0 we find : 

r = *5204. 

Ther(‘ is thus a difierence of ‘0170 between the two methods. The probable 
error found for the product-momont r is *0100 and thi‘ restilt by the usual product- 
moment process may be givcm: 

r= *5189 ±*0160. 

Thus either of th(‘ values roached by the methods of this paper differ by less 
than the probable error from the true pro<luct-monient value. 

(4) If we work out the results by mean square C(mtingency we find • 

a, = *480,0510, 

and the class index correlations are*: 

For fathers: ;Vy •= ’962,329. 

For sons : = *fK)4,523. 

Hene(* correlation from mean squfirc contingency 

^’-U./(/v^r,,)=*5l79, 

which is in i^xcelhuit agreemer.t with the product-moment value. 

It Would therefore be quite rciisonabh* tor such a table as the pr('s(*nt to use 
nu'an srpian^ contingency and class in<lex corrections, and sa^c tlu^ heavy labour 
of Equation (xvi bis) or (xvii). At th(‘ same tini(‘ we cannot assert that this 
process would always be (‘qually satisfactory for tables with but few broad* 
categori(‘S and with much higher correlation. 

Our two })rocesses seem to give values slightly in defect and in oxcess of the 
true valu(‘ of r, and we might us(‘ their mean, i.e. *5118, to obtain our graph. We 
shall, however, first proceed to compare th<‘ actual results of solving (xiv) and 
substituting in (xv) with the result of such approximative processes. 

Tabl(‘ IX (p, 145)giv(‘s the prcnlucts and will theixffore enable us 

by aid of Table IV (p. 140) which gives the values of to obtain for any 

value of?’. Let 

T, X T,; ± /’ 7\ 'L X' r,' -f , 

* llRingtlK* values of .7„ aufl in TablcH 1 and 11 respectively. 


,(xxii). 
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TABLE VI. 

Valuei of^,Tp%^Tp. 



p 

N-1 

(1=2 j 

^«8 


' 0 

4 •(X):),906 

+ -022,207 

+ ’000,509 


+ U30,608 
+ •064,730 
+ -0:J5,199 
+ -002,662 
+ -ooeiiso 
+ •007,003 

+ •022,812 
+ •05fi,787 
+ -017,376 
- -033, a35 
•n(t7,358 ' 
' '004,261 
•011,013 

+ -(2)1,324 
+ (2)2,378 
I -(2)2,423 

1 

h 

|4-’<H)0,475 


+ *054,] 85 
+ •014,342 

- •0323,825 

- ^007,587 

- '004,622 
-•011,727 

I 

I + *085,01 8 
|+-1(X),528 
+ *(K)4,553 
+ •031,745 
f 021JH6 
f (K)3,802 I 
' + •010,049 


+ •001,722 

- •(XX),97G 

- -002,246 
f -000,169 

•000,915 

•<XK),213 


its4 


- 007,696 
+ 010,633 
+ •010,114 

- -012, 136 

- -OIK),!)!.') 
•(X)4,289 

- 22)0,013 


+ •(2)1,948 (-•029,426 I 
+ •003,196 1 + -019,728 ' 


•0(2), 310 
+ •002.108 
•(22), 486 
+ -(22), 753 
•0(2),.3e2 


+ •(2)4,929 | + -0(2),II3 
+ •(2)4,211 +-(2)0.131 
000,636 1+ (KK),043 
f -(2)2,812) + -12)0, li)0 
•(2)1,080 I f(2K),02l 
-) -(2)1,134 +-()<)0,226 
79(1 +-(22),()11 


+ •003,210 , 
+ •011,389 
+ 22)2.627 I 
+ •003,628 
1 222),022 


»=8 

- -006,120 
+ 2)11,636 
+ 2X2), 146 

- -010,270 
+ 2)01,407 

- 22)2,583 
+ -003,287 

-•019,601 
+ •021,402 
+ •000,046 
+ -009,639 

- 2)04,040 
+ -002,124 

- 006,, '.91 


8=t6 


-•011,028 
+ 2)37,126 
, - 2)29,628 
- -010,999 
+ -007,853 
+ •(X).3,372 
+ -OflS.SHO 


«=-7 

- -004,848 
+ -026,890 

- -048,833 
+ -034,276 

- -003,489 
+ •003,8.66 

- 22)7,142 


-•042,222 --018,669 
+ •068,878 14 •()4H,<)33 


- -009,373 
+ •010..323 
'-•022,518 

-•(2)2,771 

- •014,2.6.6 


22)1,7061- -001,136 --002,448 
i+ 000,826 4 •(2)0,896 I + •002.885 

- -(22), 448 I - -000,006 + -001 ,307 
4 (2)1 ,026 I + 222),H68 , + -000,930 

- 222), 130 I + •000,200 + 22)1,118 
+ 22)1 ,052 I + 2KX),(134 - 222), 827 

- 22)0,(2)1 + •U2»,223 , + 2)00,669 


- -(2)6,329 
4- 2221,2 1 1 
4 (2)8,127 
I 22)7,217 
•0(2),941 


- 2)19,833 - 222 ), 1.66 | + - 006 , 8 e:. 
+ 2)11.(221 +-(K2),366 4- •002,160 
+ •002,130 I 2)00,146 4--(2)1,602 
+ 2221,936 ' + -0(2), 461 '+-002,488 
+ 22)2,786, 000,(212 +-()00,.336 

22)2,817 '4 22)2.640 , + 2X2»,503 1+ -(2)2, .368 
- 222»,78() + -(XihlKK) ■(2X).()24 '+ -000,(2)1 


+ 22)4,573 + •(2)9,860 
+ -00-2,.343 1 + 22)7,541 


+ ( 22),()22 
+ 22)2.106 
-•000.617 
+ 2211,419 
- 22 2), ,360 


•027,130 - 222), 622 |+ •(22),.390 1+ •OOC.2.6.6 
h 2)2.6,966 ! + -(22), 826 4- •00.6,091 + 006, ,626 
h'(22),774 - -(2)0, 06.3 4- •000,646 + (2X),(Xl8 
14 22)0,873 1 + •004,711 ' + -(2)3, 990 


' 22)7,289 

1 01 ,662 i + 

+ 22)2,9.63 +'.,... 

2)13,673 +-0I3,139,, 

I + 22l],067 - (2)3.128 + -(22), 070 , - •(22),’,377 I -1- -(Xlo'eSO 
- (2(4,116 + 003.672 +2221,727 ' + -003,408 I + •002,0.62 
I 4 (2)3,3-20 -•00.’».669 | + -(X2),]0I |-2K2).006 + 22)1 ,.668 


0 •010..6(i3 -2)39,314 

1 I + •033,046 H •0.68,600 

•■ I - 2)21,49,3 (2)5,632 

3 I --013,795 +2)13.2.66 

4 I + •006,142 I - -01 8, 180 
6 , + •(2)1,134. -22)1 ,011 
6 '+-(2)8,663 - 2'14,3 10 


-•(22),42)1 (-013,(2)7 
1 + •(2)1,860 14.2)11,480 
j + -(22i,383 2)03,971 

!+ 000,880 1 + 2)04,7.66 
+ ■(22), 1(21 1-22)2,193 
- -000,200 j- -(22), 9,39 
4 •(221,260 I -OOO.OKI 


0 -•(2)6,9,62 

1 (+2),34,867 
-•059,276 
+ •0.^6,498 

- •(2)1,827 
+ •006,181 

- 222), 008 


- -026,876 
+ •(211,193 
-•015,532 
•034,111 
(- •006,40!) 
-•005,616 
+ •011,107 


- 222), 693 
+ -(2)1,945 
+ •001,067 

- •002,265 

- 000,121 
- • 001 , 0!)2 
- • 000,202 


+ •008,9.66 
+ •012,009 

- •010,953 

- 2)12,238 
, + •000,652 
-22)6,118 
' + • 0 ( 2), 202 


f -0(2), 064 
+ 2)12,4.64 

- •000,067 
+ •004,026 
+ 003,372 

- 2XX),666 
+ •004,019 

+ 22)5,966 
+ •013,028 

- •(2)0.167 

- •010,357 

- •001,003 

- •003,082 

- -003,1.30 


22)4,386 
+ •002,26.6 

- -(2)2,88.3 

- -(XII.SSI 

- -(22), 934 

+ •013,473 
+ -017,784 
j- -001 ,093 
, ) -004.273 
I + -(2)3,238 

- •002,679 
+ •003,973 

+ 2)19,524 
+ -0«,()82 
1--()1 1,596 
+ ■(2)4,311 
+ ■018,822 
+ -0(2), 738 
+ •((10,247 

+ •012,861 
+ •041,92. 
+ 21,31 ,97h 
-•011,092 

- 2105,599 
+ •0(M,024 

- -007,980 


2)16,601 

- •032,169 I 
+ ■010,01!) 
-22)3,172 
+ 2)12.160 

- -(X)! ,07(i 

I + *2)0-2, 01 2 
+ 22)2,162 
I - 22)2.898 
22)0.497 

- •0(2),946 

- •000, 48.6 

+ ■(X)l,.330 
, + •00.6,2.69 

- 22)7,261 

- -007,028 
+ 22)1,281 
-•002,120 
^ 222),79(l 

+ •00.6,923 

+ 2 ) 12, 102 

- (2)2,6.36 

- •(ils.ar) 

- 001,439 
-•00.3.(254 

- •0O3..386 

+ -008, .682 
+ •027.9.62 
+ •019,175 1 

- 2)1.3,4.33 

- '((OS.SOl 
+ 222), 8 44 

- -008,7.33 I 

I" 

+ 'l.)0r)/)49 ! 
+ *029,SJ3P 
+ ’052,883 
+ '034,507 
+ ‘002,488 
+ *004,002 
+ *006,801 ; 



144 On Polyehorie CoefficienU of Correlation 


TABLE VII, Valves of . 


s' 

r 


Ur=2 

a=s3 

1 <.=i 

«ss5 

Kss8 

«=7 


(^0 

+ •034^:J9() 

4- *045,91 8 

+ *(KX),H73 

- -002,076 

- *000,798 

, - *000,849 

- *000,094 

1 

(?') 

+ *039^86 

4- *047,855 

+ -000,831 

- *001,549 

- -000,541 

- •(H)0,496 

- -000,036 


(0 

-f •045,<)03 

4- *049,488 

+ •0(X),782 

- *001,097 

- *000,350 

' - *000,251 

- *oa),ooi 


(«) 

+ •048,126 ! + '135,200 

+ *003,508 

- -018,688 

- *009,255 

- *013,278 

- -002,561 

2 

(?>) 

+ *050,67 1 

4- *142,180 

+ *(X)3,719 

- -017,061 

- *007,957 

- *010,554 

- *001,722 


{(•) 

4- *052,6^7 

+ *149,704 

+ 003,948 

- *015,291 

- -006,630 

1 - *008.054 

- •001,089 



4- •(X)1^628 

+ *008,928 

+ *000,205 

1- *tX)l,317 

- *000,633 

- *(XX),785 

- *000,039 


(h) 

4- •(X)1/j2() 

+ *007,188 1+ •(X)0,223 

*001,252 

- *000,545 

- *000,509 

+ *000,040 

(0 

4- *001,388 |4-4X)7,48r) 

+ *000,245 

-*001,175 

- •(XX),444 

- •000,235 

+ ■(KX),068 

(a) 

-•001,841 

- *013,815 

- •(XX),278 

+ *(X)8,425 

+ *006,828 

+ •012,401 

+ •m>4,008 

i 

(b) 

- *001,250 

- *012,857 

0(XJ.247 

+ *008,728 1 

+ *008,019 

+ *012,553 

+ •(X)4,294 

1 (< ) 1 

•000,903 

- 011,583 

- *000,21 1 

+ *009,071 

+ •(X)8,233 

+ •012,883 

+ *003,892 

('0 1 

- *001,344 

- *014,202 

-.000,185 

' + *012,270 

4 *009,181 

+ *021,859 

+ *009,813 

w 

-•000,910 

- *012,484 

- *000,085 

+ •012,745 ( + *009,843 

+ *022,882 

+ •(.X)9,582 

(0 

( 

- *000,825 I 

-•010,689 ‘+*(XXMK)7 |+ *013,278 

+ •010,180 

+ *023,755 

+ •(K)9,352 


- •(K)0,958 

- *013,805 1 

+ fXK),l09 

f *018,295 

+ *015,185 

+ •041,172 

+ *(>23,419 

(b) 

- *000,584 

- 011,207 1 

+ *(KX>,258 

+ *018,782 1 

+ *018,038 

+ *044,382 , 

+ *025,040 

(<*) 

- •fKK),328 ' 

- -(KIS,?!!) 1 

+ *rxx),4i9 

+ *019,283 ' 

+ •018,957 

+ •017,837 

+ *028,557 

(a) 

- *000,047 

- *004,380 

+ *aK),283 

+ *010,981 

4 *010,729 

+ •038,981 

+ *032,908 


- *000,078 

- *003,088 

+ •<XK),318 

+ *010,571 

+ *010,938 

+ •040,073 

+ 038,215 

(0 

4-*(H)0,159 

- •(K)2,Ofj7 

+ •(KX).348 

+ *010,019 

4 *011,027 

+ *043,208 

+ *014,128 


TABLE Vlll. Valves of 



v = 3 

2 


8 = 4 



^7 


8*021,391 

+ 052,182 

+ •(X>1,(»72 

1 o 

- •( »02,( )57 

0 

0 

{b) 

+ •021,552 

+ 053,054 

+ 001,178 

1 

(X)2,()33 


0 

(i ) 

+ *(»2].898 

+ *053,980 

+ 001,298 

0 

1 - *022,011 

1 0 

0 

(<0 

4 *05.5,831 

+ 149,303 

+ (K)3,7I3 

- *012,840 

-OCXl,?!! 

(M)7,035 

0 

(b) 

+ 058,843 

8 150,514 

4 *(X)3,957 

- 012,331 

1 •(K)8,547 

008,833 

0 

() 

+ •057,497 

+ 151,888 

+ •(X>4,228 

- 011,980 

- *008,351 

- (X)8,83s 

0 

Of ) 

8 (KH,898 

+ (K)8, 139 

4 000,185 

- •()01,()2l 

1 - •0(X»,74J 

' ’(KH»,777 

- (HM>,01S 

ib) 

I- •(H>2,029 

+ (H)8,879 

+ (MX), 198 

, -CX) 1,521 

- 000,(>45 

1- •(XX>,5 47 

4* •(X)(»,022 

(M 

+ •(X12,180 

4 (X)8,911 

+ (KX»,209 

1- (X) 1,408 

- ‘(H >0,53 4 

' (KX),271 

+ *(KK),0(;.5 


•(H>l ,(X)4 

- 011,805 

•(MK),25H 

8*010, 115 

1 1 *008,850 

4 010,117 

+ (X)8,S59 


000,9<12 

on. ,538 

•(HX).225 

8 010,424 

+ •(X)8,S.58 

8 010,124 

+ (X)8,845 


(KX),9H5 

011,217 

(XM),J'^8 

+ 010,432 

+ -CKXsSOO 

4 01(8130 

+ (M}8,S2S 


0 

- *012,7 45 

- -OOOjinO 1+ *013,131 

+ •tX)9,r)5S 

1 *023,182 

+ •010,105 


0 

- *012,407 

-•000,083 

+ •013,153 

+ (K)9,584 

+ *023,170 

+ *010,125 


0 

*012,005 

1 

- •(K)0,O07 1 

+ *013,177 

+ *009,589 

8*023.173 

+ *010,084 


(> 

•<H>9,447 

4 OCX), 128 

+ *015,039 

+ (X)9,485 

+ *058,855 

4 *025,835 



- (X)9,J58 

8*(XX),3ll 1 + *015,079 

+ *009,488 

+ *058,780 

+ *025,838 


0 

- (K)S,h:)J 

+ 00(4,533 

+ •015,123 

+ •(KJ9,488 

+ *068,853 

4 *025,824 

(«) 

0 

~ •(K44,55(> 

1 *(KH),352 

+ •(X)7,491 

+ *012,897 

+ *032,408 

, + ■037,813 

{h) 

0 

- •(K)t,377 

+ *(XK),487 

+ 007,493 

+ *012,8 45 ' 

+ *032,448 

1 + *038,095 

(^) 

0 

•(KU,210 

+ •(XX),842 1 

+ *007,492 

8 *012,574 

+ *032,463 

j + *038,381 



+ 510,573, 

*S’ (h)— +‘517,478, 

,V(f)^+-5'z4,735, 




- 0(>0,573, 

- 

017,478, 

+ 025,285 
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‘ TABLE IX. 



Values of Tp Tp. 








«=-7 


0 

- -002, OHO 

-•oi(),w7 -'W.aay 

+ X)03,404 

'+•002,307 

i + -CX>4,970 

+ -002,185 

0 

1 

,~-oi3,ir)0 

•oas.wio 1 -•tK)(t,7.")7 

- *004,073 

1 -OO, 7,009 

'-•010,314 

- *011,377 

1 

2 

- '023, 007 

j - +■(«(), 41 1 

- •<X)4,202 

-•(K)0,001 1+ 012,444 

+ *020,57 

2 

;i 


+ -OI2,9(iy +-0W,fi01 

+ •(K)4,0r>3 

+ *003,938 

+ -004,217 

-•013,14' 

3 

\ 

~ *000, 150 

+ *(Kil,333 - *000,030 + *000,101 

- •(XX),247 

-*001,380 

+ -(XX>,0]3 

4 

T) 

•f}03,(K)7 

+ -(.H>2,0H3 4 

+ *(Xl2,4m) 

+ -001,499 

- *001 ,.958 

- -002,239 

5 

(> 

1 - •(K)3,0H2 

+ -005,I(>1 j~*()(K),09l 

+ *CKK),0(K1 

-■001,440 

1 *003,088 

'+•003,143 

6 

0 

- -023,802 

- -088,590 |- •(K)2,030 

4 *030,002 

+ -020,425 

+ *043,990 

*+ -019,339 

0 

1 

•051,494 

- -091,158 -t»02,H98 

- -017,889 

-•019,407 

-•(XJ2,4.58 

' - *043,550 

1 


- OO2,04(J 

- -OIK), 770 t+ -000,052 

•(KK1,543 

•O(X5,()08 

+ *(H)1,580 

j + -(K>2,023 

2 

3 

+ -030,379 

034,958 -‘(K>2,322 

I - 012,542 

- -010,014 

j- *011,308 

+ -035, 425 

3 

4 

+ •001,78] 

-•014,154 +-(KK),31(; 

, •(K)l,707 

\ *(Xl2,02f> 

+ -014,050 

- -(KIG,:)!!) 

4 


-I <K)7,797 

•000,957 -00] ,378 

- -IHW}, 150 

•(K >3.887 

'+-005,070 

+ *(X)r),805 



+ •009,118 

-■015,822 +-0(K 1,287 

' ~-(XHl,017 

) 

+ *001,434 

+ -on, .300 

- *(X)9,f)30 


0 

- -022,1:+ 

•083,587 -001,915 

4 -028,931 

+ •019,271 

+ -041,511 

1+ -018,247 


J 

<M)2,980 

•'105,280 IK 10,108 

- (Mil, 037 

-•(X>1,1*25 

•(X)3,022 

- •(K)2, 520 


*' 

+ Or),34K 

+ •011,880 - -(KK^HOS 

+ •(H18,377 

+ *(KK),120 

- -024,459 

- *040,449 



8 •lK)3,0*Si 

~*(M 13,537 1 -(HK 1,235 

- -(Xll ,209 

-•(X)l,071 

-•(H>1,1.50 

+ -003,584 



007,011 

+ •022,055 1 

+ •(K>2.732 

•W 1,201 

•023, 147 

+ -010,419 



8 001,518 

1 -001,381 •(KK),273 

-•(Xll,28| 

1 -'(MX), 772 

+ -(K)1.(KJ7 

+ -(X)1,152 



^■011, 112 

+ 019,111 , -000,340 

+ -fMK),021 , 

1- *005.350 

- -013,0.50 

+ •011,039 

0 


•010,833 

- *040,322 , - 000,924 

,+ •013,956 

+ •(X)9,290 

+ -020,025 

+ •(X)8,802 

0 


+ 012,013 

+ •021,207 , + -(K)0,070 

4 -ixu,!?:! 

+ -(K) 1,528 

+ 01 1,571 

+ -010,101 

1 


1 -017,109 

+ -004,183}- <KK1,305 

+ -(K)3,16l 

+ •000,0 45 

- •(K>9,230 

-015,204 

2 


- •014,(K;s 

+ -013,518 ! ^ (KH 1,898 

+ -(h)4.85() 

+ •004,105 

+ -(H)4,390 

1- *013,699 

3 


-> -002,101 

+ -(K10,221 1 •(KX1,139 

+ *(KK1,7:)0 

- -(Mil, 151 

- •(KM),439 

+ -(M)2,H01 

4 


'(K)5,f;04 

4 (K15,0<M1 +-IKK),990 

+ -(K)4,0I0 

+ -(Xj2,794 

--(K >3,048 

--(K>4,172 

5 


- -(HK.OHS 

+ 003,329 -(KKl^OOO 

1 

+ •<XK),(K)| 

- *<K)0,933 

- •(X>2,379, 

+ -002, C«8 

0 

0 

~ -008,303 

1- ♦030,JK11 , - •(WK1,708 

4 -010,090 

+ 007,125 

1 

+ -015,347 

+ -(K)6, 7 40 

0 

1 

1 -019,433 

+ -029,OlHJ j+-(KM),925 

4 •(K>5,7()9 

h-(X>0.1‘i3 

+ -019,931 

+ •013,899 

1 

2 

+ •(M)3,809 

+ <K)0,998 * -000,008 

1- '(Ml{l,701 

+ -(XX>Oi(l 

- •(K»2,055 1 

- -(XJ3,399 

2 

3 

- -OM^IO’i 

+ •014,897 |+-(MK),989 

+ *«M15.314 

+ *(M>4,523 1 

+ •004,844 ' 

- -015,090 

3 

i 

+ 1KJ1,087 

-•003,220 4 -O^K 1,072 

(MX1,38S 

+ -000,597 

h'im.'.m 1 

- •(K)|,481 

4 


-•001,711 

8'<X)4,233 +-(KKl,838l 

+ CM 13,928 

+ -002,305 1 

-003,088 

-•<X)3,532 

5 

(> 

+ -003,592 

•(Ki(>,()10 + <X)0,109 ' 

- -(HMi (M9 

+ •001,080 ' 

+ -<K)4.29}> 

- •(K)3,0()4 

0 

0 

-•(K)7,719 

- -028,843 1- -fMKl/iOl 

+ (K 19,983 1 

f 000,050 ' 

+ -014,324 

+ •(XX),297 

0 

1 

+ -023,81 1 

4 042,152 + 001.340 , 

+ -(X >8,272 

+ 008 974 

+ •(>28,881 

+ •020,110 

4 

^2 

- 01 4,(;3(; 

•(K)3,835 !+ (X10,20l 

- -00^,701 

- •{KK),039 

+ (K)7,890 

+ -()]3,057 

2 

3 

- -010,057 

+ 010,1541 + -IKK), 080 i 

+ -003,074 

+ -lM>3.ii0 

+ -003,330 

- 010,378 


4 

+ -0(» 1,372 

-'012,940 I+-<KK1,289 ‘ 

- '(HI 1,501 

+ *(K)2,40l 

+ -013,399 , 

- •(X)5,95 4 

4 

:> 

+ -000,142 

- *0(M),39 4 , - 000,078 

- 0(H1,300 

- -{>00,220 1+ -000,288 

+ -(KK>,329 

.5 

0 

+ -(K)0,335 

-•010,008 4 n(M),]92' 

- 000,012 

+ •‘)i >2,973 

1 

+ >7,580 

- -(X}0,40J 


0 

•003,212 

*012,007 •<KK),270 

+ ’(Xl 1 177 

+ -002,782 

+ •tK),),993 ' 

+ -(K>2,034 


1 

+ •015,073 

+ •027,710 1+ (K)0,882 

+ *00,5, 4 !•> 

+ -005,907 

+ -()] 9,010 ' 

+ -013,257 


2 

-*025,014 

-•1X10,712 +-0(K1,457 

- •(K)4,733 

•0(M),()08 

+ -013,818 j 

+ -(>22,851 


3 

+ -013,003 

- -013,130 ~'(XMi,S72 

-•(X)4,711 

- -003,987 ‘ 

- (K>4,270 

+ -(>13,305 

3 I 

4 

- •(XK),037 1 

+ ’(K)0,I1] 1- -000,002 

+ (XK),013 , 

*(KX5,020 

- •0(X>,U4 ' 

+ -(XX),051 

4 1 


+ -(K13,5C9 1 

- *003,181 - '000,031 

- •(K)2,9r)5 I 

-•(X) 1,7 79 

+ •(X)2,323 

+ -(K)2,0r>7 



- •(K)2,893 1 

+ •004,845 - •(X10,08^ 

+ -(KKj.OOo ! 

-•001,358 

•(X>3, 40*i ' 

+ -(M)2,95l 
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On Polychonc Coejfficients (tf Correlation 

TABLE X. 

Values of 


•002,716 - 
•013,578 - 
•023,241 + 
•013,520 + 
•(KKJ,364 + 
•002,999 1 + 
•(K)3,074 + 


•024,2iM3 --019, 910 
•050,5.35 , - -001 ,157 
•(XJ1,049 I + -on, 194 
•0:i8,28t +-(K)1.489 
•001, .567 --007,904 
■00K,29(i ' + -000,596 
■008,906 -'011,032 


- -01.3,681 
1+017,491 
+ -019,288 
I - •0'20,306 
,-• 002 , 10 ^ 
I- -007,320 
, 0(X),95(! 


- •{X)5,206 
+ •011,6.50 
+ -000,298 

- -010,442 
+ -001 ,,391 

- -002,654 
+ •003,290 


- -007,621 
+ -025,097 
- -018,826 
- -008,629 
+ •(K).5,282 
+ -(X)1,79.5 
+ -006.01,6 


- -002,113 
+ -on,a32 

- -020,060 
+ -013,024 

- -000,864 
+ •tK)2,2H6 

- -003,149 


0 --010,399 --09.3,014 - -076-260 --0.51,995 --019,931 - 029,175 --008,088 

1 --025,1911 -093,7.56 -002,147 +-0.32,451 4-021,614 +-046,563 +'020,467 

2 - •(M)7,378 +-(XJ0..3,33 +01.3,171 +-(XX?,123 + (XX).09.5 - •(X)5,976 --1X16,367 

3 4-012,689 -*036,930 I- -001 ,.397 + -019,0.57 i + 009, 8(X) + •(X)8,tX)4 --012,223 

4 I + •1X11,044 -01.3,114 14-022,696 + •fKX«.0.54 I - -IX^.-WS --01.5,167 +*tX)2,480 

5 H-(X)2,467 - •0(X!,824 I - -(XKUOO + <X16,()21 + -002,18,3 -•(X)l,477 --(Xll.SSO 

6 +4X1.5,229 ,- -015,149 +-01.8,767 + 1X11 ,627 >- 005, .596 --010,234 +-00.5,357 


0 |-4XK1,603| -1X15,392 -•(X»4,421 -•1X13,014 -4X11.1.55 - -(Xll.liOl -4XX1,169 

1 - -1X11, 055 4X13,927 --000,090 + 001,359 + •(XX1,!M1.5 + -iXll .9.50 + •(XH},8,57 

2 1 + -1X11,029 I - -000,046 1X11,837 , - •1XX1,8.54 - -000,013 + -01X1,833 + •1XX»,888 

+ -1X11,143 j _ •at3,237 - •01Ki,12(> ,+ -001,717 i+ 4XX1,H8.3 + -1X10,721 - 4X11 ,1111 
-•(XXl,0.52l+-01X),6.5O|-4Xn,12.5 - 4HX1.300 ] + 4XX1,19H 4 •01X),7.52 -4XX».123 
+ -1XX1, 736 '--1X12,113.5 --01X1,146 + 1X11,795 1 + 4 XX1.651 -•1X111,140 - (XX»,.56] 

- 4XX4,209 , + -01X1,6115 I - •1XX1.749 •lltXl,IXi.5 + •1KX1.223 j+ -OOO, 108 | - (XK1.214 

4 1X12,426 j +-1121,699 +4)17,790 +4112,1:10 + -004,650 I + -(XXi, 806 +4X11,887 

•1X12,7.58 _ •010,265 - -01X1,2:1.5 , + •00.3,.5.5:i + •IX12.:i61i i + •IK)5,1«1S + •IX)2,2 11 

2 -•1X13,4.51 ' + 4XX), 1.56 +-(XX>, 161 +-002,864 + -IXXl.llW - -002,795 --1X12,979 

3 +-1X12,772 --007,849 - •1XXV10,5 '+ -004,163 | + 4X12,1 41 | + -(X)! ,749 -•1X12,670 

1 + lMXl,i.3i - •(Xl],l>77 '+4X12,902 + 000,771 I - •txxl,5]l I 1XI|,9:19 +-1XX),;1J7 

5 1 + 4X11,648 4X1J,.560 I ~ •IXX1,:128 l + -004,02:i I+-IX>1,4.59 I - •IHX),987 --001,2.56 

6 | + '<XXl,:i42 -•1XX),992 +-(X)1,229 + •(XM1,107 | - •(Xl.l.:i61i | - -IXXl.liro + 4 XXI, .351 

+ 4X13,318 + -029,682 I + -024, .335 + •016,.592 1+ 1X)6,360 +-lX)»,:ilO +-lX12,.58l] 

--<XX5,.5114 -•1121,‘'07 l-•^KX),.55^ + 008,:i79 1+ •(X)6,.5H1 +-012,022 +-1X15,284 

2 I- -0111,2.54 +-1XX1,(157 +-CK12,2:19 + 4X11,011 |+ 1HX1,1116 -4X11,016 -1X11,082 

3 I + -00.5,2.52 --014,872 , 41()0,.578 i+ -1X17,888 +4KM,.0.56 +-1X1.3,31.3 - •1X15 ,059 1 

1 I -IXKl, 1.511 +-(X)1,883 --1X1.3,259 --000,809 +-0(X),.573 +-IX)2,178 -•lXX).:i.56 

r> ' + -002,:i83 -•lXXi,.592 4KX1,474 +4X>.5,816 +-(X)2,1119 --0111,427 - -1X11,816 

- 001,4.57 I + 4X)4, 222 - -00.5,2:111 IKKl, 4.53 + 1X)1,.560 + 4X12,8.52 --(Xll^O:! 

0 +4X14,809 + 013,011 +-0,35,264 +4124,044 +-1XX1.217 +-013,491 l + -00:i,740 

J -4)14,6.59 --0.54,5.59 I - -IX) 1, 249 +-018,881 + •012,.578 , + -1)27,090 , + -1111,910 

2 +-fK)9,127. --000,412 - -016,293 I - -1X17, .571 - -IXK),! 17 , + -(>17,392 +-007,876 

3 +-005,299 -•015,004 - •tX)0,.583 +1X17,9.58 + -0(11,092 I + -(XW,:! 42 -4X15,](U 

4 --0(X),872 +-010,946 --018,945 - •(K),5,054 + -IXIS,:!:!:} i + 4)12,661 - ■1X12,070 | 

6 --000,6.56 + -1X11,81.5 1 4 -(XXI, l:i0 - 4X11 ,(«12 -••XX1,.5H1 + •fXX),.393 + ■(XX1,.5(X) 

6 - 1X13,758 + •11111,889 I- 0i:j, 490 I - -1X11,169 +-4XM,t)23 + 4X)7,:4.56 •(K).3,8.5] 

0 j + -0').3,J6.5 +-028,311) l+-))2.3,211 U -01.5,825 + •lK)6,(16(i +-1X18,880 +-002,462 

] - 01.5,3.34 --057,071' OOl ,.307 | + -019,7.53 + ■()i:i,1.57 '+ •028,344 +-012,4.59 

2 +-025,172 4X11,136 --044,936 -4)20,888 - •0(X),323 ' + 4)2)),387 +4)21.724 

.3 1-4)1.3,6.35 + -()3S,6()8 +-(X)1,.50J - -020,478 | - •01(),.531 - -IXW.OOl +4)13,134 

1 |+-0(X),2.59 --0(13,2.56 + •(X)5,(W.5 +-IX)I,5()3 -■000,991 --1X13,766 +-(XX1,616 

-•1X13,579 -^•{X)9,899 + •001),71 1 , - 4K)S,7:{4 -•(K)3,167 + 1X12,142 +-0(12,727 

+ •002,927 -OOSjlSl) + •010,50.5 I + -(XX1.9ll - -0) 1.3,1 :W --1X1.5,729 +4X12,999 
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Wo ahull proceed to culculutc for three vuluoa of r which lie near the 
probable value of r as found from each column. We will take these as *45, *60 and 
*55; from these values we shall obtain for each column from (xiv) and inter- 
polating the real between them find the corresponding columnar r, which will 
be then substituted in (x\) by aid of Table X to obtain the columnar mean 
Table XI gives the values of for r=*45, *60 and *55, and Table XII the 
resulting values of X,. 

TABLE XT. Values for r = *45, ’50 and *56. 



«i = l 

t«) 

*014,742,01 

(’>) 

-*017,038,00 

{<) 

• *019,587,49 

(O) 

-•043,830,23 

('» 

(0 

-•045,046,53 
- 045,809,07 

(^) 

- *014,665,20 

- 012,764,50 

{<} 

-•010,711,23 


1 (K)3,45(),60 

*002,645,25 
j- 001, 920, '26 

{a) 

- •(H)l,562,5il 

H>) 

- *001,096,19 

(i) 

- 0fK),731,63 

i 

- •(XK),728,92 
•(K)0,448,5S 

- *000,255,73 

W \ 

- ‘(XX), 0,90, 63 

[i>) 

- 000,037,11 

(c) I 

- •(K)0,O(X),75 


2 




/»=:6 


I- «=7 


-•020,016,58 -'OOO, 400, 18 -8 000,074,70 -81X10,377,97 -8 •000,409,54 -81X10,044.95 
021,554,08 -1XX), 383,88 -81100,731,59 -81X10,258,31 ,-8 •(100,246, 06 -81100,015,95 
••022,373,22; -•000^356,40 -81XX),518,')5 -8 1XX1,]68,6o] -8 1X10,136,31 -1XX1,003,28 

• 133,792,74 I- '(XIO, 54.5,25 -8 1)21.109,834l110,796,76 ! 81115,963,45 -8-003,258,21 

- 140,08(1,50 -1X13,775,08 -8 1119,705,30 -81X19,504,62 -8 •012,993,41 -81X12,268,84 
•1 16,8.59,24 - (Xt4,026,98 1 -8-01 8,090,53 ] -8 1X18,150,1 4 | -8 1110,141 ,50 1 -8 1X11 ,500,21 

-1182,8-20,10 1- (X12,-204,29 '-f 030, 1 33,-27 '-81118,460,10 l•8•(X^3,7G7,07 1-8 (XX),791,12 

- 082,0-30,73 - •002,275,91 '-8 0:W), 479,17 -81)18,233.88 -8 -031,794,16 -81)08,188,80 

- 080,9.56,49 1 -1X12,360,54 1 -8 030,869,67 -81117,938,38 -81129,455,85 j -8 006,551,72 

-•028,237,21 1- •0(Xl,587,66 1-81117, 032, 3-! .-81)11,713,27 -81)24,762,35 | -8 1X19,(192,34 
026,280,92 - -OCKI, 528, 69 '-8 •017,630,94 I -f 012,084,98 -8 1)24,998,89 -8 -(XIS, 434,25 
-•024,1(X!,94 - 1X10,4.59,56 , 8 •018,316,53 | -8 -012,492,17 [+ 025,1.39,70 1+1)07,601,99 


■ 1)16,357,80 - 1XX),I96,()8 
- 1)11,410,34'- -I XK),1(16,48 
-1)12,-372,26 - -OIXl.OOS, 19 


1 + 1)13,951,10 1 -8 DI0,408, 16 
1 + 1)14,492,89,+ 010,926,94 
+ 1)15,100,01 '+ 011,6(17,01 


-1)10,344,20 -+1KK), 068,82 
■1X18,432,8] +1KK1,1 77,88 
- (X)6,613,75 , + 1XX),295,92 

• -0(12,150,02 ' + 1X)0,121,.5-2 
• '(XU, 530,11 ' + 110(1,1 19,03 
■•001,037,56 +-0(X1,167,89 


-81)13,421,77 ' + Dll,08-2,88 
+ 013,793,1X}I+011,7(15,61 
+ 1)14,164,31 + 012,382,26 

I 

•f(K)5,l 85,57 +*005,018,14 
+ <K)5,035,J^2 +*005,142,08 
+ *004,808,83 + *005,21 7,09 


+ •024,450,57 
+ *(»25,r)83,l7 
+ *026,761,^2 

' + *029,840,53 
+ *032,119,62 I 
I + *034,601,52' 

I 

+ 016,965,98 
+ •018,430,12 
+ *019,928,67 


+ 010, 780, .30 
+ •01 0,698, .50 
+ •(00,435,95 

+ •016,766,02 
+ •017,871,20 
+ ■0(8,889,99 

I 

I + -014,515,02 
1+ 016,770,7(1 
| + D19,271,47 


TABLE XU. Values of h. for Golim us. 


1 r 

8=^1 

s=2 

#=4.3 

if-4 


)>i=6 

)s = 7 

1 -45 

•50 

1 *55 

-2*19299 

-2-18505 

-2*17507 

-*92114 

*91848 

'-•91485 

- 02549 

- 02538 
-•02521 

+ •56650 

+ \mie 

+ •56580 

+ *98336 
+ *98315 
+ •98286 

+ 1*45054 
+ l 44900 
+ 1*14686 

+ 2*30569 
+ 2*29880 
+2*28999 

i 

ActUiil 

_ 

^-2-19G67 

j- -91404 

•02553 

+ •56594 

+ •9^333 

+ 1*44723 

+2*29404 j 

1 Extra- or 
lnteri)olated r 

j -4229 

1 

1 -.'iS'm 

i 

*4167 

•5;i09 

•4585 

•5426 

1 

1 *5249 


10-2 



U8 ihi Poli/chorie Coefficients of Corrdalmi 

Wo have thus the values of r found from otveh column*. 

We now turn to Table X and calculate in exactly the same way the values of 

rXr,XT;-¥...^rP\r^%T;+..., 

for th(' /• peculiar to each eolutmi for that column. We thus obtain Table XIII. 


TABLE Xlll. 

Values of\\f for r ofmich Vertical Column. 


»s = l 


1 

I 


8=.2 


«=3 


^ 4 


j{ = 5 I «=sG 




1 

2 

3 

4 

(> 

7 


'-'()13,7(>7,ri4 - -044,3(42,34 
-•021,315,40 ~ 153,841,07 
(-•000,771,58 --008,202,77 
+ •( KK), 880,(14 i-f-Ol 1,170,58 
U *(HK),759, 52 I -f *013,488,41 
+ -0(X),584,54 f 011,211,78 
+ -(KK),! 27,47 1 + -002,739,83 


- •()13,37(),98 1 - -002,394,74 ' - -000,770,04 

- 074,192,30 --029,418,02 - 009,240,03 

- •(X)4,H20,27 , - •(K)2, 225,87 - •(K)O,033,07 
4- •018,829,61 '+ 015,080,02 +*(X»5,95 1,01 I 
1- 024,318,82 +-022,080,28 , + -009,395,75 
+ -03 1 ,232,( *8 f -032,030,32 ' + ‘Oi 5,520,73 
+ •015,21X1,10 I + -017.131,05 + 010,878,40 


--(KX), 212,73 

- •(X)0,030,02 

- -0(K),217,00 
4 -008,797,09 t + 
+ '0 J 0,2i>7, < 2 * + 
4 -032,207,15 + 
+ 028,515,80 + 


-0(X),(XX),10 
(KK), 04 1,41 
-(XX), 030,1 1 
•001,837,83 
•(K)4, 194.22 
•011,205,00 
■017,104,71 


1- 903,72 '--507,60 


+ -;103,04 I + -425,95 


+ •789,11 


+ 1 238,75 


The valiu‘8 in Tabl(‘ XIII (livid(»<l by from Tabk^ XI\'’ and suinnaxl lor 

(‘ach column give, on multiplication by Njug,, the of the last row of tho table. 

To obtain Table XIV we must return to Equation (x), nsi‘ the iipjiropriaU' r for 
the column and the valmvs in Table III of t/. Taking <7^ and as units 

of the horizontal and vcu-tical variates we can plot in Tahl(‘ XIII Lo \ from 
Tabh' XII and so obtain the n^gression line as formed by the moans of each column, 
and set against it the n^gression lines as found from polyehoric == *5034, or -5204. 

TABLE XIV. 


Values of for columnar Values of r. 

ngfi 



hrri 

h==2 

* = H 

4 

5 

1 


1 

1-4SJ,16() 

•918,2 »7 

•881,901 

JTj 

•3(i6,2.')8 

! ^ 

X 

2 

•850,270 

•995,746 

•946,290 

1 -319,975 

1 •3.51,778 

‘ 1-261,565 

X 

3 

•910,673 

1-075,087 

1 •{190,803 

•830,945 

•853,291 

1 -876,250 

1-668,232 

4 

1-846,116 

1 •016,776 

l-0(i«,432 

•85(i,«!40 

•855,012 

1-248,823 

•600,417 

5 

00 

1 -866,469 

1-028,801 

I •992,395 

•968,288 

1-018,112 

, -937,952 

6 

00 

1 -980,885 

•887,877 

1 1 •283,099 

1-619,040 

•803,917 

1 -999,089 

7 

X 

•454,171 

•80h,8,’jl 

1-368,316 

, -848,918 

1-316,691 

1-074,517 


* The mean value of r weighted with tlie column totals is -5022 which is m reasonable accord with 
(i.e. within the probable error ot) the results on p. 142. 
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Thin is (Jone in Diagi‘;un I. But what we actually desire is to compare the obser- 
vatiojis and the regi’ession lines as given by the present polychoric method with 
tho8(* obtained by pr(Kluct-mouicnt inc'thods. 



Slaturr of Father in Inches. 

Diagram 1. 

Our actual data from as Inch the tabh' on p. 135 was obtained are given in 
Table XV. The following are the valu(‘s t)f the constants in inches: 

Mean Statun* of Father : ./• = C7''‘878. 

Mean Stature of Son : y == 08"*845. 

Standaixl Deviation of Father: 2"'(I570. 

Standard 1 )eviation of Son : cr„ = 2"*6885. 

fWrelation of Father and Son : /• - *5189 f ’0100. 

In Diagram II the r(‘gression line (slope, *5245) with means of th(‘ arrays as 
dark circles is given. Against this we have put as hollow circles the values of 

and multiplied by thcur respective s.D.’s to indicate the result as workt'd 
out in the prcwnt paper. The clo.S(‘ness of the polychoric coi'flficient *5204 and 
th(‘ product-monKuit eoefticuuit d<K\s not permit of two regression liru^s b<u’ng 
drawn. It will be Siam that the fit to th(' observations by usi^ of broad categories 
and the jiolychorie mothod is really (piite as satisfactory as the fit by tht' product- 
moment method. But tin* amount of arithmetical work is incomparably greater 
by the foniier, even if it be less than Ritchie-Scott’s process with 49 cells would be. 

Acconlingly we now procc^eded to investigate the i^xtent to which appn>xi- 
mations shortening the arithmetic wouki introduce serious error. The first i|iieation 
to bo answered is: To what extent in finding tin* means of the arrays is it 
needful to use the actual value of the correlation coefficient as found for each 
column I In order to test this we proceeded to find the fig. for (‘ach columnar 





Stature of Father in Inches. 




Stature of Sc 
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TABLE XV. 

(Jorrelation of Stature in 1000 pairs, Fatlter and Son. 


Stature of Father. 
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fiiray foi th(' stiwie ronelation co<'fh'’ic'nt, and we took ft)r the vilue of that 
foc’Oicu'nt 5000, somewhat iiiidoi the v.alut found by either polychoiic coefhcient. 

Table XVt givea our n'sults It involved finding a new aeries of values lor 
V,,, but those foi ji#,/ww have alieady lieen eonipuled undei {b) in Table TV. The 
lesulls aie given in teiins of iiiohos 

TABLE XVI. 


Colummi Mean* by Thlietent Ptorew't 



A*. ^ <ry 


A^, X (Tj^ 


Ajl, X (T, 

Lach column 

Each coluum 

Eacli column 

Common ba<3e 


1 itfl o^n ; 

foi f =5 50 

ausumed Normal 


-5*8379 

-2 5881 

-2*6498 

-2 4809 

2 

-2*4292 

- 1 3633 

1 *3531 

- 1 4357 

3 

- 0678 

- *0276 

- 0176 

**0701 

3 

+ 1*5040 

+ 8138 

, + 8087 

+ 7632 

3 

+ 2*6133 

+ 1*1439 

' +1 1511 

+ 1 0866 

3' + 4' 

+3 8462 

+ 2 1192 

, +2 1122 

+2*1744 

4' +5' 

+6*0982 

+3 3267 

1 

' +3 3194 

1 

+3*1109 

1 

5' 
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On Polyehorie Coe^cienfa of Correlation 

All oxamiiiation of tho fimrth column of Table XVI shows us that we have 
not for practical purposes seriously modified the columnar moans by using r = '50 
instead of the individual value for each column. This is illustrated in Diagram III,' 
where except in tlu* case of the first array there is hardly daylight between tlu^ 
two series of {Kiints. 



-2 “I O +1 +2 


Stature of Father in Inches, * 

Diagram 111. 

In Diagram III the hollow circles give the means with / obtained for each column, the nearl> 
8U|)erpoBed daik circles tlie means with r-r *5000. 

The solution of the problem therefon' falls back on K<juntions (x), (x\i + ) and 
(xv). W< should still have to calculate t/, T^, and Tp, but >\e should 

only ii(‘ed the thr(*(' scries of products V' 

to obtain l\, it would lx* adecjuate to use a value of r for which had been 

found for the final interpolation. Still thi.s involves very lengthy arithmetic, and 
wc naturally crave for a still easier proee.ss. The pn‘S(.‘nt full working out of a 
numerical example enables us for the first time really to lost the adecjuacy of an 
easi(u* method of dealing with such j)olychorie tables which has becui long in nse 
as an approximate method in tlie Biometric Laboratory. 

(6) It is clear that if wo could find the mt‘ans of the columnar arrays, we 
could readily obtain the correlation and the n^gression line by aid of the cornOation 
ratio correct(‘d for class index. The whole probleiu accordingly turns on a ready 
means of reaching — at any rate — an appi’oxirnate value of the* mean of a columnar 
array. This array is the slice between two parallel planes of a normal correlation 
surface. 

In the CiXS(‘ of a surface of zero correlation 
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the slice b(‘twopn ^Yj and Yj has for its volume on dY 

J X, 

the Hlic(' is thorcfiire given by tho iionnal curve: 

( )rdinate = const. • 

It seems therefore not unreasonable after the surface of revidutioii is sti’etched 
and slid into a con-elation surfuce to assume tho slice to be still approximately a 
normal curve. Unfortnnat(‘ly tho det(Tmination of the best mcmii and standard 
di'viation foi- normal material given in broad e^itegories does not admit of very easy 
solution. What we need is tho difference between the means of a columnar array 
and of a marginal frequency as a multijile of the standard deviation of tht‘ latter. 
We .shall o>)tain n^sults differing more* or less from each other according to the 
individual broad category we take as the basis of comparison between cr^ the 
standard (hwiation of th(* ,sth slice and th(‘ standard deviation of the marginal 
freqmuK'y. In fact the range of any broad categiu-y oi- of any combination of broad 
oategorii^s, ex(*ept the tail categories, can b<' made a means of linking up and cr,f, 
A little t‘xperience, however, .shows (a) Unit it is undesirabh* to find tho ag of 
any ai ray fiom a eat(‘gory of small fn^piency, and {b) lhat for arrays of small total 
fre(|U(‘ncy symmetrical tripartite divisions as far as feasible are the best*. The last 
eolumii in 1\ibh‘ X VT sluavs the sy.stem selecU‘d for each of our columnar array.s. 

Take, for example, .s = 5, the columnar army may be taken on tlu^ ba.si‘ of 3' 
anil 4' calogorios as 

r + 2' 9 1 fim 

3' + 4' 3(i| and compared with J42l 

5' H- ii' + 7' 24) (244 

” ^foTals ~m ~~ 1000 


;is the corresponding marginal disliibutiim. Th(‘ corn'sponding proportional 
freipu^ncies up tn the dichotomic planes are: 75r0 

mean+ from th(3 two ilichotomic planes in ilu' first case are 


and in the si‘Coiid case* 


— 1 12450-6 + *3910crr„ 


— *4261 a ft and -f ’6935 a,,, 

where a^, is the .standard d(»viation of the normal curve assumed to represent the 
columnar array 5. Accordingly the range of 3'+ 4' cat<*gories 


==l-5155<r,= l-ll9()o-,„ 


which giv(‘s cr., in terms of o-^. 

“ The probable erior at a standard deM'ation found in this way i» disousBed in iHumetrika, Vol. xm. 
p. 129. 

t Found from the Probability Inte^Tal Table. 
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Hence the distance between the means is 


•69350-v - -3910^. 

= |•()935 - •8910 X 1 1 196/1-5155] try 

= *4046 CTy 

= 1*086(), if wc introduce the value of <Ty, 

This and the corresponding values are recoitled in the fifth column of 
Table XVL It will be* seen that thest^ values approximate to those in'the third 
column, the greatest differences being in the small first and last arrays. 

Of course in actually working with material solely given in broad categories we 
use* the value *4040, treating Cy as our unit of mf‘asurernent. The means of the 
columnar arrays can be found with great (*ase and with considerable approximation 
by this method. 


If W(j now proceed t^) tak(' the mean of our moans duly weighted with their 
frequ(mci('s, we find it to be — *0»51(), — not a v<iry serious divergence from /^ero. 
However, we subtract it^ from the means in the fifth column of Table XVT, 
multiply the squares of the remainders by the corresponding fre<jm*ncies, sum and 
ilividc* by the sijuare of Thus we obtain 




1-818,8034 

7-211,0103 


= -25210144, 


or: 


97 = -502148. 


If we divide by the class index correlation of the ,r-variat(*, i.e. *01)2,320 f, we 
obtain 

7) = -5218, 

which correlation ratio we may take to be the corredation coefficient and coTupare 
with our pojyehoric coefficient *5204 (j>. 142) Clearly althougli our means as found 
by the hypothesis of normal distribution of the columnar arrays agrei* only approxi- 
mately with the p(^lychoric means of the third column of Table X^T, they He 
practically on the same regression line, as Diagram I\’' indicates. We c(mcludc, 
therefore, that in this case as probably in many lik( cases, it is quite ade<piak' to 
obtain the moans of th(i columnar arrays by treating them as normal distributions, 
then determining their correlation ratio and correcting it for the chuss index. The 
corresponding regression line with thi* m(*ans of iht* columnaj* arrays indicated 
will be for many purposes an adequate graph showing the general nature of the 
correlation. 


The general purpose of this papcir has now been fulfilled ; it has been shown 
how a general polychorie coefficient covering all th(* data provided in a given 
contingency table maj^ be found, and how a graph may be drawn representing such 
a table effectively. At the same time such a process is very laborious and probably 
will not be lightly undertaken or only in cases of grave uncertainty. The method 

* Correlation ratio without subtraction 3s*5222. 

^ See p. 142. 
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Stature of Father in Inches. 
Diagram IV. 




ISO On Polychorie Co^cienis^ of Correlation 

0 

is onci of fitting the best normal surface to the data subject to the limitation 
that the marginal totals are exactly reproduced, and this limits the generality. 

An example has been given of the process, but it is setm from this example that 
the heavy arithrnc^tic does not lead us to any more accurate value for the correlation 
than far simpler methods. Thus : 

Correlation from product-moment = *5189 ± *01 GO. 

Polychoric Correlation (yoefhciejit ‘*llest Fit*' = *5084. 

Polyehoric Correlation Coefficient “ Product Moment ” «: *5204. 

Mean Sejuare Contingency, Correct<‘d for Class Indices = *5179. 

(\>rrelation Ratio from means of arrays = *5218. 

The latt(ir method, which has been long in use in the Biometric Laboratory, is 
thus, when used with due precaution, seen to be justified by the theoretically 
preferable polychoric method. If a method could bi' discovered of finding uni(jiiely 
the ni(‘an of a columnar an‘ay, rising all its at the same time, this method 

wimld still more effectively r(*place the polychoric correlation coefficient. 



ON EXPANSIONS IN TETRACHORIC FUNCTIONS. 


By JAMES JHENDEESON, M.A., B.Sc. 


(1) We define the tetrachoric function of order s to be Ts{x), where 


1 / f/ y-' 

dx) 


(i). 


OtfuT writ(Ts have adojHed varioub other values for the external numerical 
factor but this is immaterial. The factor was chosen beaiuse it gives an ex- 


tremoly simple expr(‘ssion for tht‘ volume of a (piadrant of tlu' normal bivariate 
fnHjuency surface^, and because for tabulating the numerical values of th(' functions 
it is tiecesaary bo have* some reduction factor of this kind to keep them of manage- 
able size. We can usually drop the argument x and speak of The values of 
for .s* == 1 u}) to s = f) are tabh'd to five decimal places in the book, Tables for 
statisticians and liiometricians*, for values of ^ (1 — a) (which is really Tq, when 
th(‘ argument is negative) from ’OOO to ‘t^OO at intervals of ‘OOl. With a different 
multiplier tlu^y have Ix'en tabled by Charliert to four decimal places only for 
.V =: 1, 4 and 5 = *00 to 8). 

The general form of th(‘ tetrachoric function of onler s is 


^ V'«:| 2.1! 


2^. 2 : 




“ - otc.j 


V27r 


•(ii), 


that is, the ordinate of the normal curve of errors multiplied by a polynomial of 
degree {s — I ). is simply th(‘ ordinate of the normal curve, while To is the art^a 
of the tail of the normal curv(‘ up to a given (ibscissa x, with the addition of an 

/ .r g-k” 

. da\ and 

-or V^TT 

will be found from bh(‘ tables of the probability integral, lb will be ecpial to 
i(l-fa), if a; is j)ositive and ^ negative in the usiud notation. 

Accordingly the expansion of a function of d\ f{.r) in a serit's of t(‘trachoric 
functions, is really tlu' expan&ion of the difference of the function and a multiple 
of the probability integral in terms of 

^C'o d- Cl ^ -f Ca -f . . 


where <r and Co, Ca ... are at our choice. 

* Cambridge University Press, p. I, and pp. 42 — 51. 
f VorUhungen Uber die Grujulzilge der mathematischen Statutik^ 1920. 
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The real reason for adopting 

Co't„ 4* c/tj -f c/to + <?/ T3 + . . . , 

instead of the above expression, is that the calctilation of the consUints Co', c/, 0 ^ ... 
is more direct than that of c„, e,, Cy ... because the tetrachoric functions are semi- 
orthogonal functions*. It will be seen that the problem of expansion in tetra- 
choric functions is closcjly related to a theorem of Laplace. If be a uni modal 

function of x within the range under discussion and the integral / = ^Udx be 

required, Laplace transfers to the mode m as origin so that a?== ya 4- f and writes U 
in the following form : 


He extends the limits to x in both directions by supjx>sing 0 outside the given 

f * 

range and in the integration applies the well-known values of I i.e. 

J •’00 

zero if s be odd, and again if s be even (= 2?’), 



- p = (2r - 1 ) (2r - 3) 


8 . 1 . 27r . 


It will be seen that Laplace is really proceeding by (‘xjumsiiui in tetnwhone 
functions as the process is precisely the same whatever bo the limits of the* int(‘gral 
of U, Following Laplace we develop our function in '‘incomplete normal moment 

functions,” i.e. I — — dxf ; it is better to use tetrachoric functions. Thi‘ series in 

J - CO V ^TT 

tetrachoric functions seems to converge slightly better than that in incomplete 
normal moment functions. 

If wc have 

F(x) = (foTj 4 aiTy f-ajT3+ ... q (/fc_,T^4' 

4iien, iissuming we may integrate th(‘ right-hand side of this equation term by 
term (i.e. assuming uniform convtugcnce) between x and x, 


Jn 


r) dx = «oTo + -’Z* + -p + . . 

V2 vH 


since I r^dx = ~ (iii), 

J X VS 

* A genes of functions /i (j;),/ 2 (.r) .. /,»(«») orthogonal if J/g(’r)fg>(r)<Us:0 when tt and 

ji' arc not equal, the integration being throughout the range. They are somi-orthogonal if 

(»)<(' W<*'r=0, 

^ (x) being a function of x peculiar to the series. In other words a system is orthogonal if the sums of 
the products of different order functions vanish witJiout weighting for x. A system is semi -orthogonal 
if we require to weight the values of x to obtain the vanishing of the product sum. This weighting is 
the great disadvantage of scmi-orthogonal functions. In our case of the tetrachoric functions the weighting 
factor is or the tails of series are excessively weighted. 

1 Disenssfd Biometrika, VoL vi. p. 69. Tables of those functions up to s-lO are given in Tables 
for Statisticians, pp. 22 — 8. 
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Lt^t T, * — L e~^, wliero p,_i is the ixjlynomial in x of degree (« — 1) 

in (ii). 

Let T, be another totrachorio function and suppose s' is greater than s. Then 

r 1 1 1 r / dV-'e-l'* 

Now since Te{^) and t^(— oo) will always be zero owing to the exi 3 oncntial 

d 

factor («>0) wo can integmte by parts transfcriing the ^ from the exponential 
to the polynomial, therefore 


L ij ‘CL 


1 ' f d N* e-i*' d 
The integrat.ed purt at every step vanishes at the limits and ultimately 


]■ 


T-Tw dj ■= 




Vs ! \/s ' ! ViTT i “jf ^ ^ \ 27r 

Since is a jxilynomial of degree (s — 1) and s' is > s the diftcTontial of the 
polynomial vanishes, i.(\ 

I T«T« (Lx-O, s + s' (iv). 


If s'~s then the difterential ofp^^i r(‘dueeH to (s - 1 )! so that 



dj' — 


1 (S--1)! 

V27r ^ ! 


/: 


e-i' , 

7 f/.r 
v'2«»r 


1 1 

V2’ir 


6 >0 


(V). 


Thi •SO e(|iiations (iv) and (v), which give the fundamental properties of the 
tetrachorie functions, enable us to (»xpiiid any functiim F{,r) in terms of tetra- 
choric functions if we can find the value of the integral 

L <"’■ 

Since is an integral function of a', this amounts to saying that wc can 
expand any function of which we arc able to determine fht successive moment- 
coefficients. 


The practical value of the functional expansion when obtained is, however, 
a very different matt(*r. That depends on the convergoncy of the series and our 
experience has shown us that in the most common cases the ccmvergency is so 
slight or non-existent as to r.mdcr the expansion idle. 



IGO Oil EximmioM hi Titrmhonc Fimctiom 


The mutter is a very important one for Thiele*, Edgeworth f and Charlier.]: 
have proposed to treat skew fro(jueney distributions by a process, which amounts 
to the same thing as the (‘xpansion by tctrachoric functions. 

An attempt made* many yeai*s ago§ to expand Incomplete F- and B-functions 
by Laplace's im‘lhod in Incoinpl(‘te Mom(*nt Functions convinced Professor Pi'arson 
that littl(} was to be* gained by a series (‘xpansion in the form of a polynomial 
multiplied by the* (Ordinate of a normal curve. A variant of this method, that of 
exjavssing Incomplete F- and H-functions in a series of tetraehoric functions, was 
tried a y(*ar ago and it was found that except for a small distanc(‘ round the* mode 
this method (d* expressing a fre(|ueney distribution was tjuite inelfectual The 
matter is of considerable importance because (juito n'centlya Scandinavian actuary 
in American has been analysing morlality curves by t(*trachoric functions and 
assi'rts not only that they give a good fit but appar(*ntly ]Kdi(‘V(‘s that (‘ach function 
of th(* series has some natural physiological meaning! It is (juite possible to ri*- 
})resent tin* survivors of 100,000 persons born in liie same jear of life by a Fimriers 
seri(‘s from 0 to 100 years but one would hardly claim any spt'cial j)hysiological 
significanc(i for the individual p(‘nodic termsf. Such a series however is tar 
easier to deal with in later treatment, such as difien'iicing, than a series in ti tra- 
choric functions. 


For the numerical calculation of the tetraehoric functions the difirrenci* 
eijuat-ion of th(*s(* functions is invaluabh*, u\ 

where a; is the argument of thi* functions and 

1 6-2 


A- , , 

V6 


76 = 


v'i-l.v- l)‘ 


Tables of and 7„ are given in Tables for Htatisticians (p. 1 of introduclion) 
to five decimal plac(‘s for .v = 7 to s- 24 (tlu* first six tt'traehoric functi<»iis being 
given on pp. 42 — 51) and in Bionietrika, Vol. xiv. p. LSO to 7 decimal plaei's. 

For our work and 7« wen* required to 7 places (sometinu‘s to 8) to obtain 
the requisite acenraey. The proeialure consists in cahailating which is eipial to 

, directly to the reijuired degree* of accuracy and then by means of tin* tables 

v27r 

r(‘ft*rred to above the higher te'trachoric functions are obtained Jii rapid sueci'ssion 
on the machine for a giv(*n value of the argument In the te*sting of our te*tra- 
choric series seven-place accuracy was aiuiisl at so that it was necessary to caleiilaie 
Ti to eight places, which was done with the* help of Vegas ten-figure logarithms. 


* Forlaesnirnji'r vvt'r Almnidehfj Kjobunhavon, i8S9. 

t Jhnjal Soc. Proc, Vol. lvi. p. 271, and in many papers, Journal of IL Sioti:itical Society, 
Vorlesunyen liher die Gruudzuye dvr muthematmehen Stotistil' (Hamburg, 1920), p. 07. 

§ Ihometnkaf Vol. vi. p. OS, 1908, 

II Arne Fisher, Citsuallyi Actuarial and S^atihtical Society oj Ameriea, VroceedingSy Vol. iv. Part i. 
No. 9. 

f A noi-mal curve, for example, in quite adequately represented by two or three peiiodic terms; see 
Phil, Tram. Vol, clxxxvi A, p. 555, 1895. 
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(2) It is W(‘ll known that a wide range of frequency distributions can be 
adequately represented by one or other of the curves 






(") 

and 


-:r 

(b) 


By a change of origin arid the appropriate stretch or scpiet^ze thesf‘ may be 
nnluced to 

y = (a)] . 

1 , > (vu) bis, 

and y r-. y ^ ( | - (J,) ) 

% 

Now, g<‘iiorallj, it is not (h(‘ onliiiabes of theso rnrvos which are nxjuired bul 
the areas of c>‘ri.ain portions, or in iit.her wonls the probability integrals of these 
skew curves. The total range for (\ii) bis((r) is D to jc and for (6) is 0 to" ] ; since 


and 



e'^dx- r(p) 



’ ( 1 - . 1 )"' - ' dx 


- m,) 


We may take these probabdity integi.ds to be 


I T'* 

and B (r, ??/,, ???. ) = 

lMa/j,Wo)/o 

which are the ratios of the incoiiijilete to the coinjdete T- and B-functions 

The eipial ions on p, 158 show us that if idther of the frequency functions (vji) is 
expr(*ssiblc in a s<‘nes of letrachorii* functions their ])robability integrals (assuming 
(*onv(‘rgenee) wdl also be. Now th'*r<‘ is n«) doubt th it a large mass of material Joes 
not diffiT practieally from the forms in (\ii)and accordingly if the above probability 
integrals eaniioi lx* ade<juatcly exjnvssed in a senes of tetrachoric functions, we 
may be cc'rtain that tetraclionc functions do not furnish a suitable nu‘thod of 
representing vsk(*w freijuency. Aecordingly our problem n'ducos itself to the 
following one : (^in I (p, r) and B(/', nti, m.,), or the Tnroinph*te F- and B-functions, 
be represented with aclequatt* cornergency b^ a series of tetrachoric functions'^ 
After examination of the nuni(*ncal and grapliical results obtain(*d, we are obliged 
to conclude that the answer lo this question is iu the negativf*. 

(3) Let us first cohsuKt the exj)ansifui in tetrachoric functions of the function 

y =sr i e~ ^/r (p) ( viii ). 


li| expanding this expression there ar<‘ at least two nu'tliods, which w^e oughi 
o consider, and one may have a Wantages over the other as far as convergemey is 
Biometrika xiv 11 
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■cimcerned. It may be cxpindcd "with regard : (i) to the mean and th© standard 
deviation, or (ii) to the mode in the manner of Laplace*. 

(i) The mean of the function (viii) is easily found to be at the mode is 
at a; = p — 1 and th(' standard deviation is s/p. 

Referring to the tnean as origin the function becomes 

^ Tip) ' 


Let 


^ t 

= , , where and^s* r. 

^ ^ s/2v dz V; 


p 


.(X). 


Except for a nuuu'rical factor the right-hand side is a series of tetrachoric 
functions. ^ 

Lot D) = c„ — OjD H- c^IP ly -f .... 

The function <f) (— J)) has to he determined, i.o. we rt‘(|uir(* to find the sucoes- 
.si VO c's: 


(e 

w'Itt 




V27rJ 


-CoTi +c, V2’ Tj + CjVS! T,-f ... Tg +■ ... (xi). 

To d(‘tonniiio the c’s. With the oiigin at the moan the fimotioti // must he 
taken as zero from — oo to — p, while frmn — p to + x it is j>i\on by (i\). The 
c's will 1)0 obtained most easily by multiplying both sides of (x) b\ and eipiating 
the coefScionts of powers of 0 on both sides of 1h(‘ ecpiation, i e. we make all the 
moments of the two oxpr(‘ssion8 for the curve the same, for th(‘ coefticiimt of ^ on 
either side is the 5 th momcritf. Thus 

,1^ = (- D) rff ; 

but y = 0 from j- = — oc to - p. 


Accrtingly] rff. 


L (i>) 

Now a; = p + f iUid z = l^js/ p. 


Thus 


r e^- 

i« 1 


d.v 




e(«-yp.'i^(_7;)® tlz. 

\ 271* 


’/■ 


f — c/ar 


r(p) 

The left-hand side is equal to 

I ^ -«a e* 

r<7) 

r a!' 

■ {}-e)» 'V{p)(i- e) 

==e-p^{l - 0)-P. 

* Laplaoe'e method iu really an expansiou in incomplete normal moment functions but as wo have 
eeen (p. 15 H) these may bo replaced by totraehoric functions. 

t Wc owe this elegant method of determining the c^s to Mr H. E. Soper. Originally the c’s were 
determined by use of the fundamental property of the totraehoric functions but that method, while 
leading to the same result, is more laborious. 


Let a' (1 — f?) ~ It, 
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To find the value of the integral on the right-hand side, consider the term 
c, (- D)* in the fiinction if> (— I)). Its contribution to the integral is 

where ^B^p. 

On integrating by partw the term between limits vanishes owing to the factor 
e""**®. Hence the integral 


and ultimately 




dz 


V27r 

= c.^‘ ® dz 

Therefore the whole integral on the right is 

i.c. (1 - = V/j (f) ( \/pB) 

or V/> <}> ( ^p6) = (1 — 

and 0(V/>0) = Co + Ci(Vj(;^) + ... -f (\ -f ... 

= Co “f 4* Ca^ 4" 4” 4- .... 

where cV = c* (V pY or = c/ {*JpY\ 

Now e ( 1 — 

= />„ + -t 6(,d“ -1- 6,^’ + ^4^* + ... , 

where 

/>„ = ]. 64 = = 0, 64 = Jjt). 64 = Uk f>, = Ip, 6, = |/> -I- J (\pY = ,V /) ( /> r 3), etc. 

But = bg, therefore 

V c„ = , Cl' = c; = 0, c; - C4' = I V;», c/ = etc. 

so that Co~ I- , Ci = c« = 0, c, = 4“» Cj—J— , c, = l\,etc, 
vp P pvp 

For numerical purposes these coefficients an^ inm*h more us(»fully obtained jn 
the following way: 

TiCt (1 Byp = 60 4- biB + kB^ 4- . .. etc. 

Take the diffi'rential of the logarithms of both sides ; then 
. p -^pB 4* p/1 •*“ B) (pQ 4" hiB b<iB^ 4” ... 4“ bgB'* 4* . . . ) = 61 4- 4 * ... 4" * 4 - ...» 

i.e. p^(i„4*M4* ... 4-6,^4-...)^(l-<9)(6i4-26g04* ... ...) 


31 - 2 
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Equating coeffici<‘nts of 6'’ wo liavo 

“ (s + 1 ) 6»+i — sb) 
1 


i.e. 




.(xii). 


By this (liflorence fo'-niula sticcoaaivo 6’s can be found very quickly if i,, 6,, bu 
ari' known and we have already found these. 

Now = 

= (\^py * bj Vp) ' == kK^/py-^', 
or />, = ('/>)* 

iSubhIituting in (xii) 

( v';>)**-= (v+i ^ I ^ ;.s ^V/))'+' + p ( V^))* ' c»_.,j 

l-f 1 


_ 1 , I 

' (,+i| 

‘’■"■ieii)'*''-'"-' 





This forunila gives us very readily the* eoeffi(*i(‘]its of (i(— 7 >) and thus th(' 
expaiKsion is obtuiiK'd. 

We had, E<[uation (xi), 

!’(/)) v'^TT = + : T, + ... t c,\'(s f I)! T.,,+ ... , 


I 


and all the r s an^ known sinc(‘ ro ~ , ei = r. = 0 . 

yp 

To find the area under the curve (xi) ujj (o absci.^sa .i\ reuKMulHU'ing that tlu 
left-hand side is zero from f = — oo to — />, 

r e C jc 

1 !’(>) 

~ J (Con + '‘i ^^2 ! Tj + ... + r,., Vs ! T. + ...) 

/: 


i.e. 


Now 

therefore 


r r.- 


V 27 r 


y H 


V2 ! Tl ! Tq 




V2 


\/8 


V^*! 

v.<? 


: ^ ( J -p a,) [c*jTj + Ca V2 ! Ta -f ... 4 - \/(s - 1) ! T^. I + ...j since (v = • 
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Tht*relbre finally 

i„ 1’ (JB) = HI + «/) - «3T, - . . . - rt,T, - . . . 

(since c, = =^0) where u., = Vjt) c. Vs ! . 

1 ] 

Now - {^0^ + CV-.2} from equation (xiii), 

Vjj S -r 1 


.(xiv), 


].e. 


^ J- ^ _ L 

a/( 5 4*1)‘ Vjp(*>‘+l^)l V(5— 2)! 


th(‘reforo 




Vp(s + T) !sHs + l)a. + V(s+ l)(,v) (s- !)«,_, 


when 


-p_ 


p\s+ fj + (xv). 

f/o=l, = = (». 

The argument of ^ ( I -h «) and of tlu‘ tetrachoric functions is which equals 
say. 

\p 

Sine(‘ tli(‘ terms r, and do not appear one might hope' that only a few terms 
<»t the expansion (xiv) would be rc'quired to obtain a sufficiently accurate result. 

\ (1 +0f;r) is the ordinary probability integral at 

Noti' that if is b‘ss than p. i.c. z is negative, (1 — 0.) must be used instead 
of J (1 +0;) ami the tetraehorie functions of e\en order must bt' taken of opposite 
sign to those for positive such as are given in the tables. The odd order functions 
art* the same for [lositive and n(*gative z: 

T.j, (-?) = - T.,, (- r), (-) == n ( - 

Obviously we could gel 1h<' area of any portion of the cuive bctwecui .r=^.r, and 
,i = ,r, by subtracting two expressions likt (xiv) lor 2^, and z.2. 

. e~^ . 

The general exjirossion for ^^{p) 

I J V4’ 1 \/5! 

' ,r, ==" / Ti+ T4-I- , r T- 

I (7O Vp 


p ^ p Vp 4 


1 V b ! I v^7 ! /p -f 3\ 

p* 5 jr Vy> d \ ‘^ / 


•f 


lVs!(7p+12) 1 V9!(47p4-G0l 

p^ 7 I 1 2 I ** pa 8 I GO i 
1 Vjo: f/>“ 19 , 1 V11 : f 5 

[i^ + 2i)P+Or..^ -- i 


P* 9 
1 Vl2! (341 


153 


} 10 (36 ^'■*'140 


P+ l| T„ 


+ - 


p 11 (1440 


341 


1 VI 3: 


p^s^p 12 (162^1440 


]/ , 493 „ 8349 ,, 

4* 1 4 ;« rw P* “h 2520 P ^ 1" 4* • * > 
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rne 1 

/„ -f(7r = + «')-;/ . 


1 Vil 1 V5! 

/ - /-Z 


3\4 ‘ Pi\/5 


'i _ Vo ! _] VtIZ/^ + Sx _ . ^ ^ /'7jP+ 12\ 

VO^” !>'■() V7V / * iJ“Vp7V8\ 12 ) 
1 ViM (47/) + 60) _ 1 ^lOl if 10 ) 

>’8Vot~ 00 T" /,^V/,9Vloll«'^20^''’^r* 


1 Vll! jf) .158 . ,) 1 VI2! (341 ,341 

F IOa/11 IoO^''"^ 140^’ *1 Ji Vj2 {i440P 

1 VlJl! f /)’ 403 , 3349 ,) 

P" 12 ViH U62'^1440^^“^2520^'*’^r'* ”■ 

, ,, , , -HKH.OGSS 1-2247,4487 

= i(l + a?) 7- — T,- - T4 

V/) V 

2-1008,0023 1-4007,1198 

- T.- ’ (/» + 3)t„ 

pyp P 

-8451 ,5425 , „ , -41 83.3001 , , ^ 

’ (7/)+12)t.- ’ (47/) + 00)t, 

/)“ V p p 

-3718,4890,,,, „ ,,, •ir>lJ,3-'570,,_. , , 

- — (10/)“+ I71/) + 180)t„- (175/)-’+ 1377/) + 1200) Tjo 

/)' V p P 

_ -0509,8W3 (2387/)=+ 12270/) + 10080) t„ 
p* V/) 

- - (r>6()/r + rU05<V>^ + 1 20504;) -f 90720) r.o - . . . . 

(ii) Laplarian Form of Fv^xinsion, 

This is au expulsion with n'ganl to the mode or maximum ordinate as origin. 

g-a. 

The mode of ^ is at •==(/>— 1), so that it will he easier to deal with ?/ 

in the forqi 

'^°r(/)'-n)’ 

where j[)'= — 1). 

• Let a —/?' + i.e. take the mode as origin. Thtm as before we require to find 
<f) (— D) so that 

(/)'+_f)" e 


where D= f and f ,, 
(iz yp 


!’(/)' + !) ' \/2nrp' 


The introduction of '^p in the denominator simplifies the integration a little. 



James Henderson 


l«7 


Proceeding as before ; 


-pB ^ g-ia'* 

( 1 vs 




- r* p6sjp£^\z^ 


-OD ^27 


=== <l> {6 Vp') ^ I 

J V27r 

= (d Vp')e^^; 

<}> {d-Jp ) - «-/''»-*»'«“( I - (9) (A- -I ■' (xvii). 

” Co ■“ Cj/) ^ c^JJ^ + . . + 1 9" . . , 

<^(d V^>') = C„ + C,(dV/) + Ca(dVj;)’+ ... +f,(^V;)>+ .. 

== C(> ■+ Cl 6 •+• Ca d*"* 4" • • . + + . , , 

<','=^c,(\/py or Co=c,'('>rS 
_ 0)~i.}n l) - g-p’il-ip»-~{p +l)loic(l-») 

= e^(4«-/2±iv,<p^iv, 

= c„ + c,'^+ ro'^+ .... 

Co = 1 , C,' = 1 , c/ = 1 , c!=l + P' + \ J = 3 , 


therefore 
Now if 


whore : 


find generally by ditforentiating 


o/ = c,-i 4 - tVs, 


,(V^')*= c,_,(Ny)*-* 4-^ Co_,(V/)')*--'; 


^ U-l 4 * “• Cj ,>_8 

s 


.(xviii), 


where 

Therefore 


{r/+^ye-<-f 

ro> + 0 


1 1 1 

Co = J , Cj « - , Cu — , . 

Vp' P 


- = (cp — CijD 4- Cji> — ... (— lycgD^— ... 


\f2irp' 


= [coTi 4- ^2 ! CiT. 4- Vs ! c«T., 4 “ . . . 4 - \\s 4 * 1 ) ! CgT^^i 4 

Np 
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To find tho area u{) to abscissa x wo have 

= J* (c‘.iTi + V2:c,t.j+ ... + V(«+ 1 )!c,t,+i + ...] dz 
= J (1 +«..) — Cl T| - V2 ! c.,Ta- V;} IcgTs— ... — Vs ! c,T,— ... as r„= 1, 


i.e, 


Jo r(;>~ 


d® = J (1 + Ha) - «,'t, - (Is'Ts - «/t8 - ... - «/t* - . . . , 


or(/>' + i)' 

where a/=c. Vs'. 

Substituting in (.xviii) to obtain the difference e(|uation for the a'’fi we have 
«' 1 


_ “'"-L + ^ "'-1 

Vsl VJ/ (V(s - 1) ! s \Ts - 3) ll ’ 


therefore 

and 


1 1 

/p 


jso V 1 t- V(s - J ) (s - 2) 


.(xix), 


</() — 1, — "TT > ' 

V;)' 


By thin forumlu the a’h an' readily obtained niunerieally. It is to bi' notc'd 
that in this c*as(‘ the terms in and r., do not vanish, as lliey did iii the (‘Xjiansion 

from Un mean. Th(‘ argument of 1(1 -f a^) and of the t(*trachorie functions is ~ 


and the n'lnarks with regard to sign made above' must be again observefl. 
Coefficients in the expansion from th(‘ modi*: 


V// ’ 


, 1 f 1 ,^V2! 

((q 1 , (tj '"/ / * * 

Vp’ p 


, V:{! W/ + 3; , V4!(7n'+12) , V.i ! (47// + 

3 >■ "•■/el ,2 }■ m 


47// + ()()[ 


p-\p 


, V(5! (//■■= li) , , V7'! {T) „ l.')8 , ,] 

- //• |1H 20^' ■*' j ’ “y. J4() ’ 

, VS!j34I ..,,341 , \ , '!>!]//', 493 „ 3.349 , J 

//^ {l 44 ()^^ "“=./.V//{l(i 2 + 1440 ^'" + 2 . 52 ()?^ + n' 




1)(5~2) , 


We note that the coefficients of powers of 6 in the functions 

0‘ ^ 

and = 

(in the expansion from the mode we had // for p in are closely related. 
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Then if c„ is the coefficient of in (f> (0) ami c,/ is the coefficient of 0" in (0), 


V > 


(4) In the last expansion it might seem possible to get rid of the terms in 
T] and T., by breaking away from Laplace and expanding with regard to in- 
stead of ; then choose q to give us the desired result. In Laplace’s form of 

the modal expaiiflion the ex[)onential term is e where u^logy and 

\dwyn 


moans the value of ^ at the mode. 

d.r 


Now 


?/== 




thcuvfon* 


r (/ + !)’ 

it = log, y « p' log^ x-x- log, r {p +1), 
du _ p' 
da. " r 
d^u _ p' 
da'^ .r** * 

/d^u\ _ ^ 


Vd,r-7, 


Motif 


P 


P 


If 


!t‘‘ e~ 


= <#>(- 


d 

/>) , wh«‘re and ,e : 


Vo 


, W(‘ have to find so 


ru/4*!)^ ' V^TT./ 

that eith(T th(‘ t, or te!*ni or lioth will vanish. 

Hy proceeding as befon* equation (xvii) bt‘Comes 

(f) (0 \^q ) = ( 1 - <9) +1) 

= O' J> loK ll-ffl ^ 

'rii(‘ term in r.j will vanish if q-p'^1 which is the s(juare of the standard- 
de\iation from the mean, but Tj will still la* left. Howevei-, it does not setmi 
likely that any advantag(‘ will be gained by departing from Laplace s form of the 
expommtia! term. 

Having found the two (expansions from the m(*an and the mode respectively we 
shall now prtKH^ed to t‘xamine the behaviour of the series by numerical calculation, 
but before doing so we shall (‘ndeavour to find a similar series for the Incomplete 
H-furu'tion. 

(5) To expand ^ . dx in terms of t.etrachoric functions about 

^ Jo B(P, ^7) 

the mt*an. 

The mean is at + 

•^PQ 

(p + q)^p + q + 1 

Take origin at the mean ; then x « p/{p + 9 ) + Let 

i))?" (-)• 


The standard deviation is 


B0>. 9 ) 

D = 




d 

dy' 


1/ =* — , 
^ a 


where 
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As in the case of the Incomplete P-function multiply each side by and inte- 
grate. The limits of the integral on the left-hand side will be « 0 and = 1, as 
we take the value of the integral outside these limiis to be zero. 

The f limits will therefore be for and q/ip^q) for 

Then 

J -p/p^g ^\P>9) J-oo v2w 

Jo ^(p.Q) J— v' 29 r 

and g-*p/p+9 I — v — d.T=^ <f> {0<r) \ di/ 

Jo B (/>.</) ^ J-® V 27 r 


= <f>(0(r)J 




= (f>(da)e^*^^ (xxi). 


ri (1 « 

' n/ \ 

0 B (p, 

Jo B(j), a) 


l+0ii + -2j+ + ...+• rfx 


_B0), ^ B(;7 + 2,9) , f B(ji7 + s^9) 

B(p,g)'^ B(p,r/) 2' }i(/>,f/) “■ si B(p,(/) 

R B(j>4-s, g )_ _ p(jt7-hl) ...(j» + S -l) 

" 'B(p.(j) (p + </j(p + fj-tl)...(p + </ + s-l)' 

therefore | . da! = I + & Hoi/ “ rT\ 

Jo B(p,q) p + q 2! (/) + g)(jt> + y + l) 


From equation (xxi) 


. . _ pSp± • • • (i? + ? r J) + 


♦ W.)=eW*^)i+e ^ +f 
^ I P + q 2!(p + 7)(p + (/ 


^ p(p + l)...(p + £-l) _ . 1 

■^•••■^s!(p + </)(p + 7y + l)...(p + 7 + «-l) ■*■•••) ^ 

Let «f>(—J))==a„~ UiD + O"-^ —...(— 1)' «,!)“ + . . . , 

0 (^<r) = Oj + a, {0(t) + tij + Wj (^o-)* (0<rX + . . . 

^ C() H“ Ci^ “1“ . “I" Cji^ "t" . . * , 

where c, = 

By equating coefficients of powers of 0 in equation (xxii) the coefficients in 
^ {0ff) can be obtained in terms of p and q, for 


(p + ?)*(i> + ? + l)‘ 
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Obviously 

Co* 1, 

c, * - p/(p + q) +p/(p + g) * 0, 




1 P^ 

2!(p + g)‘ 


n 


2 lp + ?j 

= M 

2 \p + q 


2 (p + g)”(p + 3 + l) 
p + 1 p 




P(P + 1) 


21 (p + 9)(p + g + l) 


(p + g + 1) p + g 

I 7 

l(P + 9)(P + ? + l) 


(p + g)(p + g + l)j 
9 

(p + g)(p 


+ g + l)} 


P* 

(!) + ?)» 


Similarly the other c*8 can be determined but the work becomes more and more 
laborious as we go on. 

Unfortunately, as far as the numerical work is concerned, we have failed after 
many attemjits to find a relation connecting successive c*s, similar to that found 
in the case of the Incomplete r-function. At first it was thought that the 
following treatment would facilitate the numerical calculation of these coefficients. 

jfB 

Let e~ f +9 * b„+%t0 + b,0‘+...+ b,6' +. . 


then —Piip + J(T*^ = lug^ + 4- ...}. 

Differentiate this and then equate coefficients of powers of 0: 

{h -h 6,^ 4- 4- ... 4* 6,^ -f . ••)(-? lip + ^ - cr®^) 

« hi 4 * 2bi0 4 - 4 * . . . 4 - . . . . 

Equate coefficients of : 

sb, = - p/{p 4 y) - <7® ; 

therefore = - I ^ (xxiii). 

This formula enables us to calculate the 6 'h verj^ rapidly on the machine when 
p/iP + determined. 

From equation (xxii) 

Co 4" (^10 4* (*20^ 4" ... 4 (\0’' 4 . . . ~ (bd 4 bi0 4 4 . • .) 

i+p p_ +f p(p+i) + + ] 

p + g 2! (p + g)(p + g + l)^ 

Equate coefficients of O'- 

} P(p4-X ) ...(p + a- l) 

" *s'(p + gHp + g + l)--(p + g + s-l) 

. _ I p(p + l)...(p + « -2) 1 p 

'(s-l)!(p + g)(p + g + l>(p + g + s-2)'^ " ‘’llp + g"^ ” 

: . r ^ i b * p( p + l).. (p-t-8-r-l) 

“ .-0 (p + g)(p-tg + l)...(p + g+s-r-l) 



l'?2 On Expinimons in Tetrachoric FumtionH 

The 6 s, having been calculated previously by (xxiii), this last formula gives a 
fairly rapid way of calculating the c s, at least the earlier c’s. Then 

• (6‘-r)! (p-f^)(p + g + l) ... (;> + 9 + 5 -r- 1) ^ “ )*-*(^xiv). 

What we require generally is the area represented by f ci:r: 

Jo 


‘‘>'^'0 7 . »■)»■* 

B (V- 7 ) 


f e-*»' 

r, e-i)'* 

rV2^' 

-0,2) ■ 
V27r 

e-S*^ , 


/o' ’ 

v29r 

-a-i 

v2'7r. 




+ <( j jD 


1* 


... + a, (-l)''i>- 


V2.rJ.’- 

= i(l + a)-ai Vl ! Ti -aiV2 : Tj- f(j V 3 ! T,*- . -a, V,7! t, - ... («„=1) 

= ^ ( 1 + a) — «/t, — (tjVa — « ,'t, — ... — «/t, — . .. , 
where rt/ = ({.v'.s'- 

Then = i 6,, ’ /» (/^ + 1) •■•(/> + «->•- 1) . 

Now Cl and Co are eijiial to zero, so that a/, aj are zero. Thus there are no 
terms jn r, and r^. The argumejit of the tetnxcliorr* functions and of | (1 + a) us //, 

which is equal to ^ On applying the above formula for o/, wewiTe 

greatly disappointed to find, that with tin* /fs to 8 d(‘ciinal pla(*(*s th(‘ ex})n*ssion 
under th(‘ summation sign in the examples used commenced with 4 or 5 zeros 

after the decimal point. As and both increjise with s being in our 


case ^ f j accuracy to the S('vcnth place in our could not be obtained. Accord- 
ingly the formula actually used was of a diffenmt type. 

BO), q) I ' ' 

where the argument of the tetrachoric function is again ^ = ■*" 7) 

Multiply both sides by t„ weighting by the factor and integrate from 
— 00 to + 00 , the left-hand si<le being taken as zero outside /c = 0 and ir = 1 . 

/■9//H» /"* ® 

- B (f, 5) 


Then 
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Since J t,t,- 6*^*/'’ df = 0 only the term in t,* will be left on the right-hand 
Hide, i.e. 

J ^ T, S c,T„ df = c, J* df. 

^I<r-ij, d^=<rdy, 

{ntp H n — * r 

lUoi T,e 4 i^/<^“df = cJ T,»el^Vdy 

D{p,q) * 


Putting 
we have 


c.o- 
s V27r 


s V' 27 r /•> ( I - .f W -• i (i' , 

i.e. c\ = - /' T, e ' " ' dj’ 

Ju »(;>, 7) 


_ « Vii'^ 1 n (/,c — pj{ p -j- 7 )Y~‘ _ (.' (d — 2) —pl(2> + 7)^“'' 

^6' I V27r it) (V 


\ 6 ‘ 


)y-i ^ (.«. •^) (i#j- 2) I'a* ~i)/(p 4 - 7 )y 

(s- 1 )(.S'— 2 )(s-;I)(a- 4 ) /-(•— p/(;)-J- 7 )Y'’ |a' 2 '-'(l ~j)i-' 

2=.2; I a i -I BO, ,7) 

= ■' 1 ~ 

<r\Av:Mv o- i “ 2.1! \ <r ) 

(5 - ] ) (.V - 2) (.9 - M) (s - 4) - pl{p + (j)J~’' _ I .rP~' ( 1 - J’)’"' 


2 -’. 2 : 


11 7 ) 


(xxvi). 

The int-egral for any pariuMilar value of ,9 reduces to a siTios of B-functions and 
HO r IS found. 


1 e. 


Tin* Hr(*a up to abscissa ,f is giuierally reipiired : 

' *1! ~ 

Jo B ( p, q) 


But 


Now 


••• r 

.'0 


•> j’’ ' (I - 


B (jo. 7 .> 


V’ 

.'(1 n(/,, 7 ) 

/•' - a')'/-’ (f ^ 

1 . ii(,,.,) 

ri/ 

~<r S{c,r,)dy. 

J -at I 

J — 00 V .S’ 

r-^cr [ c, T, d// - cr Ica }■ Tj 

I. V2 






/•» e- 4 »- , 


a^Tj- ... -a,T,- .. 


where 0,-eni 


Vs-t-l 


, - ae, I (1 -f a)-aiT, -ajTs — UsT., - .... 



On Expamhiis in Tetrachoric Futwiiom 


If we put s= 1, s = 2, « =■ 3 in the above formula (xxvi) for c,. 


c,--, 


’^V2 ! B J,,?) '“'B+l. «)-p/(j>+?)B(p, ,)1 

'■ ■ ■;78 C [i ^ B (* ^ 

= Fn.— J + ^-B0) + l,fy) 

a«V6 LB(/>. !/)J L 1» + ? 

= I _/)(p + l) + W _] 

«r*v'6 l(jo + V>(jJ + 9 + l) (p + qf {p + qf (/J+?)'’0) + </+ 1)) 


as obtained before by the othei methml. 

The terms in Ti and r.^ do not exist, so that the expansion becf)nK^s : 

J„- Q{p:q) = 

where a.= — _%.c,h 
v« + 1 

a (s+e r U'^-pliP+q)']’ s(s-l) fx-pl(p+ <{)' 


(^+e ^n\(. 

Vs + j‘V(» + l)! Jo\\ 


-1) ^Jr-pl{p+q)y 


«(«-]) (s - 2) (s-3) fx-p \p + q) (1 -g-)'!' ' . 


1 n (/X- pKp + q)\’ s (s - 1 ) /a, - p/{p 4 9) 


=---[* ir 

Vs ! Jo i\ 


^x -pjj 
)\' s(s — 1 

/ “ 2.r: 

-3) ^x-p/ 


B(p,q) 


s (s - I ) (.9 - 2) (s - 3 ) /X - p/(p + 7 A*-* ) (I - x)v ' , 

+ 2«.2l “ [ a- ) 

(xxvii). 

The argument for the tetrachoric functions and for ^ (1 + a) is ^ “t jf 

this is negative then we must take | (1 - a). 

From the above expression (xxvii) the coefficients of the expansion can be 
determined both algcbraiciilly and numerically, but for the higher coefficients the 
algebraic work becomes excec*dingly heavy. It is to be remembered that 


(p + </)*(p + f/4- 1) 
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Suppose (i> + o) = w ; then < t ‘ = -r-. . 

The coefficients a 2 > etc. are given below ; 


ai 5= 0, Oa = 0, aj 


a = -31 fm*(m 

‘ \/4 ! ' + 2) (7tt + 3) ( pq 


1 g, /m+l(wf-2p) 

/3! P9 («+2)’ 


fl=J 4t + _(TO^2p) + . 12)1 

“ V5! ^ py (»« + 2)(7 m + 3)(w + 4) ( pq ^ ]’ 

~ Ve ' ("' + 2) (»i + 3)(»i + 4)(»« + 5) I p'‘(f 

+ 32hi - 6(t) - J (2w/ -41m» - 154/»t - ]20)| , 

^ _ 1 g , /m + 1 (m - 2p) 

^''7 I V pq (?»+ 2) (wiH- 3)(ni + 4)(»>i. + 5) (nt + 6) 

M VV ” ^ 127 >y + l •",) (,« -20) 

- A {7'"' - 59w= - 342m - 3«0( ■ , 



^ Vs ! 2) (7/1 + 3)(m + 4)(?/t + 5) (wi + ())(m + 7) 

+ 251 «i’ f- 1503wP + S»!)74»t f 10920} 

+ {1271m*- 16<)77«*- 44512m“ - 104364m - 65520] I . 


All additional coefficient a» was calculated for one of our examples, but it was not 
consid(‘red worth while working it out algebraically. 

The coefficients in the totrachoric expansion obtained by this latter method, 
that is, by using the property of tetrachoric functions as semi-orthogonal functions, 
are identical with those obtained from the first method, which consisted in equating 
moments of the functions on both sides of tht' eejuation. Thus we are led to the 
same exjjiinsion in both cases. 

(0) The nmnerical results are certainly interesting but from the utility point of 
view they are not very satisfactoiy. Tables I — VIII contain these results in -a 
convenient form ; the values of the coefficients a* and a/, the tetrachoric functions, 
thesuccessivi terms (- a^Tg and -a/r,) and the values of the series up to the term 
containing t« an' giv('n. It is to bi' noted that the coefficients do not appear in 
Tables II and IV but as these are the same as in Tables I and III respectively it 
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was not necessary to repeat them. In all th(*st‘ tables, in the row .5 = 0 we have 
placed 1(1 - a) in the column containing the tetrachoric functions and it is only 
necessary to draw atttuition to the fact that in the next column the negative sign 
in does not apply to th(' first term J (I — a). The tables will then bo easily 

TABLE I. 



f 

2^ 4 X 





//.T* 

0 = - 2-8 * 



1 

0 r(49) 





Totrachorio 

Terms in 

Value ol Senes 



Functions 

Series 

up to term r* 

0 , 

1*00000()0() 

+ -0025551 

1 -00255.51 

1 •(K)2r)5,51 

1 1 

()*0000()000 

4 -0079154,5 



2 

0*0000(XKK> 

-•01.567180 

_ 


3 ' 

0-11664237 

1 -02210325 

1 - '0025782 

•(XMK)231 

4 

0-02499479 

- -02189644 

I •(Xj05473 

•0005242 

h 

0-00638743 

f -01259137 

, - -fXXK)804 

, •(X)0*4438 

C 

0-032-28,531 

+ -(K) 1,59776 

1 -•<XHX)r)16 

•(KX)3922 

7 

0-01785148 

- -01140,536 

1 t •0(XJ2036 

•(MX)5958 

8 

i 0-00840223 

-f •010(K)967 

- •()(X)0841 

•(KX)r)J 17 

9 

1 0-01470.566 

i *00006659 

- (KXXKUO 

1 •(XX)5107 

10 

0-01282194 

- -00849985 

f -(XKIIOIK) 

•(KM ’6 197 

11 

0-00895618 

1 *00711870 

-- -(XXlOHas 

' •(XH)5r>60 

12 

0-01042333 

+ ‘00164419 

-•(KM)0171 

< •(XX)538S 

13 

0-01079260 

- -0075 4632 

1- -(MKMISI 4 

•0006203 

14 

0*(K)962776 

-00418464 

- -(Mxx^oa 

•00058(X) 

15 

0-01015854 

j (X)374438 

- -(XXM)380 

‘(MX)5419 

16 

0-01102777 

- -00610271 

. + -(xxxiTcx; 

()0()(>12r) 

17 

1 0-01128126 

f -00094254 

1 --(XXXJIOO 

‘fXK)60l9 

18 

O-OJ 209893 

h -00523425 

1 ~-(xxMX);j3 

•(K)05386 

19 

1 0-0134,5971 

- -00422873 

‘ -j -(XKxrjGO 

•(X)059r)r> 

20 

1 0-01 48a350 

- -00218.561 

( j 'O(H)0.32! 

-(XK)(i279 

21 

' 0-()lG6<X)82 

* H •(K)525599 

- •(XXX)873 

•(HM)r>107 

22 

0-01901932 

- -00] 10396 

J } -(XlOOilO 

•(X)05617 

23 1 

0-02196131 

- -(K) 126227 

1 •(XX)093(> 

•(KX)(;553 

24 

0-02561864 

J <K);U698l 

- •(MXX)889 

•(KK)56(>4 

25 

0-03033429 

I- •(X)205905 

- •(XXKX;25 

•(XK)5039 

26 

()-0.3631783 

- (K)439701 

1 (XX) 1.597 

•fXM)663i; 

27 

0-04391748 

4 iKX) 42653 

~ •O0(X)187 

'0(XX)449 

28 

0-053711 IJ 

+ -(K>393217 

<X)02112 

■(XX) 1337 

29 

0-06638572 

- •(XJ2 44866 

1 •0<X)1626 

•(X)059f>3 

30 

0 -08285325 

- •(XJ2 48099 

- •(XX)20r)6 

•(XX)8018 


True value ’(nXiDSnO. 

understood, but, in order that a belter appreciation of (ho results may be obtained, 
the value of thi* series up to a certain lerm has been plotted against the number 
of that term. A line, drawn across (he {laper and corresponding to the true value 
of the integral, shows how much the value of the series is in excess or defect of the 
true value of the integral. The various iioints have been joined by continuous 
wavy lines but, of course, the,se lines have no real physical moaning. However, by 
joining the iHiints, the gi-aph will, we think, convey a better idea of the variation 
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of th(* values of the scri('s than a set of isolated points woulch Figures 1 — 7 corre- 
spond to the data given in Tables I —VII. 


Now in the Ciise of the Inconiplett' r-function we obttiinod two < expansion s, with 
respect to the mean and the tnode respectively, and th(' graphs t(3ll us whi(*h of 
these two giv<3s us the better approximation. Figs. 1 and 3 (Tables T and III) 


show the variations in the values of the scries 


•JiOi 

0 r(49) 


(ir frotii thc‘ mean 


and the inode r(*spoctiveIy, while Figs, 2 and 4 give us similar information for 
lu r(4{))‘'‘'’ 
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Fig. 2. 

It will be seen that in Fig. 1 the points are iniU3h closer to the ‘true valiu^ ’ 
line than in Fig. 3 (and similarly in Fig. 2 th(y an' clost'r than in Fig. 4) so that 
the expansion from the mean .seems to give a b('tter approxim.ition than that 
from the mode and It has the additional advantage* that the* terms in Ti and r. are 
missing. Besnles, it seems more natural to expand these normal curve functions in 
terms of tlu' mean and standard deviation. For comparison purpose's the graphs an' 
all on the same scale. The graphs for th<' mode and the mean beliavi' in a very 
Biomotrika xiv . 12 





178 On, ExpanAwm in Tetrachorie Funcfiomt 


TABLE 11. 1 


Tetrsohorio 

Terms in the 

Value of Series 

« 

Functions r„ 

Series 

up to term r. 

0 

+ 1686563 

4- -1586553 

j *1586553 

1 

f •21197074 

-OOOOOtK) 

1 — 

2 

-•17109916 

•0000000 

— 

3 

•(XKXXXKX) 

•0000000 

— 

4 

+ -09878417 

- -0024691 

*1561862 

5 

- -04417762 

+ -0002822 

•1564684 

6 

•064106:12 

, i- -0017468 

*1582152 

7 

4 *05453404 

- •0(K)9735 

f -1572417 

« 

f ()241(X)ft7 

- *0(X)2025 

•1570392 

9 

- -05302190 

+ -0007797 

•1578189 

10 

1 - -00355664 

1 4- -0000456 

*1578645 1 

11 

1- -04657133 1 

-•0004172 

•1574474 

12 

- -01034833 1 

i -0001079 

*1575553 , 

13 

- *0381 1548 > 

4 -0004117 

*1579669 

14 

4- -01939964 

~ -1001868 

•1577802 * 

15 

1 f -02921077 

- *0002967 

•1574834 

16 

-•02483411 

+ -0002739 

•1577573 

17 

- -02054429 

f -0002318 

•1579891 

18 

f -02755708 i 

1 - -0003334 

•1576556 

19 

1 -01256341 

- -(HK)1691 

•1574865 

20 

- 02825493 ' 

' 4- -0004191 

•1579057 

21 

- 00548187 1 

1 4- *0000910 

•1579967 1 

22 

h *02745951 

- -0005223 

•1571744 

23 

- -00060803 

4>-(KK)0134 

-1574878 1 

24 

- 02558818 

4 <XK)6555 

•1581433 

25 

( -00568862 

-•0001726 

•1579707 1 

26 

4- -02297227 

- 0008313 

-1571364 1 

27 I 

- -00978859 

4- -0004299 

1575663 

2ft 1 

- -01987296 , 

1 -0010671 

•1586337 

29 

{ -01296514 ' 

‘0(X»8607 

•1577730 1 

30 , 

F -01649808 

- •(X)13669 

•1 56406 J 1 


True \aluo -1577387. 



NUMBER OF TERMS 
Pig. 8. 


s/p " 7 
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similar manner ; for, if we regard the graphs as a wave, it will be noticed that at 
first the amplitude of the wav(^ is big, decreases gradually up to a term in the 
neighbourhood of and thereafter increases more and more rapidly. This can be 
explained fairly easily ; as s increases the tetrachoric functions do not increase or 
decrease steadily but vary in sign and remain of the same order of magnitude. The 
coefficients a, vary in much the same way (except that they are all positive) up to 
a certain point and then begin to increase very fast. In equation (xv) wc had 

tf.+i == ^ ^ 4- - 1 ) 

'h 

i.e, a#4., 18 of order /y/ [a# -f ^o that as s increases there comes a time whei 


overcomes the reducing i'ftect of = and then the eoeffieumts will eontmuall 

V/> 



Fig. 4. 

increase. For higher values of p this turning point will not be arri\ed at so siMin 
and the points will hang closer to the ‘true value' line fu' a greater number of 
terms, but it doivs not seem likely that the values of the series will tend to a definite 
limit. The equation for the modal expansion coefficients is a similai one and these 
coefficients behaxe in the s^uhe xxay. 

Turning our attention to the expansions from the mean, Fig. 1 (and Fig. H to 
a less extent) would seem to suggest that the tetrachoric series gives quite a good 
approximation to the value of the iiitegml. Although some of the points are very 

12—2 
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On Expansions in Tetraehork Functions 


TABLE III. 



r(4i)) 


(iv. 


^==-2•G8467H8^ 




Totraohorio 

TerniH in 

Value of Series 


Fuurtioiis 

Series 

up to term 

0 

lIMKKMKXX) 

4 00.36296 

r -(K).36200 

*(X)36296 

J 

0 11433757 

1 *01085979 

- *001.5675 

■fX)206-21 

2 

0*029 46278 

-•02061573 

+ *0006074 

-(x)2Geo.-i 

3 

()-12.')21(i83 

f *02752089 

- *00.34461 

- *(XX)776G 

4 

0*(X>1 66251 

- •02.'»03!J88 

+ -(X)1.M40 

*(XX)7675 

5 

(»-()26‘18!).>7 

( •(»! 18010.3 

- •()(K)3073 

-tK,X)4«()l 

6 

0*0 42.36.301 

4 *00557065 

- -(t00236() 

*0002241 

7 

0*03460284 

- -01400370 

i •(KK)5053 

-000720.') 

« 

0*02288715 

4 *00939504 

- -fxioaifx) 

•0(X)5144 

0 

0-0251 ti-28.5 

+ *00363988 

--0fXX)01(i 

•fXX14220 

10 

0*02488684 

-•01101274 

1 •(KX>2741 

-CHKIOOGO 

11 

0-021 30289 

4 *00579095 

- •(XK)12.37 

-(XX).5732 

u 

0*021 67770 

t 0<K500737 

-•(KMU105 

-(XH)4(i27 

13 

0*02272772 

- *00713119 

f *0001621 

•(XX)6249 

1 1 

0*02256727 

f •(XK).58475 

- •(XMK)1,32 

•(XXX;il7 

15 

0*02.351 439 

*00599464 

- *(KX)1410 

•0(H) 1707 

16 

0*02546065 

-•rX) 4.55 186 

1- *fX >01158 

*0005865 

17 

0*0273JK)91 

-•(X)2 18832 

, •00(X>682 

*(X>06547 

18 

0 029967<H) 

j *(X)573797 

-•(X >01 720 

•(XX)4827 

10 

0*03,360181 

-•(H)121666 

f *0(KX)419 

*('KX)5246 

20 

0 0.3803862 

- *(X)454994 

i *0(K>173] 

'(XXK1977 

21 

0*04355963 

{- -CH >382135 

-*(X)01665 

*0(X)5.312 

22 

0*05068120 

+ -0(1204641 

- (XX)1037 

*(XX>4275 

23 

0 05968962 

-•(X) 171.305 

, *(XX)2S13 

*(XK)7089 

24 

0*07107603 

H •(HX)66657 

- •0(XH)474 

*(XKM)6I5 

25 

0 *0^566^.37 

4- -0(^>406751 

- •(XK3.3485 i 

1 •rX)03130 

26 

0*10443752 

•(X)276906 

f *(KH)2892 ! 

•(XX)6022 

27 

1 0*12866.399 

- •(K>240728 

1 •(xx>:Kn)7 1 

*(XX)91I9 

28 

0*16018283 

1- *00383980 

- •(XX>6151 

•(HX)2969 

29 

0*201 47298 

f *00036667 

- •(XXX)739 ' 

•(XX)22.30 

30 

0*25589543 

- *(M>382481 

4 *0009788 

•(K)I2017 ' 


True Aciluo -OlK^WfiO. 


near to the ‘tnie value' line, th(» approximation is not n^ally a good one. The 
important qu(‘ation for us is: To how many decimal plaec^s does the series give the 
result correct ^ On going through th(* tables it will be found that there is no value 
of the series up to the ^th t(‘rm giving the result correct to more than three or four 
places. We now come to the real trouble. Suppose a frocpiency function is expanded 
in tetrachoric series, how are we to knoiv at what ten^i to stop so as to obtain thi* 
most accurate result ^ If the value of an integral is required, the true value is 
wanted. In our work we chose integrals of which the value was already known. 
From Figs. I — 4 it is easily seen that we hav(^ as goo(i an approximation at the 
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-2-08467SR. 
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TABLE IV. r . 

t ...dir. «=-- 86 G 0264 * 


Jo 




Tetraehoric 

I’erras in 

Value of Series 

it 

Functions t, 

Series -a/r, 

up to term t<, 

0 

•1932381 

•1032381 

•1932381 

1 

f 2741 8875 

- -0395757 

•1536624 

2 

-‘16790564 

f •(1049470 

•1586093 

:i 

-•02798427 

f -0035041 

•1621134 

4 

f 10905792 

- •1X167248 

•1553886 

5 

•02346554 

1 1- -0006216 

•1560102 

0 

- *07131833 

f •0030225 

•1590328 

7 

1 •04145828 

-•0014346 

•1575*182 

8 

1 *04451198 

1 --0010188 

•1565794 

J) 

- -01705083 

f •0011839 

•1577634 

10 

- *02465039 

1 } •(KK16135 

•1583768 

II 

1 04681171 

-•OOlOOiX) 

•1573768 

12 

-f*(K>9752l8 

-•(KX)21U 

*1571654 

Ui 

- 04,356976 

-f -(XKXlOOi 

•1581550 


f ‘001 40962 

- ‘0000318 

•1581238 

IT) ' 

f *03877058 

-‘(K)()9117 

•1572122 

Ifi 

•(K)966795 

1 •(XX)2462 

•1574583 

17 

- *03323150 

j •(XX)9102 

•1583686 

18 

1 *01562623 

*(XX)4G83 

•1579(K13 

10 

h ’02744360 

-•(XX19222 1 

•1569781 

20 

- •01974338 

-{ *0007510 

•1577291 

21 

- -02171195 

j < •rXX)9158 

•1586749 i 

2*^ 

1 -02237974 

-•(H111342 

•1575107 j 

23 

{-•01622818 

- •(X109687 

•1505720 

24 

- -02382175 

• -0016931 

•1582651 

27) 

-•01111122 

1--(K)09519 

•1592173 

20 

1 •02131475 

-•(X125391 

•1566779 

27 

1- •00643169 

- *(K)08275 

•1558504 

28 

•02404492 

4 -003851 1) 

•1597020 

20 

- •(X1222729 

{ •0(K)U87 

•1001507 

30 

1 

' -02317774 

- -0059311 

•1542196 


'frue value -1577387. 



TAhLE V. ['’■'"nr ,V = -2'645751:{, /) = 15, 7 = 0 , /H==20t. 

j {} I > ( I *), t)) 




Tetr'4( lioric 

Terms in 

Value of Series 


<U 

FuactionR 

S(‘ries - a^rg 

up to ti*rm T* 

0 

l-iKXXXXXK) 

•(H)40751 

•(X)40751 

•rxi 40751 

3 

- •1963s(X)8 

1 •(tWiOitOI 

1 •(X)579r)2 

•(K)9S703 

4 ' 

' f 01 402267 

- ■()»24ri.'i 

) ■(KK>3780 

•0102 48:i 

1 

1 03818547 

1 -OltWiTST 

■OIU4199 

•O09S283 

6 

-h •05515045 

H WliTn 

- •fXX).1931 

•0094352 1 

7 

- *013896,39 

-1)1 Mil 177 ' 

' -•(XX)2170 

(X)92183 

8 

- *03609105 

1 D!i()317H7 1 

j { •(XK)7333 

*0099516* 

1 


True valu3 •lK)})0()r)4. 
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^^'^*^--.., 000254 . 

ViH 


1i/' 


;>•+ </ 


a 


•r>- *76 
•09449112 


= - 2’r)4575lB, 



182 


(hi. Expansions in Tefrachoric Functions 


“® iT* ( 1 — a?)* j 

o.'BTiTi) 


.y = 


TABLE VI. 

1 •3010412, j9 = 4, 


TO = 5^*. 


1 


Tetiaohorio 

Terms in 

Vulue of Series 

1 ^ 

Og 

Functions tg 

Series - a^Tg 

up to terms 

0 

l-OOOOIXXX) 

•0906212 

•0966212 

•0906212 

8 

- -28827885 

4 -04839695 

+ •01,S7098 

•1103310 

4 

- -01400852 1 

4 05941568 

4- -0008323 

•1111633 1 

1 

4 -16088842 | 

- -06703628 

f-01 11876 

•1223509 1 

I 6 

+ -05349154 

- -007784.90 

4 -0004164 

•1227673 ' 

7 

- -05325140 i 

f- -0555478:1 

4 *0029580 

•1257253 

8 

- -09446982 

- -01930950 

1 - -0018240 

•12390J3 1 

9 

~ -(f)063525 

1 - -03745046 

- -0000238 

-1238775 1 

1 


True VrtJue -11 88790 


TABLE VII. 



/■■■ir’O -x)l , 

i. -B(44) 

- H-590873K5t. 


1 

1 

Tetrachoric 

1 Term), in | 

Value of Scries 

1 ■ 

1 


h'anctions r. 

1 Series - o,t. 

up to term 

1 

i ^ 

1 -00000000 

•0(X)164h 

j -0001648 

•0001618 

> 3 

- -28327885 

(- -00.307042 

I + -0008698 

•(K)10346 

1 ^ 

- •014008.52 

- -004.58580 

- •00»X)642 1 

•0009704 

1 5 ^ 

-) -16088812 

1 -t -00.5304.58 

•00088.53 1 

•(XXX;B51 

6 

+ 053191.54 

' - -00442734 

T •0(X):i368 

•000.3219 

7 

- -05325140 

1 -00191632 ' 

1 (XX)1020 1 

*(XX)42:i9 

8 

- -09445982 

) -00111687 1 

1 IXKllOSS 1 

‘0005294 

9 

- •(X)063.525 

-•00291771 1 

- -(XXIOOIO ! 

-0005275 









MVue v.ilue *(«) 


5th or 6th term as at the 15th, say, and hotter than at the HObh. Of course, one 
might calcuLate the various t(*rmH till th(* sums became more or less steady, take 
the mean of these sums after the steady stage is reached and use that as the value 
recjuired. 1'his process, however, will not give a grc^ater accuracy than three or four 
decimal places correct and v(‘ry likcdy the n\sult will not be so good as that. Besides 
which it is difficult to give such an arbitrary weighting of terms a theoretical 
justification. Thus it seems that the tetrachoric series is not at all suitable for the 
representation of the Incomplete F-function. 


y 
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-1-8010412. 
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17408 >20“ 
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When we oonsidei the tables and graphs for the Incomplete B-function, the 
results are certainly no better than in the case of the Incomplete F-function. 
Unfortunately, owing to the lack of a difference formula connecting the successive 
coefficients, we only calculated a few terms, but the behaviour of the graphs is 
similar to that of the graphs of the Incomplete F-function. Fig. 5 is very like 
Figs. 1 — 4 bufr Figs. 6 and 7 are rather different. In Fig 5 the integral is 

B (16 5) where p is of high value and q is of morferate size In Figs. 6 and 7 

the integral is [ where the upper limits are *5 and *1 respectively. 

Here p is 4 and q is It seems in the incomplete F- and B-functions that the 
points come nearer the * true value ’ line for the tail of the integral than if the 
upper limit is near the niodt 
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On Expansions in T^racJioric Functions 


Table VIII gives the results for f dx and, since ^ ^ .r~ * ^ 

^ U r(4{)) 7 

for the expansion from the mean, all the tetrachoric functions of even order vanish. 

It will be oI)served that the values of the series vary in a similar fashion to the 

others and not one of thes** gives the result correct to inon^ than four decimal places. 

TABLE VIII. 

Jo r(49)^^’ ^ ^ • 

(Expansion with regard to the Mean ) 




Tetrachoric 

Terms m 

1 Value of Sen 



Functions r* 

Sones 

up to term 

0 

1 •OCKKXH.KK) 

•500(K)00 

•50tXHXK) 

*500(XXX) 

3 1 

•1 1«641237 

1 - *1628675 

} *0189973 

*5189973 


•00«38713 

• H -1092549 

- •0(X)697i) 

•5182994 

7 

01785148 

1 *0812920 

4 0015047 

5198041 

9 1 

•01 170560 

1 f *0695373 

- *(K)10226 

5187815 

11 i 

•00895618 

1 -*0596711 

f *0005345 

•5193160 

13 ' 

•01079*260 

4 *0525526 

*(KX)5672 

*5187488 

ir> 

1 -01015854 

-*0171442 

, •(H)04789 

•51922 / i 


True value 5189993 


After a careful study of the tables and grajdis we aro forced to the conclusion 
tliat a tetrachoric senes is of no practical utility as a reprcHentation of skew 
frequency curves such as g sz e'~^ and // = ' ^ ( 1 and although it 

may bo rash to generalise from <)iir results on tlu‘se two l3q)(*s it would S('cni 
that such a series cannot be geiu‘rally suitable to n'present skew frequency dis- 
tributions. Moreover, the types, which hav(‘ been discnss(‘d, an* of c‘ominon occur- 
rence and tor these the ('xpansion is certainly futile. 

The tru(» values of the incom})l(*te r-function w^rre takcui from Tables of the 
Incomplete r-ffniction which will b(‘ shortly issued by H M. Stationery Office. The 
values of the incomplete B-fanctiOn wen» determiiu'd by direct calculation; the 
jjower of (I — ^) was expanded and the result readily obtained with the help of the 
relat ion 


B (p. q) = 


f (p)C(q) 
C(p + q) ■ 


In his VorleHitngen alter die (it undzage der innthetnatischen Slatistik (Hamburg, 
1920) Charlior, when dealing with skew fr(‘<iuency curves, gives as the general 
<‘<juali(>n for the &k(>w froqmmcy curvi'S of his Type A 

iY — 4><i + + . • . 




X- p 49-49 ^ 

7 =«• 
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where and <^o‘^ <!>»', ••• are the third, fourth, fifth, etc. differ- 

ential of coefficients <f>Q, i*e. Y is really expressed in a series of tetrachoric functions, or 

F=5 {ti — ^8^41x4 + iS4V5!T9- /8b VciTfl — ...}* 

^84, ^8, 6tc. along with M (the moan) and a Charlier calls the ‘characteristics* 
of the distribution curve. Now he seems to think that generally the coefficients 

/Sj and ^84^ will only be required and so he has tabled a: ^*00 

to 3*00 at intervals of *01 and also for ^ = 4 (Tables 111, IV and V on pp. 123 — 1 25) 
to four decimal places. With the series up to the theoretical F-coordinate Avill 
be found, according to Charlier, but from our experience of tetrachoric functions 
we are exceedingly sceptical about the accuracy of such a result. In fact, we feel 
certain that the approximation will not be a good one. If the frequency curve 
be little different from the normal then possibly the approximation would not be 
very bud. 

The above investigation was undertaken by mo at the suggestion of Professor 
Pearson and 1 am indebted to him for several hints. My grateful thanks are due 
to Miss I M‘ Learn for her assistance in the preparation of the diagrams. 

* Charlier definen the ‘ ekewnesA’ aV to be (S' =3/33 the ‘excesB^ E to be E=:$p^, 



MISCELLANEA. 


I. On the test of Gtoodness of Fit. 

By KARL PEARSON, F.R.S. 


In a paper published in the Pkilosophical Magazine for July IDOO, pp. 1*57 — 175, 1 dealt with 
the following problem : A very large population is sampled, say, the population aj, nji, Wp 
with t<ital iT, and any individual saraplo is wii, mjj, t.. ... Wp, U>U\\ 3f. The “ prol)able constitu- 

tion " is given by : 

, M , M , M , M 

^ =2vt«2> — ^ 


ma 


Jf a large number of samples of size if ore taken, what is the distribution of variations fknm 
the “ probable constitution ” in these tMimpla<< ? 

I showed that if the distrilnition of categories were such that no category contained a few 
isolated units, then the distribution depended on the calculation of x*- 

vided a value for the })rol)abilitv F that samples would not diverge more than any given sample 
from the prolwble constitution.” This pr(*oes8 is now familiar to statisticians as the x\ P tt>st. 

The solo limiting conditions were that the samples should be riindom, and each should lie of 
the same size M, 

* In some cases’ the ‘^probable constitution” {ni series) can be found at once because the dis- 
tribution of the sampled population is km^wn a priori. In other oases the values of the in sernis 
have to be approximated and such approximations are the general rule in all discussions of 
probable error. 

We say for examjile that the standard deviation of the moan of a s^imple taken from an 
indefinitely large population of size N and standard di'viation cr is wliere n is the size of 

the sample. 

We say that the standard deviation of second moinent-coefiicients of samples of size n is 

^ ' ’ 

where ft 2 ( ~ H second and fourth moment-coefficients of the pp]mlation siirnpled. 

In fact every constant of the sample has a probable error determinable in terms of the c<mHtaiitH 
of the sampled jKipuliition. All these distributions of deviations from “ prolwible constitution ” 
are true for perfectly general but random sam})lcs of size n drawn from our indefinitely large 
population. 

But unfortimatoly in a considerable number of <ja>ses that sampled |H)pulatiou is unknown to 
us ; we have no direct means of finding Pai What accordingly do wo do ? Why wo rejilaoe 
the constants of the sampled population by those calculated fi'om the sample itself, as the l>est 
information wo have. And the justification of this proceeding is not far to seek, as found for 
the sample will only difier from the /x, of the sampled population by terms of the order 1 /a/w ; 
for example if we are not dealing with email samples, and a bo tlie standard deviation of the 
sample, a differs from a by terms of Ihe order trl^In and accoidingly the standard deviation of 
the mean is written o-'/V^r when it is really trlyln. This method of treating proliable errors is 
universal in the case of fair sized samples to-day and sc’aroely needs justification. In writing the 
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sample values of the constants for those of the sampled population, we do not m any way alter 
our original supposition that we are considering the distribution of random samples of sise n* 
We have still jt> - 1 degrees of freedom, if we have p categories of frequency. 

The process of substituting sample constants for sampled population constants does not mean 
that we select out of posinble samples of sizse n, those which have precisely the same values of 
the constants as the individual sample under discussion. Clearly the given sample has definite 
moment-ooefhcients, and if there l)e p frequency categories the tot jb-I moment^ooei&cients 
together with the size r? of the sample would suffice to fix all the frequencies of the p categories*. 
Hence no deviations from the “]>robablo constitution” would be possible if we confined our 
attention to samples of n tied to the constants of the given sample ! In using the constants of 
the given sample fo I'eplace the constants of the sampled ixipulation, we in no wise restrict the 
original hypothesis of free random samples tied down only by their definite size. We certainly do 
not by using sample constants reduce in any way the random sampling degrees of freedom. 

What we actually do is to replace the accurate value of which is unknown to us, and 
cannot be found, by aii ap])roximate value, and we do this with precisely the same justification as 
the astronomer claims, wlien he calculates his proliable error on his observations, and not on the 
moan square error of an infinite population of errors which is unknown him. The whole of this 
matter was very fully discussed (pp. 164*— 7) in my original pa|i>er dealing with the P test 
The above re description of what seem to me very elementary considerations would be 
unm) 00 ssary had not a recent writer in the Journal of the ItoycJ Statuiiral Society i appeared to 
have wholly ignored them. He considers that I have made seri<»us blunders in not limiting my 
degrees of freedom by the numl»er of moments J have taken ; for example be asserts (p. 93) 
that if a frequency curve lie fitted by the use of four moments then the of the tables of 
goodness of fit should bo reduced by 4. 1 hold that such a view is entirely erroneous, and that 
the wnt<*r has done no service to the science of statistics by giving it bro#id-cast circulation in 
the pagi's of the Journal of the Royal Statutioal Society, 

What he would obUin if he pla(‘ed this restriction on his samples is not the distri- 

bution of samples of size but of samples which give definite moments. The al>6urdity of this 
manner of approach is at once obvious, if as I have suggesteil, we consider the p first-moments, 
as there is no reason why wo should not do, — ^for these are just as much “fixed” as the first four — 
and tlie conclusion must be tliat we can Iwini nothing at all about variation from our sample ; 
for we have jii frequency groups aud/>-tying ci>iiditions 

When we wish to find the probable error of a moan or a stondard deviation, we do not .start 
by fixing down these characters to their values in the individual sample; we suppose them 
to take all the possible values they could take by sampling, and after we have reached our 
measure of variation we then put into our formula the sampled values, to give an approximate 
value to the functions reached, because wc are in ignomnee of the real values in the sanipled 
population. 

The writer in the Journal of the Royal Statistical Society speaks as if I applied x^ b> a con- 
tingency table Btartiny b) fixing the marginal totals. As far as I am aware I am not guilty of 
this. My conception of tiontingency is very different from luy conception of x^. I started my 
conception of contingency with the idea not of a random sample, but with the idea that some 
function of frecpieucies alone without regal’d to their relation to the measured characters would 
load to the value of the correlation. Naturally I started from the deviation of the individual cell 
contents from the simie (’oll contents on the basis of independent probability, as determined by 
the marginal totals. There was no question of sampling in the matter. In now fairly usual 
notation I termed 

»<«- - 

* This is Thiele’s method of representing frequency distributions. 

+ Vol. Lxxxv. p. 87, 1922. 
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the tiell ooutingency and after playinj^ about with such cell contingericioH for a time succeeded in 
finding a functi(>n of them which for indefinitely fine gi’ouping for a bi-variate normal frequency 
distribution giive the cjorrelation r as : 


where 






,(«). 


If 


I see no re/ison for confusing this <f>^ as a measure of correlation with the which is a measure 
of variability in the samples of constant size drawn from an indefinitely large population. It was 
different in its origin, as far as I am conoonied, and diffoient in its use. It is only when we come 
to consider the probable error of (/>- that we have to distinguish between {<() the actual marginal 
totals of the sam})lc and (/>) the probable constitution of tlu^ marginal totiils *is deduced froni an 
indefinitely lai*ge sampled population. 

There are, as those who have read Biomcttika* will m*ognisc, considerable difficulties about 
determining the probable error of where 


l+(/>2=. 



and the determination of the mean 0- and of the standard df'viatiou of (^2 involves very trouble' 
some analysis. 


So lalM»rioiis is the arithmetic involve<l that for ordinary statistical use it iKHuinu* thuibtful 
whether it would not 1)0 better to define 02 as the mean squared coiiting(‘ncv iiu‘aHur«‘d not trom 
the marginal totals of the sample, but from the “probable constitution’' of the marginal totals 
of the sjimple as deduced from the sampled population. In this case if 


, M , M , M 


r-S 






or, 




with this change of definition the jirobable error and mean of 02 aj.(> mure easily obtainable, and 
in tins case /or the first time^ Af(t}^ can be looked upon as equivalent to a x^. 

The form (a) from my staiidiaiint cannot be trcat4)d as a x‘^y because it is not the deviation- 
measure of a given sample from the sampled po}mlation. Nor again is (fi) t.lm deviation-measurt' 
of the sample frc»m the sampled population, unless we assume that ))0])ulation to have zero 
contingency, i.e. — 

But x^ may in tlie form O) be treated as a deviation'ineasuri' of the actual sample from an 
artificial sampled population, which differs from the actual iMipnlation in having no correlation 
or contingency, but having the .same marginal distributions of the two characters. 

l^he moment, howeviT, we assume form (fi) for our eoiitingency wo are giving, what we ch^irly 
must give, absolute freedom to the marginal totals of our samples. The sole limit on our sample 
is its total size M. But when wo come t<^ actually cfilculating 02 foi- the individual sample, or the 
mean value or the standai'd deviation (i.e. ])robablo error) of 02 for a series of samples, wo have 
only one course ojien to us, if we do not know the constants of the sfimpled population, we must 
insert the marginal tfitiils of the individual sample of wliich we Lave cognizance in place of the 


Vol. V. p. 191, Vol. X. p. 570, Vol. xn p. 570, and Vol. xii. p. ‘259. 
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unknown values t)f the sainplod i>opulatioiK ThiiB (a) and {^) provide uliiinatoly the same 
but the probable error of <j)^ an<l Ihe mean value of <f)^ will be different in the two catieH. In the 
first cow* wo vary our marginal tobds with the sample as they obviously w<Mld vary in practice. 
In the second case we define our to Ihj a deviation from the inde]:>endent jirobability of an 
artificial population, we do not keep the marginal totals of the sample fixed any more than in (a). 
But if we think in terms of (^nd not we appear to do so l>oeauso ultimately we have to take 
our marginal probabilities as those of tlie sample in default of a knowledge of any lietter values. 

This point seems to me well illustrated in what my critic in the Jounuil of live Royal 
Statkiica! Society has to say on p. 90 of his paper about Messrs (4reenwo(Kl and Vule’s use of 
for a fourfold table. He assci’ts that they ought to have entered the table of g(X)dne.ss of tit with 
1'he ])roblem before tlwun was whether their fourfold Ubles could possibly be samples of 
bi-variate independent iirobability distributions. Each sample from such a distribution would 
have perfe(*tly fmo coll ti’eqiuuicios 1 %^, subject to the sole binding condition that 

J// j j -p m\n + aigl *1“ ^ 

The proper is given by 




M ) M ) l"’“- M ) 

TT-r-T + r-, 

M 


m , 

J/ 


m t,/a ,2 

IT ~ 


w 2.W 
M 


•(yX 


and this has three dognM's of fn*(Hloni and is what Messrs Yule and Greenwood desircMl to find, 
and they ])r(»j»erly used the. value of P lor n* — 1. 

Then lik<' the astronomer, who finding the probalde error of his mean to Ihj and 

not knowing th(‘ a <»f Ins sainjiled population, puts it equal to the tr of his observations, so 
Messrs ^’’ule and Greenwood v(Ty projierly replaced the marginal totiils of their unknown 
|H)pulatiou by those of their satnjde, but verv properly di<i not re])lnce if = 4 by /f = 2 !. 

But says rny critic*, if the} had, they w^onld have got the same measure of improbability as if 
the> had compared the ilifference of jiercentages ! Quite so, and obviously sf) ; for in taking 
]K'rc<Mitages the} have actually fixed their marginal totids taking 100 of each class and thus for 
the lirst tune confined their attention to a limited ebiss of samides, not the random sam 2 »lo of 
size .V, wdiieh has not its marginal totals fi.\cd. Wc have, indeed, reduced our degrees of freedom 
by two ill taking ratios. 

When we consider gonorally the x^ for a fourfold table to measure the impj'ol lability of a 
s«iiiiple WT are really eomjiariiig the special sample 

/> \ (t \h with a* , // </' f // 

^ <H d c' 1 d' I c' I 

I 

a \-c i b^d I M a' ^c' [ h' (f | M 

the general population, where m the latter case t*W=('7/. 

Now’ the mevui squaie contingency of the lii’sl of these fables is 

1^0 (o 4 b){<( I r)y- io 4 b){h | ff)y (q_-4 c) (c I (c-\‘d) {h-^d)y\ 

M I (o f //) ((/ ^ f ) [o\h) {i} \ d) * (o -T c^ *c h ri; ^ {c ^ d)[}} \ d) 

[ M M ~ M " i/ 

f b^ H fP 1 

|(rt f-/0(<7-f r) ^ {a t h){b + d) ^ fa \ c)(c j d) ^ (cTcO(/^ } d) J 
((fb - rdf 

(apft; (oh c) {b + d)(cH d)* 


hoc* rit, p. 90. 
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But the is 

(a - + (*' ' (c - (d - i^'i: 

(a'+i')(o'+c') («' I //)(//+£) ^ (f'H rtT) r/.'-4 flf) 

> ■ .lA ■ .tf ■ J/" ' ' 


2 


-■“{(Y 


6^ c* 

+ 6')ia'*+ t'O {a'i-b'){h' j d') ^ (a' ^ c*){d \-ct) (d +€tf(b' >hd') 




there being three degrees of freedom or we must take n'** A in calculating tlic probability P, this 
may be written 


' if \p\iP'u 


“1 r-7-+ , , + 

P»lP2* P»2pU 


A -il 

P^ipi* I 




where p'. 2 » p'u p' 2 * l^i'centage numbers of the marginal categories in tho 

sampled population. Now we do not know these percentages in that population and we do what 
every physicist, every astronomer, and — till I saw the jjaper by my critic in the Jour)\al of the 
Statistical Society I should have said — every statistician docs, supply the unknown constants 
from the sample, which leads us to 

. _ M{ah-cdY ^M(h^ 

^ {a ^h){a-^ c)(h-^d){c+d)'^ ^ 
as used in my memoir of 1912* 

The problem I had and still have in view is the variability in samples of definite size - with 
no other restriction than sample size. The soliltion of that problem Is cibsolutely comparable 
with that of any discussion of the probability of an observ^ed result in the theory of prol>able 
errors. We have in tlie bulk of such cases constants involved which eoncern the distribution in 
an unknown jiopulation, and we supply those constants from the samjile itself. 

As I have already noted the probable error of a mean is 


*G7449 >7^2“ 

Jm' ~ 

By this wo understand that the means of samjiles restneted solely by their size M from an 
indehnitely large population of moment-coefficients /i/, alK»ut a fixed origin will have a 
variability determined by the above formula. But when we ]»rocecd to give both p/ and the 
values determined from the sample we know, we do not add in the manner of my Royal Statistical 
Society critic, “ but in doing so the type of samples is i*educed to those having the mean and 
standard deviation of the sample.” If wo did, this selection of samjiles would clearly have no 
variation of mean or standard deviation at all ! In fact probable errors would be meaningless, 
unless we drew our samples from a population already fully known to us, in which case we should 
not in 99 of cases want to sample it at all. 

In the same way when we use the marginal totals of the siimplo in fi^rniulae like (d) we do not 
thereby reduce our samples to those having constant marginal totals, we merely take the Ijest 
approximation available to the proper value of ei'd the fact that us found from the sample, 
is only an approximation to the true was fully recognised and discussed in my original memoir 
in the Philosophical Magazine, 

It only remains to say that the following sentence of my critic's pajjer seems to me based 
ui)on a fallacious principle and ajiparcntly flows from a diMregai*d of the nature of probable 
errors in general. 

“ It should be pointed out that certain of Pearson^s Tables for Statuticiam and BrnnetricianSy 
namely Tables XVII, XIX and XX, t<»gether with XXII (Abac to determine rf) are all calculated 


* On a novel method of regarding the association of two variates classed solely in alternative 

categories. Diapers* Company Research Memoirs^ Cambridge University Press. 
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on the assumption that in fourfold tables, and conseijuently should not l»e used when, as is 
almost always the case, the marginal totals are obtained from the data” {loc. dt p, 91). 

I hold those tables are quite correc’tly calculated for and those who attempt to modify 
them by assuming n mi 2 will be dealing with an entirely different problem. Namely, they will 
be considering not the improbability of the given sample as one of all jwssible samples of the 
given siae, wl^ich it really is, but one of the indefinitely smaller number of samples that have 
fixed marginal totals. We do not find the probable error of r for a tetrachoric table* on the 
assumption that tlio marginal totals are fixed. Wo find it on the assumption that the marginal 
totals also vary from sample to sami>le, and when we have found it, then we substitute in the 
result the values of not only the marginal totals, but the cell*con tents, or, 6, c, d of the sample 
itself for those of the unknown population. With we go through an exactly similar x)rocess of 
misoning. If by this proco<lure we in some m^’sterious manner tied our degrees of freedom down 
to tile values of the coll-contorits used in our formula and adopted from our sample there could 
be no j^robable error for r, for the values of a, 6, c, and d are all required and used. I trust my 
critic will jjardoii nio for oom|)aring him with Bon Quixote tilting at the windmill ; he must either 
destroy himself, or the whole theory of pmbable errors, for they are invariably beised on using 
sample vsluos for th<»se of the sampled population unknown to us. For example here is an 
argument for Don QuixoU* of the simplest nature : In the «th category of a population JV the 
frequency is a sample shows in a total M, The standard deviation of this frequency is 

(■-?)• 

But we don’t know the jioxmlatinn saniphul and accordingly obtain an apx>roximate value of the 
aliove standard deviation by writing for and taking for the standard deviation of 

;y/ . In doing this it is not a question oven of using a marginal total, we have used 

a cell frequency found from our samjilo. We have therefore according to our critic reduced our 
jKiMsibilities of freedt>iu by selecting out of all iiossible samples those with m, in the #th cell — ^this 
is exactly iiarallel to our reducing our freedom by “fixing” marginal proportions or moment- 
c(H'flicieijts. But if l»o fixed, it is ridiculous to talk of a variation of the frequency. There- 
fore cither <»r j/, or the usual theory and jiractice of jirobable errors are wholly at 

fault. 1 tliink this will illustrate what I mean by Don Quixote and the windmill. 


II. 

Is Tuberculosis to be regarded from the AetioJogical Standpoint as an acute disease 
of Childhood t By Dr Kr. F. Andvord (^Christiania). Tubercle^ Vol. 111. No. 3 , 
Ib'cembcT, 1921. 

This jiaper is, wo must confess, unconvincing. The author holds that in a community that 
has long been subject to tulHjri'ulosis the time of infection should bo fixed in the infantile years 
for the gimt majority of cases and consequently wo should protiHJt childitsu for the first three or 
fom* years from infection. 

As evidence of his views ho takes a graph of what he calls a “population frame” whicli is 
really the well-known “ nuinlior living in a stationary population ” (/,) and repn'sonts within this 
graph the numbers dying from tuberculosm and the numbers who have suffered from it at each 
age. We are doubtful if his graphs for deaths are correctly drawn. They are made to rise 
suddenly for alsMit a year and then fall till age 7 but we suspect that they should fall from birth 
till age 7 . We cannot justify his chart (No VIII) which gives the whole |K)pulation and tlie 


PhiL Tram, Vol. 196 A, p. 14. 
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tubercular jiopulation. The non -tubercular found by this chart actually increase after age 17 for 
many years so that the non-tuliercular not only have no mortality but are increased by some 
process of reHurrection ! Admittedly the chart is hypothetical but as it stands it calls for 
amendment. 

Dr Andvord^s remark that “ one would liar«ily gather from these per-thoiisand curves,” i.e. 
from rates of mortality for v*irious ages, “that, as is really the case, more fiersons die from 
tuberculosis in the first and second years of life than in any sulwoquent age period ” seems to 
betray an iuexiierionce in matters related to a life table : this weakness is shown elsewhere, e.g. 
p. 102, where deaths are stated without jiopulations and without reference to age distributions. 

Dr Andvord may have other evidence in snpiMirt of his views hut the article under I’eview 
does not justify them statistically ; wc think every jKiint he brings out could 1 k' ex])lained as 
well on other hyi>otheses. lie cannot, moreover, completely prove his case till he has studied 
communities which become subject to infection after having been kept free from it. For if his 
theory be cori’ect, the measures he projioses would necessarily produce such a community. 


W. Palin Eldkkton, 
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I . Intvodaditry. 

The pivbciit {upej- eontinuus tlio cranioinotric studiuvS which hav(* already been 
c*iirri(‘(] out in the Biometric Laboratory and it is su])pleinen1ary to Miss Tildesley s 
n‘(*eiit memoir on the Burmese skull. The vviiber hopes that it may be followed by 
])u)KTS dealing with mat(*rial from th<* Himalayan border-lands and Eastern China. 
These pi'oples ari‘ of pi*culiar intends! because the country which they inhabit is a 
borderland between Mongolian and Indian racu^s, and in jiruhistoric and early 
historic times was probably traversed by nomadic tribes iu their wanderings. The 
gimeral ti^ndency of antlirojiologists now^-a-days is to lay smaller stress on the vali*e 
of local ract'S and to seek for fundamental human types which may be mingled or 
hybridisi‘d in local races. All the races at present inhabiting the country between 
India and L5hina and the Chinese thiunsolves are supposed 1o constitute such a 
type which is usually Uumied “ mongolian ” and is characteris(‘d by a brachjTophalic 
skull and a broad, flattened face. But in the Tibetan province of Khams there is a 
dolichocephalic peoph*. wil h no signs of flattening of the facial bones. They have 
heavy and cajiacioivs crania with strong muscular development and otlu^r characters 
which clearly dilft'rcntiate them from ('hinese, Malayan and Burmese skulls. No 
relationship can be suggested with the dolichocephalic peoples of India for the crania 
of the latt(‘r are iecble and undi'r-sized. CVmparison is more {Kissible with Moriori 
and Fuegian crania than with Lhose of any of their immediate neighbours east and 
west of which we have knowkulge. That the cranium of the Khams Tibetans 

Biometrika xiv 
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should bo so widely differentiated from that of other Orientals is a fact of great 
suggest! venoss and it shows how important the study of loc'al races may be. 

In India and I'ibet there are two I'aces which are obviously unrelated, and yet 
the cephalic indices of the two are almost identical. This is but one illustration of 
the inadequacy of that criterion when used as a measure of racial affinity. The 
writer has been led to the conclusion that the cephalic index alone is (juite 
incapable of discriminating between fundamental types or of distinguishing 
relationships between nic(*s which are known to be allied. Furthermore, no single 
character >vhich has yet been suggested can fulfil either of these pur])o.ses and it is 
extremely unlikely that one will ever be found. 

The object which the writer of this paper has kept in view has been the means 
of distinguishing biometrically between various types of man as far as such arc‘ 
represented in greater or Jess dominance in local races. The two methods thus far 
adopted by the biometric craniolugists have been a comparison of type contours 
and the admittedly temporary “Coefficient of Racial Likene.ss.” This latter method 
furnishes a general measure of racial rosomblanco which will give weight to all 
craniometric characters, or at least to a considerable number of well chosen 
characters, and it is intended to supplant the old methods of compivrison between 
single charactcTS such as the cephalic index or the nasal ir)dex. Inhere is no great 
difficulty theoretictilly in devising a rea.sonable measure of racial lescaublance j)iO' 
vided we had an adequate knowledge* of : 

(i) the means of some 80 to 40 characters in 50 to 100 local races ; 

(ii) the standard deviations and correlations of these n^eans among themselves — 
i.e. inter-racial variations and int(‘r-mcial correlations. 

Unfortunately the material for(i)and therefore* (li)is V(‘ry inadetjuatu at present. 

Therefore we are thrown back for the time being on the “(\)efficient of Ra^’ial 
Likeness” which Professor Karl Pearson has suggested. This is a mcasuie of 
whether any two races <*an be considered 8ampl(‘s of th(' same population. In 
actual use it depends on the assumptions : 

(i) that there is intra-raciully no hiff/i correlation betwe(‘n the chanicters 
selected for comparison ; 

(ii) that failing intra-racial variability being adequately known — especially for 
short series — it will be sufficient to assume (‘qual variabilities for all races, and to 
use for these variabilities those obtained for a really long series of a single race. 

Such a method cannot be final or completely satisfying to the statisticallj" 
trained mind, but it may well serve, as it wiis originally intended to do, as a stop- 
gap, until sufficient material has arcurnulated for its r(*plac(‘ment by an ampler 
proc(*dure. 

But the assumptions on which it is based are not so contrary to experience as 
to lead 118 to discard what aid we can g(*t from the “Coefficient of Racial Likeness.” 
There is in fact at the present time nothing to supply its place. Our aim should 
rather be to determine how far it leads us to the same conclusions as we can draw 
from type contours, and it has this great advantage that it enables UvS by the very 
process of its deduction to ascertain in which characters two races significantly 



O. M. Morant 


196 


diverge from one another. It may be, as the comparisons ali*cady made jkrtly 
suggest, that there are sonje chamcters which differ between race and race far 
more than others do, and if a selection of the oharactc^rs which fluctuate most could 
be made it might bo possible to neglect the more constant ones. 

Tho other method of estimating the significance of racial differences is that 
based on a comparison of type contoiii*s. The three type or mean racial contours 
are constructed from tin* mean lengths of the individual contours of a racial series 
and on these three there are no a<le(juate representations of some important regions 
of the skull. P\)r this reason and also because the conclusions to be drawn from 
drawings necessarily lack the precision of arithmetical analysis, the contours can 
never rival in importance tho system of direct ineasuroments. Nevertheless 
gi'a])hical methods of comparison appeal to many craniologists who suspect all 
statistical deductions and one of the chief objects of this paper has been to study 
how far they ar(* h(dpful in the comparison of human typos. But no very definite 
conclusions could Ik* arriv(*<l at because at present have type contours for only 
a few races and IIhm o has been a rapid evolution in the t(ichniquo of representation 
so ll) il consid(‘rably more of the skull is now portrayed than was shown on the 
earlier drawings. As the problem of human types Tiow stands, we cannot assert 
that geographical proximity naturally connotes racial affinity. Cultures have 
spread from one end of the world to the other and the bearers of those cultures 
have undoubtedly in many cases gone with them. The type contours of palaeo- 
lithic man difier \vid(»Iy from those of modern man; those of Khanis Tibetans and 
Moriori show norm* resemblanet*. Are we to argue in one case that difference 
associaUid with a wuh* temjioral interval is significant, but on the other resemblance 
\Nith a wide geografiliieal interval can mean nothing? The present paper only 
toii(*ht*s the fringe of matters when it endeavours to contrast results obtained from 
the tvpt‘ eontouns with those suggested by other methods. But it is already clear 
that no classification of nornhfi rertirales can be a ndiable guide to racial relation- 
ships. The )ionnn lafcntlis is a nion* impeutaut aspect, but if considered alone it 
may lead to (|uit(' erroneous conclusions (V>n tours are also of impe^rtance becau.se 
ct*rta(n im'iisim's of curvature can b<* deprived from them and these could not l>e 
easily determined directly. 

Till* last object of this paper has b(*«*n to ilevelop the biometric methods of 
studying the human mandible. The few Tibetan mandibles which were available 
did not thems<*lves justify this purpose, but by dealing with ev(*n so few it was 
possibh' to diseovt r the difficultit's of technujue which practice alone can teach. A 
review .of the definitions of mandibular “ standard jdanes ” and points^'* and the 
uK^thods of lueasiuvinent provided in some text-books of anthr<»pomelry suggested 
that Lht7 had been drawn up bi ton they were applied ui practice, and accordingly 
after I'xperienee it became necessary to modify them c.onsiderably. The system of 
rneaBurements has to be a detailed one if comparison is to be made with the mere 
fragments of jaw's through which alone certain races of fossil man (and apes) are 
known to us. Tin* type contoui’s of the mamlibles of the two Tibetan groups will 
appear in a subsequent menioii 
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A First Study of the Tibetan Skull 

The subject of the present paper is a collection of Tibetan skulls made by 
Colonel L. A. Waddell in the south-western and eastern districts of Tibet and 
presented by him to the Royal College of Surgeons. With the kind permission of 
Sir Arthur Keith I have been able to measure these crania. 

There are 32 skulls in the collection which is divided into two groups. The 
first group (Type A) comprises 17 skulls which were obtained from graves in 
Sikkim and neighbouring regions of Tibet proper; the remaining 15 skulls (Type 
B) were picked up on a battle-field in the Lhasa district and were believed to be 
those of native vsoldiors from Ihe eastern province of Khams. With the exception 
of one skull of the B tj^pe, the parietal bones of which had been badly damaged by 
a bullet, they were all in a very good state* of preservation. There are 16 mandibles 
of the A series and 12 of the B, but 5 of the latter did not correspond with any of 
the skulls. All the skulls of the B series were of a heavy and decidedly masculiru* 
adult type, but a few of the A had not reached maturity and the sex of scv(‘ral 
could not be positively dc'termined. 

Such material, though no very ndiable means can be redact'd from it, is of 
peculiar interest because of the rarity of Tibetan crania: we are only aware of the 
existence of five specimens from the interior regions of the country in any other 
European museum*. In spite of the meagreness of our material we ought to be 
able to discover any striking resemblances or difiereuces there may be between the 
skulls of the Tibetans an<l those of neighbouring peoples. 

2. MeasiiremenU and Methods of Measurement > 

The following measurements are with certain excoplions those of the Frank- 
furter Verstimihgung taken in the manner described by C. D. Fawcettf togetiier 
with those added by subsequent workers in this laboratory. 

F= Flowers Ophryo-occipital length. glabellar projective horizontal length. 
X — maximum length from glabella to occiput in the median j)lane. Xrs maximum 
hoiizontal breadth on parietal bones. /?'= least forehead breadth from one temporal 
crest to th(* other. //' = basio-brt'gmatic height. height measured on cranio- 
phor, from basion to the point vertically above it (gf'uerally a little behind the 
bregma). OH = auricular height, as measured on the craniophor, that is, the h(‘ight 
of the skull above that part of the auricular orifice which rests on the top ('dg(' of 
the ear-plugs+. LB = length from basion to nasion. Q =* transverse arc }>erj)en- 
dicular to the horizontal plane, passing through the “apex,’' and terminating on 
both sides at the top of the ear-rods, this measurement b(‘ing tak(m when the 
skull is on the craniophor. ^' = a similar measurement taken off the craniophor 

* Di W. L. H. I>uckworth has kindly fuinished me with a description of two Tibetan skulls in the 
Anatomical Museuni at Cambridge. These weie obtained in the southern province of Doktliol and 
appeal to be of the Tibetan A type. There are thiee skulls from the interior of Tibet and many more 
Irom the south-west bordeidand of the country in the Hodgson collection at the British Museum 
(Natural History). 

f Jhomitrila^ Vol. i. pp. 412—419. 

X The accuracy and significance of this measurement, whicli has become of peculiar importance 
since cranial contours have been drawn, will be discussed later. 



CJ. M. Morant 


197 


and terminating at the ''auricular points*.” /Si» sagittal arc from nasion to 
opisthion. ^i=:arc from nasion to bregma. — from bregma to lambda. 
/S3 535 arc from lambda to opisthion. ^('=s chord from lambda to opisthion. U == hori- 
zontal circumference measured directly abovtJ the superciliary ridges and round 
the most projecting sagittal part of the occiput, i.c. the most projecting part 
between the inion and lambda. JPjfiT = premaxillary height, measured from alveolar 
point to tip of anterior nasal spine, if such exists, and, where it does not, to the 
sagittal point of the lower edge of the pyriforui aperture. upper face height 

from njision to alveolar point. GB^facc breadth from the lower end of one 
zygomatic-maxillary suture to that of the othiT, where the suture crosses the 
lower front rim of the cheek-bone. </ = zygomatic breadth, fn»m the most lateral 
point of one zygomatic arch to that of the other. NH, Ji and L == nasal height 
from nasion t(j lowest i‘dge, right and hdt, of pyriform aperture. = nasal 
breadth, greatest breadth of pyriform aperture, wherever it inaj^ be. AS’^dacryal 
subtense, bi‘ing the shortest subtense from the bridge of the nose to the dacryal 
chord, mejisured with lVleroik()wsky s simometer. chord from dacryon to 

dacryim. DA = shortest arc over the bridge of the nose from dixeryon to dacryon, 
measured with the tapt'. — simutic subtense, the shortest subtense from the 
nasal bridge to the simotio chord, as measured by th(* simoiii(‘ter. aVO = minimum 
chord b(‘lwt‘(ui th(‘ two naso-maxillary sutures. 0i = greatest breadth of orbit, H 
and X, from .si(l(‘ to side, using Fawcett's curvature methodf to di;termine the 
margin on tlu' nasal side. breadth of orbit from dacryon. This measurement 
is only taken because it is frcnpiently given by other workc^rs for other races. 
02 = greatest height of orbit, R and i, taken perpendicular to Oj. (rj== length of 
palate, from the point of the inuialhs poatej'ior to an imaginary line tangential 

to the inner rims of the alveoli of the middle incisors. 6ri' = similar measure- 
ment to (ti but taken from base of spine. (r2 = breadth of palate between inner 
alveolar walls at second molars (yX = profile length from iKision to alve()lar })oint. 

length foramen magnnm from biision to opisthion. /ui 6 = greatest breadth 
oi foramen niaynum. iV= profile angle, or angle inade by the line from tlie 
nasion to alveolar point with the horizontal, found by means of Ranki‘'s tloniometer 
wdien tlu‘ skull is in the horizontal position on the craniophor, as described by 
Fawcett {liiometrika, Vol. i. p, 414). Various irulices an' calculated from the.»e 
direct measurements: occipiial (Or. i), cephalic (100 5/7/, l()0 7///>, 100 77///, 
facial (100 (;7//(;5), nasal (100 7\r5/i\^77), orbital {m) 0 ,RI 0 J{, 
100 OjX/Oa/i). palatal (100 foraminal (100/m6//mi), dacryal (100 7hSf/7>0), 

sirnotic (100 SBjSO) The angles (N , A Z , 5 / ) of the fundamental triangle whose 
angles are the nasion, alvc'olar point and basion, were calculated from the measured 
lengths LBy GL^ G'H with the aid of Pearsons Trigonometer in th(‘ manner 
described by Fawcett the basio-nasal horizontal angle, is obtained by sub- 
tracting uVz from thi' supplement of Pz; 62 , the basio-alveolar horizontal angle, 
by subtracting A Z from P Z . 

* These are defined on p. 203. t See BiometHka, Vol. 1 . p. 430 and Vol. vin. pp. 311, 312. 

[ Ihovietnkiij Vol. 1 . p. 418. 
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Of the direct meaBurenients above J/, H\ H, OH, Q and P £ are taken when 
the skull is in the Frankfurt horizontal position on thp craniophor; Q, Q\ 8, S^y 
S^y 8^ and U are mode with the steel tape ; F, L, B, B\ LB, J with Flower's 

callipers ; D8 and 88 with the simometer and the remainder with small callipers. 
The small arc from dacryon todacryon {DA) was not me^isured with the steel tape 
but indirectly by marking its extremities on a small slip of paper stretched over 
the bridge of the nose. 

To test the supposed correlation between intelligence or size of skull and 
height of palate*, some means of measuring the latter is rcujuired. The sagittal 
contours will give the height alone, but by means of an instrument known as the 
Uraniscomoter,” designed by Professor Karl Pearson and shortly to be described 
by him, it is possible to measure directly both the height and breadth of the 
palate. The breadth {EB) was taken between lh(‘ inner alveolar walls at the 
second molars and the height {EH) from the line joining the extremities of 
the chord {EB) and in the transverse plane through them. Thus EB is precisely 
the same measurement as 0^ made with the small callipers and it was i)nly rejioated 
to tost the accordance of the two methods of determining it. The greai^ost diffenmee 
between them was 0*5 mm., so need not be taken in future. ^00 EH lEB pro- 
vides a second palatal index. 

The only other din'Ct measurements taken those of the weight and 

capacity of the skull. The latter was determined by tight j)acking with mustard- 
seed, weighing the contents and estimating the caj)acity indirectly by filling a 
prepared fikull first with seed and then with wai.er. This method is precistdy that 
used and fully described by Macdonellf. 

After some preliminary practice a skull (T27) was packed as tightly as possibh* 
with mustard-seed which was then weighed. Repeating this operation (> tinu'S 
gave the weight of the contents in grams : 

(1) 1332-2, (2) 1345-4, (3) 13499, (4) 1351 6, (5) 1353*8, (G) 1350-3. 

With the exception of the first these results appeared to agre(‘ (juite as well as 
we could expect. The weight of seed which (*ach skull would hold was then 
determined. After an interval of a week this operation was repeated and a fairly 
uniform increase in weight on the -first i^eadings wjis found, though it never 
exceeded 15 grams. The skull T 27 held seed weighing 1357*4 grams, an increase 
of 3*4 on the maximum for the first occ-asion. There had been no practice in the 
intervening period and the conditions and method of packing appeared to be th(' 
same on both trials. Though showing how largo the '‘personal equation” migllt 
l>e, the difference between the tw-o determinations would be of no consequence if 
we could feel confident that all the skulls in the second case had been packed with 
the same degree of tightness. There was good reason for supposing that such had 
been the case, for the weight of seed held by the " crilne ^talon " S had been found 
once on every day of the period over which the second weighings extended, giving 
in grams * 

(1) 1062*2, (2) 1060*2, (3) 1066 9, (4) 1061*7, (5) 1068*7. 

* See Biometrika, Vol. xiix. p. 281. f Biometrikay Vol. in. pp. 208—206. 
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These show that the method of procedure was as nearly the same for all the 
skulls as we could reasonably hope it would be, and accordingly ,the second series 
of weights was used to determine the capacities. Filling the crdne etalon with 
water, of which the volume was afterwairis found by pouring it into a measuring 
cylinder, gave in cm.^ : 

(1) 1350, (2) 1360, (3) 1365. 

Much greater care was taken in filling on the last occasion than on the previous 
ones and the increase is very significant. Accepting the last volume and taking 
the weight of seed held by the skull to be 1062*2 grams, gives a weight of 778*2 
grams corresponding to a volume of 1000 cm.®. Repeating this process with the 
crdne 'etalon y gave a weight of 777*2 grams for the sfime volume. Using the 
standard skull B Maedonell found that 1000 cm * contained 764**6^ grams of seed 
and Tildeslcy s result for the same skull wjis 779*9 grams. To test the accuracy of 
the method, the seed that had been packed into the pn^pared skull B was turned 
into a measuring cylinder, as well as being weighed, and pressed down as tightly as 
possible. The mean capacity found in this way was 1349 cni.\ which shows that 
the seed could bo (*ompi*essod rather more easily in the glass vessel than in the 
skull. The difference in the results given by the two methods is small, but the 
former is almost e<‘rtainly the more reliable. The final capacities wen‘ calculated 
on the supposition that JOOO grams of seed occupied a volume of 1000/778*2 cm.'. 

The only other direct measurement taken was that of the weight of the skull. 
No att(*mpt was made to make allowance for lost teeth or missing portions of bones. 

The occipital ind(‘x {0c\ /.), which is defined to be 100 iT/c> was 

found with the aid of Miss Tildesley s table of the function, given in the appendix 
to her llurmese paper. 

A few remarks must be made on the methods of measurement used by biometric 
craniologists. ♦Sp(*cial care has io be taken when compiling comparative material 
as a f(‘w of th(^ hitters denoting measurements havt* not been used by different 
work(Ts with precisely the siiiiic significance 

// and IJ'. The !{' defined abov(‘ is the H of Marjdonell, Beniiigton and Thomson. 

Q ami (/. The Q of Macdonell and Benington was taken ov(*r the bregma, 
insteiitl of in thi‘ vertical [)lane B(*iiingtoifs (/ is our (*>. We have used the 
same Q as Thomson, but her (/ was taken from the upper margin of one auricular 
passage to that of the other. 

^ OJi and OiL. We have followed Fawcett, Thomson and Tildesley in using 
the ‘‘curvature” method to determine the width of the orbit. Macdonell and 
Benington used the “geodesict.” 

NH, This measurement is frequently lacking in precision owing to the difficulty 
of determining exactly where the lowest point of the edge of the pyi-iform aperiun* 

* The Keed used had boon kept for a number of years after Macdonell determined capacities with 
it ; it may have become more shrunk during th \% time, and the rrdnes had been repacked with 

cement. 

f See BioftietrfkOf Vol. i p. 431. 
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is. Thomson measured to the lowest point on the left side and Fawcett, Mac- 
ddnell and Bonington to the lowest point whether right or Tildesley was 
the first to measure both sides and we have followed her in this. The Tibetan 
crania were appirently more symmetrical in this respect than the Burmese. 

DA arid DC. These were first measured by Benington and, before M4rej- 
kowsky’s simometer was used, th(' subtense D8 was obtained from them by 
calculation. 

OH. The error detected by Tildesley in the vertical scale of the Ranke’s 
craniophor used in the Biometric Laboratory was confirmed to bo 2*5 mm. and 
that amount was accordingly subtracted from all th(' scale readmgs of OH. This 
correction was made to the means of previous workers before using them for 
comparative purposes*. 

Sex and Age. The skulls were examined by Professor Pearson with the object 
of si‘xing them. The Tibetan B skulls were more bleachinl and could be readily 
distinguished from the others. They were undoubtedly all adult males of quite a 
massive and heavy type and with well marked glabellas and inions. The Type A 
skulls were smaller and lighter and could not be sexed so easily. The majority of 
these were undoubtedly male, but three of tlnun wer(‘ young, with third molars 
appearing but not fully erupted, and the sex of one or two was doubtful. A few 
were certainly ft*male, but the series was such a short one, comprising only 17 
skulls, tjiat it was thought best to ])ool them all to obtain racial mt'ans. This 
would have the effect of making the mean direct lueasureuumts slightly less than 
for an entirely male population, but the indicial and angular measurements would 
be less definitely affected. 

Mandibles. The mandibular measurements made are described in Appendix I 
to this paper. 

3. On the Difficidties attached to the Location of certain Cranial '' Points.'' 

Tnian. No direct measununents terminate in this point but it is marked on 
the sagittal contours. In the cases where the inionic prominence was clearly 
marked the ‘"point” was taken to be the meeting plac(‘ of tin* lineae nuchae 
supremae and this was found to be very close to the common horizontal tang(*nt of 
the lineae nuchae superiores'f : see Plate XIV. The intersectioij of that line with 
the median plane det(‘nnined the inion in less clearly defined cases. But often its 
position could only be vaguely conjectun*d. 

Basion and Opisthion. These jioints were not marked on the skidl, but the 
divergencies between the measurements terminating in them, taken on two 
separate occasions, were no larger than the average. The differences which were 
observed between the mean foraminal lengths deduced from th(' sagittal contours 
and direct measurements w(Te mon* significant. They would probably have been 
less if the points had been marked on each skull before the contours were drawn. 

* A table of these corrected means Is given in Vol. xiii. p. 217. 

t When determining the position of the inion tlic writer was especially guided by a discussion of the 
subject in Biometrikay Vol. xui. p. 184. 
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Auricular Pointi^, The difficulties of defining clearly the positions of the 
auricular points have been discussed at considerable length by many cranio- 
metricians. It seems best to accept and use in practice two definitions which will 
give very close but not always coincident points. 

The craniophor auricular points are defined to b(‘ those at which the skull, 
when in the Frankfurt horizontal plane, touches the ear-rods of the craniophor, 
Th(} ear-rods wen* only insertt*d a short way into the auricular pas8#iges ; almost 
as short a distance as was consistent wdth stability. The OH height is taken from 
the top of the rods and the divergencies between the two measurements for each 
skull found on separate occiisions had a maximum of 2 min., but they were only 
more than 1 mm. in thi(‘e cjises. These craniophor points are the ones shown 
on the sagittal and transvers(» vertical contours and though they had not been 
marked on the skulls, then* seemed to be no difficulty in roughly locating them 
again. A comparison of the* three mean OH mensurc'mimts — one by direct 
measurement and the other two from the contours — Rhow(‘d a maximum difference 
of rOinm. (see p. 251 below^). This is larger than one would like, but it could 
probably be made less by marking tin* points on the indhddual skull while it is 
still on the craniophor and before drawing the contours. 

Thi* auricular points were defined by Fawcett t<) be* *‘the highisst points of the 
u})per rims of the auricular jiassages*,” and these will not always coincide with 
the points of contact of the ear-rods. It was found that there was a thin lip of 
born* on nearly every skull, terminating p)Steriorly in a w^ll marked notch, and 
coinciding alm(»st exactly with any line that could be .supposed t<^ mark the upjK'r 
rim of the auricular passage. The point of intersection of that lip of bone wdth the 
plane bisecting fh(* orifice transversely w%as taken to be tin* “auricular point by 
definition ” at wdiich (he arc Q' terniinate.s. 

4. '' Remarks^'' on Individual Crania. 

The “r(*marks’' made on out-standing cranial anomalies are similar to those of 
pnwious biomelric cranionu*tricians. The riurnbor of skulls (32) wdth wdiich we 
w^ere dealing was, foi’ statistical purposes, so small Idiat no reliable eouclusions at 
all eoiild be di'awm as to the racial significance of the proportions of tin* total 
population having or lacking any particular character. 

The following eharaett*ristics ami anomalit'S were looked for and, if no mention 
of one of these anoina]i(‘s has been imuh*, it is to be* (h*finite‘ly unde*rstood that it 
did not exist in the skull. 

A(fe and signs of age. Where no eomnumt is made* the skull is aelult with 
sutuies join(*d but not obliterated; basilar synchemdreisis note‘d, also any teeth in 
process of ceuning through e>r hist during life and ce)nse(|uent alisorption of alv(*olus; 
falling-ill or thinning eif calvaria, due to old age, looke*d for. 

Teeth. Undeveloped eir imperfectly developed third molars; extreme attrition 
of teeth and any irregular formatiems round palate ; diseased teeth. The teeth of 

* lUometrika, Vol. i. p. 113, 

t These are given, together with the individual measurements, in Appendix II to this paper. 
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the majority of the Tibetan skulls, and particularly those of the B type, were in a 
very good state of preservation and hardly any showed signs of disease or wear. 

Palate, Each was examined for the existence of bony ridges across the palatine 
grooves leading from the pterygo-palatine canals^. When such a one is thrown 
over the inner groove on either side, it is described as an inncT palate bridge, left 
or right; over the outer groove as an outer palate bridge. One inner palate bridge 
wiis found and there were no cases of an outer one. But on several of the palates 
there were small spikes of bone on both sides of the canals which might well have 
been the broken extremities of what was originally a complete bridge. The palate 
was also examined lor palatine torus, a thickening of the bone on both sides of the 
median suture. 

Precondyles, The (existence of a pair of small, distinct precondyles was noted 
in the case of two skulls and there was also one in which the precondyles had 
become completely fused : see Plates XIII and XIV. 

Tympanic perforation. l\^rforation of th(‘ tympanic plate was recorded in all 
cases. 

Base of the Pyriform Apertnre, This feature has bocui indicated by the letters 
P.B,, and the description has reference first to that part of the floor of the nasal 
cavity which lies immediately behind the edge of the ap(‘rture, and secondly to 
the edge itself. The floor is described as “flat^* — in which ease* it may be assumed 
to be approximately horizontal as well — or ‘‘sloping upwards and outwards/' or 
“downwards and outwards”; the edge itself is describ(*d as sharp, blunt or rounded, 
and if it is double with a groove between its two parts, that is also mentioned. In 
some cases the floor of the cavity is ho roundc^d as to form part of an almost un- 
broken curve with the rounded lip: such a case is d(‘scnbed shortly as P.B. rounded, 
or V. rounded. The following freijuencies were found for the Tibetan skulls : 

Type of Edge Type A Typo B 

Sharp ... 12 7 

Blunt ... 4 7 

Rounded ... 1 J 

There were three skulls having a double edge to the pyriform aperture. 

Asymmetry, Each skull is marked SR or SL according as the Sylvian depr(‘ssioti 
is greater on the right or left side, and, in the sanu' way, JR or JL has reference 
to the greater size of the right or left jugular foramen. The frequencies of these 
characters were : 

Sylvian depresBiou Jugular foramen 

Greater on light side IH iJG 

Equal . ... 13 2 

Greater on loft side 1 4 

The balance in favour of the right side shown here is similar to that which 
was observed in the case of Burmese craniaf . All cases of asymmetry of other 
parts of the skull are noted; only 4 skulls wore at all markedly asymmetrical. 

* See Le Double, Vanatiom des Oa dc la Face, p. 266. 

t M. L Tildealey, ‘*A First Study of the Burmese Skull.’' Biometrika, Vol. xin. pp. 263, 266. 
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Malar hones. There were no cases of a complete horizontal 8ntur(‘ across the 
malar bone, although in several there were slight traces of it. 

Metopiam, Six of the 32 Tibetan skulls had a persistent frontal sutnn*. this is 
a very unusually high percentage. 

Ossicles m the snUtres, All ossicles of any consi<ior<ible size have bc'en noted. 
If one side of the lambdoid or coronal suture is not indicated, it is to bo understood 
that where wormians are mentioned they wore present on both sides. One fairly 
marked case of wormians of the lambdoid suture is figured Plate XII. 

Conformation at the pterion. All cases of epipteric bones have been mentioned; 
also instances of the thrusting of a process of the squama t(‘mporalis between the 
parietal and sphenoid bones to join the frontal. 

Interparietal hones*. There was one c«‘ise of a simple interparietal bone, two 
of the bipartite' (rather different from that figured by Bonington, Biometrihi , 
Vol. vilJ. p. 328) and no cases of the trij)artite interparietal : see Plates XI and XII. 

Other features. All c<iscs of fiattening of the obelion have betui recorded to- 
gether with any othei singularities worth}^ of comment. 

5. Comparative Material. 

The greater part of Tibet is inhabited by semi nomadic pastoral tribes. 

“ With the exception of the extreme northern and northeastern portions of 

Tibet, the population belongs essentially to one race, and the purest U'faTsenta- 
tives of this stock are to be found among the pastoral tribes, or Dnipa, which, 
wlu‘th(*r found arouinl tlu‘ Kokonor, in eastern, western, or ccmtral Tibet, offer a 
uniform type which may be called the Drnpa type\*' 

These pc'ople are said to be short and brachycephalic with high (*h('ek bout's, 
“but not HO high as with tht' Mongols,” noses usually narrow and strong but 
irregular teeth. This supposed primitive and jmre type only ptu’sists among the 
nomadic tribes, while a hybrid one occupies the places of permant'iit habitation. 

“It (the latttu*) is a mixed ract', bect»miug mort' Chinese as one goes toward 
China, or mort' Indian (Nepalese or Kashmiri) as tme travels southwaid or wost- 
wwd. The n^ason of the vt*ry jironouuced departure of this portitui of tiu* Tibt‘taii 
populatitiii frt>in its tiriginal tyjie is easily aecoiintt'd for in the custom of foreign 
trader's, soldit'rs, pilgrims, or tifficials inhabiting tht* country, of nevtT bringing 
their wdves into Tibet, but taking native concubines, a ciisioin eommon in most 
parts of Asia. In as small a population as that of Tibet, which does not probably 
exceed 3,000,000, where the principal centres of population an‘ and have lieen 
inhabited by comparatively large nuinbi^rs of foreigners at least, this piofound 
alteration of the primitive type is easily accounted for in this maniier^ ” 

Our crania of Type A are, in all probability, those of such jieople, for they 
come from the line of the trade route from Bengal through Sikkim to Lhiusa along 

* See liiometrikaj Vol, iii. p. 220. 

t W. W, Rookhill, “NoteR on the Ethnology of Tibet" (1895), p. 67H. From the Report of the V,S, 
Natioml Museum for 1898. 

^ Bockbill, op. eit. p. 074. 
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which all but the lumiadic tribes live. Indian tradei’s do not, as a rule, themselves 
proceed beyond the confines of Tibet; their merchandise is carried to Lhasa by 
the Nepalese and Bhotanese. It is to these peoples that the supposed hybrid 
natives arc probably racially akin, but unfortunately there are at present no data 
which can be used to test such a theory. It must not be forgotten that a few of 
the Type A crania come fnun Lhasa where the floating population is predomi- 
nantly Chinese*. 

Of the inhabitants of Khams, as the east(*rn portion of Tibet is called, 
W. W. Rockhill writesf , “ there is absolutely nothing Mongol about this peoplt^ 
who are good representatives of old Tibetan civilisation.’' There arc‘ few Chinese 
traders, soldiers or officials in most parts of the country, but th(‘ir number in- 
creases rapidly as the thickly populated boundfuy of western China is approached. 
We may hope then that th(‘ Type B crania are representative^ of the aboriginal 
inhabitants of the country and we should expect them to differ significantly fi*om 
th(' hybrid Type A. 

For comparative purposes we are able to tise the table of means of sevtu’al 
Asiatic races compiled by Tildeshy from various scattered sources This material 
is scanty and in some eases of very doubtful homogeneity, but togellu r with the 
three Burmese series with which it has already be(ui compared, it is, at present, 
all that is available and has been measured by methods suffici(‘utly like ours to b(‘ 
comparable. The table of means is based on measureimuits given for tlu^ following 
races. Wc n<‘e(l only eonsider male skulls. 

Malayans. These means are based on 78 .skulls contained in a single collection. 

Chinese. Measurements wore colh^cted from various sources and, although the 
part from which some of the skulls had been obtained was not known, the means 
may be taken to represent most nearly th(3 South Chinese' type. 

Hindus. Only a portion of this racially heterogeneous people is represt'nted. 
The material considered relates to Bengal and north-east India, all Dravidian 
trib(‘S being excluded. 

Dravidians. These are of the Maravar tribe from the Madras Prosideney. 

Burmese. Finally, there are the three Burmese scries measured by Miss Tildesley 
and these w(»re compared with the above' racial material sh(' had collected. The 
A series was of Burman.s proper, the B of .supposed hybrids and tlu' skulls of the C 
series were thought to be of Karen origin. 

Aitio. These means, which were reduced in the Biometric Laboratory in 1900 
from Koganci’s tables, are quoted in Biometrika, Vol. t. p. 426. 

The standard deviation of the cephalic ind('x (B/L) may be conveniently taken 
to be an approximate measure of the homogeneity of a series of skulls, but it nmst 
not be forgotten that there is some evidence to show that advanced mces are more 
variable than primitive ones. 

* See L. A. Waddell, Lhasa and its Mysteries (1906), pp. 344 — 346. 
t The Land of the Lamas (1891), p, 188 (footnote). 
t Biometrika, Vol. xni. p. 239. 
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Kaoe 

S.D. of B/L 

Number of Crania 

Aino^ 

2*41 ±i8 

88 

Naqada^ 

2*80±-17 

130 

W^hitechapel English + 

3‘26±-2() 

131 

Tibijtan A (Hybrids?) 

3*87 ±*66 

17 

Burmese A (Burraans) 

4-30 ±*46 

44 

Chinese 

4-52 + *29 

73 

Tibetan B (Khams) 

5*00 ±*04 

15 

Malayans 

r)T3±*28 

77 


It is curious, though no stress could be laid on the point without more com- 
plete evidence, that the variabilities in this index of the Oriental races, with the 
exception of the Aino, are significantly grcfiUT than those given for Western 
peoples^. The probable errors of the standard deviations of the two Tibetan tyjx^s 
are, of course, very large, but we may reasonably conclude that the collections 
an* as homogeru^ous as thosf* of the other Asiatic races with which they are to 
be compared. Table I (}). 2()(i) glv(»s a full list of mean measurements for the two 
Tibetan series and the other Asiatic ones with which comparison is to be made. 

6 llip Coejjicient o f Racial Likeness, 

If an ade(piate comparison of the mean charaettTs of two races is to be made, 
we re(juir(‘ a knowledge of inter-racial standard deviations and correlations (i.e. of 
those of different races). The comparative material at presemt available is too 
meagre to provide even an approximation to these. Professor Karl Pearson has 
suggested that a single coefficient, known as the Coefficient of Racial Liktmivss 

L.), which takes into account a large numbtu* of mean characters and requires 
intra-racial standard deviations (i.e. those of individuals all of one race) only, may 
be used provisionally. 

Let m charactei-H be measured an<l let the A‘th character in the first race have 

for mean and arg for standard deviation, these two constants being based on 
individual measurements. Let the eorresponduig characters for the second race* be 
cr/ and nf, 

Tlien, if the two races were really samplt's of the same population, the following 
expression w^ould bi* sensibly zero : 

1 

m i cr/ ^ a;-' ’ 

Hm 

and the probable i*rror of its deviation from zero will be •fi7449/v/2w. 

The* value of this (expression computed from a number of mean charactcTs of 
twH) ra(H*s is tho Coefficient of Racial Likeness b(‘tween them and it is thus a 
measure of the probability of the two being random samples from the same 
population. It is not a true mejusure of absolute divergeiiee, and must not for 
a moment be consider<‘d as such, but nevertheless we shall speak of it, for con- 
veniences as if it were an absolute measure of racial affinity. When it is said that 

* Quoted by Fawcett, JUometrika, Vol. i. p. 440. t Macdonell, liiojiu-trihOf Vol. iii. p. 224. 

I The variabilities of the nasal and orbital indices of the Oriental races are also sigoificantly gieater 
than those of the Egyptians and Whitechapel English, 
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TABLE I. Comparative Table of Means* (all Male). Asiatic Races. 


VliarirCkr Tibetan A j Tibetan B BunneHe A ( Burmese B Burme'se (3 \ Malayan Chinese Maravar 
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Oc. 1. 


im‘0 (17) 
525 -4 (17) 

174- 4 (17) 

175- 2 (17i 
174 8 (17) 

180- 4 (17) 
92-6(17) 

182-0 (17) 

181- 2 (17) 
118-2 (17) 

95-7 (17) 
310-5 (17) 
810-0 (17) 
860-9 (17) 
125-8(17) 
122-6(17) 
112-5(17) 
94-4 (17) 

, 508-6 (17) 
18-9(15) 

69- 1 (15) 
98-7 (17) 

130-4 (17) 
51-7 (16) , 
51-0 (16) 
25-3 (17) 
8-1 (16) 
22-1 (17) 
2H-0 (16) 
2-1(16) 
7-4 (16) 
41-7 (17) 
41-7 (17) 
35-0 (17) 
85-0 (17) 
39-5 (17) 1 
47-7 (17) ' 
44-5 (17) I 
41 0(J5) 
91-5 (17) I 
11-1 (15) I 
11-8(15) I 

85- 7 (17) 
80 1(17) 
79-G (17)1 
75-2 (17) 
79-8 (J7) 

75- 5 (17) 

105- 7 (17) 

76- 1 (17) 

106- 8(17) 1 
4 7(17) 

70- 4(15) 
49-8 (16) 
49-8 (16) 
84-8 (17) , 
84-2(17) 
88-7(17) 
84-8 (17) 

87-0 (16) I 

31-5(16 ' 

86- 5 (15) 
28-7 (15) 
8? -4 (15) 
64‘^-7 (16) 
71 -8 (16) 
43^-5 (16) 
28®-0 (15) 
15^-5 (15) 
61-7 (17) 


jl537-7 (14) 
673-1 (15) 

184- 5 14)4 

185- 7 (14) I 
185-5 (14) I 
189-4 (14) 
94-8 (15) 
184-8 (15) 
184-1 (15) 
116-5 (15) 
99-2 (15) 

312-1 (15) 
312-9 (14) I 
878-6 (14) 
129-8 (15) 
126-1 (14) 
122-7 (15) 
100-8 (15) 
525 6 (14) 
22 -U (15) 
76-5 (15) ' 
100-7 (15) 
187-5 (15) 

54- 9 (15) 

55- 1 (15) 
27-1 (15) 

8-8 (15) 
22-7 (15) 
29-4 (15) 

2- 6 (15) 
7-7 (15) , 

44-0 (15) 
48-4 (16) 
36-5 (15) 
86-7 (15) 1 
41-2 (15) 
51*5 (13) I 

47- 7 (18) ' 

48- 6 (14) 
97-2 (15) 
43-7(14) 
11-2(14) 
87 4 (15) 
81-4 (15) 

7> 2 (11) 
72- 1 (14) 

75- 8 (14) 
72-4 14) 

104 0 (U)‘ 
72-1 (14) 
104-5 (14) 

3- 5 (U) 

76- 0 (15) 
40-5 (15) 

49- 8(15) 

83- 0 (15) 

84- 6(15) 

88- 6 (15) 
84-1 (15) 

89- 1 (16) 
34-6(15) 
84-3 (12) 
81-7 (U) 

85 -7 (14) 
65° 5 (15) 

68 *8 (15) I 
45' -7 (15) 
28°-5 (14) I 
17°-7 (14) I 
69-2 (15) , 


1406-9 (27) '1415-0 (4) 
656-8 (88) 1 595-6 (7; 


172- 4 (44) 
174-2 (44) 

173- 5 44) 
143-7 (45) 

91-3 (44) 
136-8 (43) 
136-U (43) 
117-7 (44) 
98-5 (48) 
3-23-7 (44) 


172-4 
176-7 17) 
178*8 (8) 
141-1 (7) 
89-7 (8) 
186-6 (7) 
134 7 (7) 
116 7 (7) 
98-8 (8) 
839-2 (7) 


325-8 (48) I 319-5 (7) 
363-7 44) ' 867-0 (7) 
128-6(41) I 124-9(7) 
124-0 (45) 124-4 (7) 
111-2(44) 117-7(7) 
94-7 44) 98-1 (/) 

505-7 (44) 497-7 (7) 
19-9 (38) 17-2 (7) 

71-4(89) 68-2(8) 

101-9 (40) 100-9 (8) 
134-0 (40) 131-7 (8) 
58-4 (41 52-3 (8) 

53-5 (41) " 

28-1 (41) 1 
10-8 (42) 

22-8 (43) 

32 6 (41 
3-0(11, 

9-0(42) 

44- 2(11) 44-3(8) 

43-6 (41) 43-2 (8) 

35-0(41)1 33-6(8) 
35-0 (41) ' 34-3 (8) 
39-6(41)1 39-1 (8) 
49-9 (37) 49-2 (8) 

45- 4(37)1 44-8 (8) 
39-6 (40) ' 40-1 (6) 
96 6 (39) I 98-8 (H) 


52 4 (8) 
26-6 (8) 
10-6 (8) 
21-3 (8) 
30-9 
3*5 
7-8 


678-0 

175- 5 
177*2 

176- 7 (8) 
140 4 (K) 

9l)-4 {«) 
140-1 (H) 
139-1 (8) I 

116- 9 (8) ' 
100-5 (7) , 
317.8 (8) I 
819-4 (8) , 
867-4 (6 1 
127-9 (8) ' 
122-5 (8) j 

117- 0 (8) 
99*7 (8) I 

503-1 18) 1 
20-1 (7) ; 
74-5 (7) ' 
94-8 ( 7 ) 
126-7 (7) I 
55-1(7) I 
55-2 (7) ll 
2V6 (7) I 
11*6 (7) 
lH-7 (7) 
30-7 (7) I 
3-6 (7) I 
7-2 (7) 
44*4 (7) '1 
41-1(7) 
35-0(7) ') 
35-9(7) ) 
89-4 (7) 
60-0 (7) 
16-2(7) 

40 6 (7) 

95 9 (7) 


[1424-1 (70)] [1167-6 (46)] [1289-7 (l7)l|[1319-9 (84)] [1462 


179*6 (16) 
, 179-2 (4) 
174-7 (78)1 177*1 (84) 
142 2 (77) I 139 -6 (102) 


176-6(17)' 176*9 (45) 
178-2 (9) 
175-6(21)' 175-4 (33) 


93-4 (77) 
186-2 (76) 
137-4 (76) 
118-;(77) 
99-5 (76) 

319-0 (77) 
365-7 (73) 


98-0 (73) 
505-7 (77) 


86-7 (43) 
3)-7(42) I 
82-1 (44) 
78-2 (48) I 
82-9 (41) I 

78 5 (43) I 
105*8 (43) I 
’78-4(13);' 
105-7(43)J 

!4*5(48))! 
69-8 (38) 
52 8(4}) 
62 7 (41) ! 

79 1 (41) ' 
80-0(41) j 

{88-4 (llj; 
88-8 (4-2) I 
45-4 (42) 
32 7 (41) 
79*8 (37) 


35-4(8) 87-3(8)' 

80-6 (8) 30-8 (8) 

80-0 (7) 79-4 (H) 

76-3 (7) 78-7 (8) 

80-4 (7) 79 5 (8) 1 

76-7 7) 78 9 (8) 

104-9 (7) 101*0 (8) ' 

177-5(7)1 178-7 (8)}‘ 

1 104-8(7)1 1{10()*9(«)| 

|2 9(7)1 !«-6{8);, 

67-8 (8) 79 0 (7) 

51-2(8) 46-4(7) I 

51-0 (8) 46-3 (7) , 

7V9 (8) 80-8 (7) i| 

79 4 (8) 81-5(7) ) 

{87-7 (8){ {91 1(7)1, 
86-6 (8) 82-9 (8) 

49-8 (8) 61-9 (7) 

46-2 (8) 54-0 (7) ' 

82-2 (6) 81-3 (7) 


98- 9 (49) 
136*6 (87) 
136-9 (69 , 
119*2 (38 I 

99- 1 (66) I 

321*2 (3.1) , 
870-3 (78) I 
126-6 (57) 
1-26-0 (56) I 
116 1 (56) ' 
98-7 19) 
508-5 (82) 


181- 4 38) 

98*2 (21) 

182- 5 (38) 132-1 (43 

181-5 10 


132 8 (69 
92-4 (lO) 


98-8 (38) 


127-0 (21) 


488-7 (HK) 


111-4(10 
99*2 (44) 

302-9 (10) 
363-5 (38) 
127-1 (88) 
126-5 (83) 
110*1 (33 
92-8 (9), 
493-6 (69 


33-6 (74) 

39-1 (73) I 

47-3 (69) I 
41-2 (70) 
98-2 (76) ' 


36-5 (73) 
30*0 (74) 


81 7 (77) I 
78-2 (76) ' 
104-6 (76) 


70-7 (73) 
52-7 (41) 


86-0 (73) 
84-6 (73) 


71-2 (49) I 



63-8 (9) 

99-9 (38) 1 


95-2 (9) 1 

131 8 (65) 

124-4 (-21) 

126-8 (32) 

53*1 (54) ' 

46-5 (38) 

49*0 (16) 

25-5 (60) 1 

24-0 (38) 

24-2 (43) 

1 

1 

” 1 

42-6 (10) 

(54) ' 

31-7 (38) 

32-1 (45) 

38-3 (54) , 

36-6 (17) 

37-0 (46) 

54-5 (4) 

50-5(21) 

46-4 (5) 

45-8 (32) 

— 

45-2 (7), 

39-2 (35) ' 


35-9 (9) 

97-7 (58) 

96 0 (30) 

95-1 (39) 

36-0 (23) 

33 9 (21) 

35-5 (8) 

30-9 (-23) 

2S-2 (21) 

27*1 (8) 

77-8 (13) 

-* 

76-2 (9) 

1 


75-5 (9) , 

78-9 (73) 

74-6 (21) 

75-8 (.3.}) 1 

77-4 (21) ' 

75-2 (21) 
|99-1(-21)| 

75*6 (9) 

J03-2 (*}7) 1 

100-0 (43) 1 

77-4 (35) 1 
102-4 (46) 
{1-5 (69) 
71-1 (36) ^ 

; 

75-B (10) 1 
99-8 (10) 1 


{0-0(10)j| 
68 0 (8) 

51-0 (8)' 

46-3 (7) 

50-4 (73) 


1 

77-2 (9) 

88-4 (54) 

81-4(17) 

86-3 (45) 

85-9 (-23) 1 

83-3 (21) 

77-3 (8) 

78-4 (4), 

1 

77-8 (5) 


38*2 I 


76-5 


H6-0 (89) B5°'9 (8) 84' 0 ( 


84°-9 (17) I 


66>-8(38) 1 66 ‘* 2 ( 8 ) 64°-4 (7) {68^*2(78)1 |f>7°*3(49)'i ! 
70' -5 (38) ' 73"-4 (8) 71' *2 (7) |70°*4 (73)! 170° 1 (49)’ 1 

42^-6(39) 41°4(8) 44°-5 (7 4r*4(73) {42°-6(49)i 

27°-2 (38) 28°-B(8) 31°*7 (7 

16°-4 (88) 12°*9 (8) 12°-8 (?' 

62-8 (44) 61*5 (7) 62*8(8' {62-1(19)1 


86°-l (9) 82°-0 (67) 


- 

|67 -2 (9)1 

I {74°-8{9); 

!70°-2 (69)1 
71°*2 69)}, 

— 

1 ;38°-0(9)( 

{38°*6 69) 


{60-5 (9)} 


* The capacities in square brackelH were found by methods which would only give results approximately the same as those given by tlie 
method described above (p. 198). The indices enclosed in out led brackets give the ratio of the tsvo mean measurements and are therefore 
only approximate values. The angles in curled brackets were determined with the Trigonometer from the mean lengths of the sides of the* 
fundamental triangle. ^ 
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a low coefficient between two races A and B indicates a closer relationship than a 
higher coefficient between, say, A and C, what is meant always is that it is more 
probable that A and B are random samples from the same population thaivthat 
A and C are, 

Intra-racial correlations between characters not connected in some obvious way, 
such as the various mcasureincntH of head length, are known to be small ; otherwise 
the coefficient could not theoretically be used. The measurements chosem should 
therefore show little correlation among themselves and at the same time be as 
representative as {K)ssible of all regions of the head. Further, the same list should 
as far as possible be used for computing all coefficients. 

The standard deviations a-g and cannot b(* determined with at all sufficient 
accuracy from th(‘ short scunes of skulls with which, as a ruli*, the cranioinetrician 
is concerned. Accordingly the assumption has to be imule that they are 0 (|ual to 
each other nnd to the standard deviation of the hujgest homogeneous series of 
crania availabl(\ This sujiposes that the races considered are alike both in 
variability and hoinogeiuuty. This latter condition may siddom be closely fulfilled, 
but we are o})li« 4 (‘d to postulate it as long as the inter-racial variabilities are 
unknown. At least we have some indication from the standard d(‘viation of the 
cephalic index that all the modern Asiatic races we shall deal with are of a similar 
degree of lieterogiuieity and this makes the coefficients derived from them more 
comparable. 

If <r« = then : 

m {ng + 7ig\ cTg J ] - ^/27n 

and wi* shall use the c()(*fficH‘nt in this form 

Several seri(‘s of sufficuuit length for w'hicli the variabilities of characters are 
given were found. These were : 

(i) All unpublislied series (E) of 800 mal(‘ Egyptian crania; (ii) Naqada 
Pieliisti^rk* Egyptians nu^asured by Fawcett {Biometriht, Vol. i. p. 4‘IS) : 
(iii) Whitechapel English — Macdonell Vol. ill. p. :^22); (iv) Mooitiolds 

English -Macdonell {Biotnefnka.Yol V. p. 02); (v) Congo Negroes— Benington 
{^Biometrika, Vol. viii. p. 208). 

A table of standard deviations compiled from those sources is given below. 

The variabilities of the 5 racOvS shown in lable II are in fairly close agreement 
and the Egyptians and Negroes do not seem to di tier appreciably from the English. 
This fact to a certain extent justifies the invariabh* use of the standard deviations 
of omi race only in computing Coefficients of Racial Likeness, but this use is still 
open to criticism if any of the data compared are suspected to be less homogiuu'ous 
than the average. The standard deviations of the Egyptian Series E were used in 
calculating all Coefficients of Racial Likeness since the probable errors are smaller 
than those of thoMher races. 

Th(' need has been noted above of using, for the computation of the (Efficient 
of Racial Likeness, only charactei*s which will be fairly independent of each other. 



Standard Deviation of Characters, All Male, 


208 


A First of the Tibetan Skull 
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For oxainplc, if th<' sagittal arc S is employed, the arcs Siy and the chord 6V 
may not bo for they are significantly correlated with S ; two angles of the funda- 
mental triangle may be included but not three. The correlations betwecui the arcs 
and lengths of the skull not cormect(‘d in any such close way and those between 
an index and its component lengths are mostly small, although some an* quite 
significant, and so provisionally we may use the 81 incfisurements, for which the 
standard deviations are given in Table II* The correlations between these, if 
sensibly differing from zero, are fairly small and it does not seem possible to 
advantageously add to the list. If the coefficients computed by different workers 
are to be comparable, some such list must be adopted and adhered to. Unfortunately 
all these mean measurements will not be given for some comparative niatcrial, but 
the majority are standard ones adoj)ted by most craniometricians. ( )ur most meagre 
data are those for the Manivar crania for which there are only 19 of the 31 chosen 
characters. For all the Asiatic material the transv(*rae arc was given only measured 
to the auricular points (Q ) and not to the ear-rods (Q). But we were only provided 
with th<‘ standard deviation of Q and this was us(‘d instead of that of Q ' ; the 
difienuice b(*twet‘n thf‘se t^vo variabilities would certainly be small. In comparing 
t/h(* Tibetan means with those of unallied races Q and not Q' was used. Besid(‘s 
11 h‘ Co(‘fficif‘nt of Kaeial Likeness computed from the 31 characters, w(‘ have com- 
])utt*d th(' coefficient for indices and angles alone, using the 12 given in Table II. 

The results fu* tin* two Tibetan and other rac(‘s are given below (Table III). 

W(* shall first consider the* relations between the two l^ib(*tan series and other 
Asiatic races as shown l)y the Coefficients of Racial Likeness computed from all 
the characters - hmgths, arcs, indices and angles. There is cl(‘arly a remarkable 
diff(T(‘nce b(*tween the two typ(*H: the coefficients with Type B are in (wcuy case 
larger and in most cases approximately twice as large as those with l^ypt* A. Our 
supposed hybrids (A) an* seen to be wry similar to the Burmese hybrids and more 
akin to all the Burm(*se, the* Malayans and the Chinese than to their own countrymen 
of Khamsf. This is distinct (‘videiicc* in support t)f the hypothesis which would 
make Type A a mixed race. To the aboriginal Dravidian (Maravar), who rarely 
leaves th(* confines of Ins own land, the w(*stern Tibetan has no relationship but 
1li(* c]os(‘r affinity to ihe Hindu is, perhaps, due to or symptomatic of contact 
through trade*. Our Hindu data are n^presentativc* of the B(*ngali, a sujiposed 
eastern [K‘opl(', and not of migrants from the w(*8t. There is little direct contact in 
these days b(*tween western Tibet ami Burma and certainly much l(*ss than betwc*en 
China and Tibet, so our figures are (juite consistent with the philological and 
historical (‘vidoncf* which tells of Tibeto-Bnrmcse invasions from north-W(*st (Uiiiia 
and they show that all these oriental peoples are very similar in typo. 

Tht* ^^ibetan Type B is most nearly, though not closely, related to the Burmese 

* These HI characters were chosen so tliat no pair would be highly 'correlated and there was no 
other method of selection. They include all the more important measurements of the skull. 

t For the Moorfields and Whitechapel English measured by Maodonell I find C. L. =:2*05±-09 
using 26 charaoterb and 1-73 ±*16 for indices and angles only (9 characters), so the coefilcient for 
Tibetan A and Burmese B must be supposed to indicate quite a close relationship. 
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The references to the tables of means for the races other than Asiatic are : 

Conffo Negroes. Bionietrika. Vol. vin. p. 298, This is the series which was measured by Dr BeningtoiK 
Whitechapel English and French (the latter quoted bv Macdonell). Biometrika^ Vol. m. p. 208, 

Moriori. Biometrika, Vol. xr. p. 93. 

Naqada and Aino (quoted by Fawcett). Bwmetrika, Vol. i. p. 426. 
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hybrklR and Karens. It has equal aflSiutics with the Chinese and Tibetan A. The 
coefficient with the Maravar is the highest recorded in the table, for both Asiatic 
and western races, and it must indicate a very fundamental difference in type. 
The Tibetan B is markedly diflfcrentiated, too, from the Hindu, Malayans an<l 
Bunnans. If. as the close relationships of our Tyj)e A with these peoples suggested, 
they had all a common primitive origin then the T 3 rpo B must belong to a radically 
different stock. Though adjacent to the Chinese it is much less like that people 
than are, the inhabitants of Sikkim 600 miles away. The fact that the Tibetans of 
Khams resemble none of their neighbours suggests that they belong to a well 
differentiated and possibly pure stock. 

We turn now to the' coefficients between Tibetan A and the races other than 
Asiatic. These all appear to be smaller than we should have anticipated when 
compared with the earlier ones considered. It is surprising to find that two 
Tibetan peoples are hardly more alike in cranial type than one of them is to a race 
of African iK'gnx^s and that Frenchmen have heads that more closely resemble 
thoM* of a Tibetan people than the latter do those of Indians living not a 1000 
miles fn»m them. 

Turning to the coefficients with Tibetan B. th(' outstanding featiirt' is the 
lowness of tliat with the Moriori. Even among Asiatic races there are only two, 
Burmese B and C, smaller than it. C)nly more abundant comparative material can 
show what the significance of this som<*what unexpected similarity between two 
primitive peoples is*. 

Th(' primitive Aino are almost as far removed from the two Tibetan typ(‘S as 
any of the races. 

If mere size is to have no part in determining racial affinities then we must 
l)as(* judgments on indices and angles only. To test the accordance of such a 
method with the moiv general one, which considei's both size and form, the* 
Coefficieuits <>f Racial Likeriejss were computed without including lengths and arcs 
and th<‘se aie given in Table III. 

In most cases these c()(^8^cients were lower than those previously found — then* 
being 21 such cases out of a total of 28— and many of the difterences were* very 
considerable. Looking first at the coefficients for Tibetan A and other Asiatic 
races: every one of these deduc(*d from indices and angles only is smaller than 
the corresponding one for all the characters and thi* races are now arranged in 
a much more suggestive order. After the Banmose hybrids, the Chinese have 
cranial indic(.*s and angles most similar to those of the Tibetan A type and the 
resemblance is very close indeed. It is noteworthy, that the corresponding coeffi- 
cient with Tibetan B is the lowest of all with that type, so the Chinese skull is 
very similar in shape if not in size to that of both our series. The coefficient for 
Tibetan A and Tibetan B is lessened quite considerably by taking fewer characters, 
but there is a far greater reduction than that in the case of the Hindu and Maravar 
with Tibetan B. There would seem to be a great difference between the Tibetan B 

^ Our coefilcieuts are unfortunately not comparable with those given by Mias Tildesley in her 
Burmese paper an I have not used precisely the same characters as she did. 
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type an<l those of tho two IndiaTi peoples in size, the Tibetan being much larger 
than tho others, but comparatively little in shape of head as characterised by 
angles and indices. But in one case the coefficient was calculated from only 9 
characters and in the other there were only 5 available. We are dealing here with 
small samples and no stress can be laid on conclusions deduced from them. It may 
be that^here are some characters which usually differ more significantly between 
race and race than other characters do and if these are neglected when a coefficient 
is being calculated from a small number of mc'ans we may arrive at very mislead- 
ing results. 

If the Coefficients of Racial Likeness between the two Tibetan anrl non-Asiatic 
races are compared, the values given for indices and angles only are not, with one 
exception, viz. that of the Whit(‘chapel English and Tibetan B, smalh'r than thi‘ 
coefficients for all charactcTS and in this respect there appears to be a very real 
differei^ce between the allied and unallied races. Further evidence is nec'ded to 
establish definitely the theory, but it seems at pn^sent to be highly probable that 
diff(Tenccs in size an^ of relatively little importance ; n'semblanco betwt'en the 
shapes of heads is the real criterion of ndationship and this we ar(‘ able to measure 
with anghjK and indices. 


7. Comparison of the T'lbetan mean diiect Measarements with those of other liaces 


'^J^he means of samples taken even from a very skew fi’cquency distribution are 
known to have* themselves a distribution which is nearly n<»rmal, so that if the 
difference of two rm^an characters divided by the probable error t)f that dift'enuict* 


m,^m: 


^ r, fi. 


with the notation of p. 205) is b(‘tw(‘(m Oaiul 


(i.e, approximately 

•67440 

2 then th(‘ means might very probably have been randoyi samples from the same 
population; if between 2 and 3, the inference is probable but uncertain ; while a 
value ovei 3 denotes gr(*at improbability (of the order *002). Hence if the value of 






is betw(*en 0 and 2*7 a verdict can be given in favour of common 


origin; between 2*7 and 6*1 it is uncertain and greater than ()‘l very improbable. 
After making the assumption that the two standard deviations, may be considered 


omes one 


7/ 77 ^ f A/ Af 

equal, this function, i.e. ^ ^ * * ) which we will call a, bec< 

^ av + r?;V cj, ) 

which has already been evaluated for the individual characters of the Tibetan 

and other races, when computing the Coefficients of Racial Liken(*ss. We have 


C.L. = S(a) — 1. From the values of a we can se(* at once in which characters the 
m 

two races compared differ most essentially and in which they are most alike. Tables 
IV A and IV h give these values of a. 

All the Burmese types, the Malayan and the Chinese are more closely related 
to tho Tibetan A race than the Tibetan B is. In what ways do these two differ 
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Values of ) for Tibetan li and other liaces. 
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2-82 

1-32 

•65 

•64 

11-25 

8*45 

7*20 


OH 

1*11 

•81 

11 -(H 

2-18 

4-80 

7-09 

13‘94 

4 *57 



1*58 

•12 

•28 

•81 


LB • 

■51 

•05 

•01 

! 6-18 

•34 

•08 

31-18 

W 

11 

26 98 

4*86 

Oj 

72 


(/ or 0 * 

;V 

2-20 

2-08 

7 25 

*31 

17-97 I 

4-28 



5-96 


•91 


9-67 

1 13 

A}i(% 

• I'OH 

4-01 

•63 

15-37 

15-07 

6-60 

2-72 

14-37 


6-09 

' *18 

2-51 

19 72 


u 

13*59 

19-16 

18-44 

19-60 

22-19 

24-75 

•62 

63-15 

73-46 

•41 


14-07 

2617 

Face 

1 G'll 

1-11 

20*89 

18*75 

21-98 

16-37 

29-59 

32-48 

52-81 


•01 

28-53 

' 58-71 

1 14-58 

\ J 

\ 

26-06 

8-40 

18-95 

19-21 

6-39 

11-06 

•02 

60-88 

71*85 

•00 

29 13 

79-22 

59-70 

NubK 

m{fi) 

NB 

■05 

3*90 

413 

12 

4-46 

9 * H 2 

9-29 

8-25 

2 - 90 

3 - 51 

13-19 

3-97 

28-62 

9-05 

45-91 
21 -69 

88-92 

33-00 

7-09 

to-BH 

20-22 * 
29-46 

54-34 

16-32 

79-83 

4-47 

Orbit 

OJt 

•27 

•17 


15-11 

•16 

_ 

43-42 

4-11 


•60 

4-42 

8-90 

34-09 

O^R 

1*06 

12*02 

23-44 

4-91 

6-76 

30-76 

8-84 

51*81 

67-95 

1-82 

32-44 

71-96 

11-19 

Palate 

0\ 

•92 

2-30 


9-59 

•22 


2-25 

8-47 

•72 

2-15 


18-47 

1-18 

0\ 

6-07 

7-43 

27*98 

7*07 

23-98 

9-71 

49-61 

46-95 


31-66 

77-18 

18-57 

34*39 

For, Mag. 

fml 

firth 

•01 

•41 

3-42 

*73 

2-91 

*49 

3-78 

2-92 

•89 

•12 

7-37 

6-29 

— 

3-09 

18-08 

17-57 

19-39 

7*46 

*81 

— 

- 

4*22 

4-85 

Capacity 

C 

2*61 

3-63 

1*09 

6-53 

12-24 

11*77 

5-26 

36-51 

36-64 

9-68 

3-36 

23-02 

31-44 

C . L 

3’46 

4-83 

6 ‘37 

e '46 

10-96 

11‘17 

13-61 

18-34 

25-72 

4-85 

11*93 

18-32 

21-61 
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uu)«t ^ Of the 81 valmi8 of a given there are 15 greater than G*l. The largest of 
these are for the characters BjL\ F, Sy U and G'Hy the B type being in every case 
the larger. Its greater size, weight and capacity are thus chiefly due to its excess 
length; in breadth and height, as shown by the low values of a for B\ OH 
and Qy the two are not significantly different. Andther very noticeable difference 
b(»tween them is for the size and shaj)c of the face (O'H, J and 0'Hj(xB)y the B 
type being again the larger. The orbits, nose and palate diflfor in th(‘ same way in 
all dimensions, though they arc remarkably similar when measured indicially. In 
fact these two races apparently resemble each other in both size and shaj>e only in 
th(» neighbourhood of the transvei-se section through the auricular j)omts and in 
the foramen magnum. The Eastern Tibetan is altogether a bigger type than its 
compatriot one of the West. 

Wc turn now In compare the races more like the latter with it, and we take 
first the Burmese B. This series only consisted of H skulls and no great reliance 
can b(* plac(»d on deductions drawn from its mean values, but it seems to be 
remarkably closely related to the Tibetan A. Both these, it is interesting to notice, 
hav(‘ been suppo8('d to represent hybrid stocks Only for one direct measurement 
do they differ by more than the amounts we should expect from random sampling. 
That is in the width of orbit for which the Burmese exceeds the other by 2*6 mm. 
The three Burmese types arc vary alike in that particular. The 0 is distinguished 
from the Tilx^tan by a greater upper face height (O'H), giving a very different 
facial index ((tHIQB), and OH height (affecting the indices HjL' and BjH). The 
excess in alveolar-basion and foraminal lengths is also noticeable. 

'Vha Burmese A series is the only one with which reliable comparison aan be 
made since the othcTS are based on such short series. The mean bn^adth (d 
tht^ caharia and faee and the OH height are appreciably greater than for the 
Tib(‘tans, though the index BjH is almost the same for both and the measure- 
ments made in the sagittal plane an* very similar. Thus the discrepancies between 
the lengths and arcs of the brain-box are almost the exact reverse of those betw(‘en 
the Tibc'tan B and A types. The Burmese A differs most significantly from the 
latter with its much smaller nasal bn^adth which gives the very high value 
a = 80*1. The difference in palat(' index is well marked. 

The characters for which the as with the Malayan type are greater than 6*1 
are BjL'y LB, Q', OM and most notiibly OH, the I'ibetati mean being 5*4< mm. less 
than the other; and with the Chinese we find F, LBy Q', S and OH, the last show^- 
ing again the highest value. We should expect to find the Malayans and Chinese 
quite closely related sinci^ they appear to resemble and differ from the Tibetans in 
very much the same way. The comparison of the Chinese with our A type proves 
l>articularly interesting. For all the indicial measurements and angular measure- 
ments and for those of the face, nose, orbit (though OiR is not available), palate 
BXiA foramen magnum the value of a is less than 6*1 and for 9 of the 15 of these it 
is less than 2*7. All the significant differences are in the lengths of the calvaria. 
In breadth the two only differ by 0*1 mm. but in length (F) th(» Chinese exceeds 
the Tibetan by 6*2 mm., for LB 8*4 mm., for Q 10*3 mm., and for B 9*4 mm. 
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Tho loHser breadth of the Hiadu skull is the feature which distinguishes it 
most from tliat of its northern neighbour. In size, as shown by the longer lengths 
and arcs, the two do not difier greatly, but all the* hicial measurements are charac- 
teristic of each. The Maravar is evidently a much more diveigent type than any 
we have considered yet. Its points of greatest difference and similarity with the 
Tibetan appear to be scattered fortuitously throughout the short list. The chamc- 
tcristic nose of the Dravidian finds no counterpart here. 

The smallness of many of the in(‘an measurements of the Tibetan A type has 
been rei)eatedly noticed in compfiring it with these other Oriental peoples and 
that has accounted for many of its greatest divergencies from them. Consulting 
the tabh^ of means (Tabli' I), w(‘ find that it is smaller than all the others in thc^ 
measurements LBy S, and OJi (but not O^K), and if the Hindu and Maravar are 
excluded the following can be fidded : OH, Q\ Nil, NB, and B (this last being 
equal to the Tibetan B breadth). The smallness of the transverse vertical section 
should be most apparent. Thcj Indian peoples a[)pcar to rescuuble the Tibc‘tan A 
most in absolute size. The Coefficients of Racial Likeness between the Tibetan A 
and other Oriental races computed for indices and angles alone were found to be 
all smaller than those derived from the complete list of characters; tlu‘ reductions 
wer(‘ greatest^ in the case of the Malayans and Ohinest*. Now it has been shown 
by comparing the individual characters that the Tibetan only differs significantly 
from these two in having a smaller cjilvaria and to show how similar th(' gther 
measurements are I hav(' calculated the coeffici(‘nts from them alone*. 1''hese are 
given in the following table : 

TABLE V. 

Gomparisott of Coejfioients of Racial Likenesn for various sets of characters, 
Tibetan A with other Races, 



All Characters 

Angles and Indices only 

All charaoteis except 
those of calvaria 


C.L. 

Number of 

- 

0. L. 

_ 

Number of 

C. L. 

Number of 


Characters 

Characters 

Characters 

Burmese B (llyUridH {) 



•:w+ 14 

12 

M1 + -U 

18 

Burmese V (Karens ?j 


ai 

2-27 ±-14 

12 

2-74 ±11 

18 

Malayan 

2'88+-l0 

21 

1I3±-21 

r> 

’07 + ‘14 

11 

Chinese 

;v2;^±*io 

24 

•82+ -18 

7 

•80+ -13 

13 

Burmese A (Burmans) i 

5 71 ± m 

1 

4'87 + *14 

12 

.vBo+‘n 

J8 

Tibetan B 

o*4(;±'0y 

;ii : 

3-44 + *14 

12 

r>-74 ± -1 1 

18 

Hindu 

irm+m 

28 I 

5-71 +-m 

0 

0-20 + -12 

10 

Maravar 

i2*;H±-n i 

18 ' 

‘ 10-00 ±*21 

h 

12*00+-1() 

!) 


The Chinese, Malayans and Western Tibetans all have similar skulls, but the 
calvariae differ more than the faces. In spite of their veiy close resemblance 
the 'J'ibetan A is smaller for nearly all the direct measurements than the other 

* Tliat Is to bay, the measurements used wt*ie (j'i//0/>’, O^jOi (/*)> NJilNHjJmhlfml, , J\ jC, 
G’ii, J, Nll(n), NJt, oaU (hli, in all. 
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two; it exceeds the Chinese' only in the lengths and O 2 H and the Malayans in 
Lt and capacity. To produce the Chinese or Malayan skull from the 

Tibetan we should liave to make the latter increase in all directions at the same 
tim(% the rate of increase being, perhaps, greater in proportion foi the calvaria 
than for the face. 

There are 25 indicial and din.'ct ineasureinent/s given for the Maravar (i>ra- 
vidian) race in the (comparative Table of Means (Tablt' I) and if these an* com- 
pared with the Tibetan A and Hindu (Bengali) means the latter will be found, for 
the majority of the character-s, to be internu'diate in size between the other two. 
There ani 8 exceptions to this rule, viz. for HjL, frnhif ml, i\ B', LB, Gy and 
/mb, Th(* so-call('d Hindu is apparently more akin to the I )ra vidian than to the 
Tibetan type. 

Turning to Table III W(' find that every single Coefficient of Racial Likeness of 
the 1''ibetan B tyj)e with any Asiatic race other than the Aino is higher than the 
coiTosponding one- of the Tibetan A, but again the Burmest' si'rie.s B and 0 have 
the lowest values. For the latter of these a is over O' I for the characters/^///, /////, 
Oc /., F, U and J and for Hk* former, BIL\ HjV, F, U, J, iL H Id B, A A , R\ G'H, 
(LB and (rV They both evidently differ from the Tibt'tan in much the same way. 
Th(‘ir Ic'ngths (F) an* very significantly less, but the breadths are much the same 
for all thri'e types. 

All tlu* groat(*st differences between the Tibetan B and Chinese are in the 
facial region, the most marked being betwc'i'ii thi* face heights ((tH) and J^ygo- 
mafic breadths (J), the heights of the orbits (O.jii) and the lengths of the palate 
^i^he C^hitu'se is the smaller in all thc'se cases as it is in horizontal circum- 
fcTcnce (U), but this ordt'r is n'versed for the cliai-acters OH and (J. The Tibi'tan 
B type has a longer head than any of the Asiatic races we are able to compin' it 
with, but, at the same tinu', it is unusually low in propu-fion to its length so that 
its indices HIL\ HjL, and H' jL are considerably lower than fuiy of the others. 
Jts cejihalic index, too, is, with the exception of that of the Maravar, tlie lowc'st 
shown. 

The Burmese A type appears to diverge much more widely from the Tibetan B 
than any ^^(' have yet compared with the latU'r. Of the 81 values of a given there 
are 17 gn'ater than G1 and 5 of these are greater than 20. The difference in 
length (F), which is reflected in the indices BjlJ and HjU, is extreme and actually 
far greater than any bt'tween tlu* Tibetan and quite unallied races. The greatej* 
differences betwc'en tlu* Hindu and Maravar and the Tibetan B are confint'd almost 
entirely to the ilin'ct measurements. When angles and indices only are considered 
the Coefficients <jf Racial Likeness are lowered in a very remarkable way (see 
Table III) and we cannot yet say definitely what the significance of such a change 
is. The difference in size appears to be relatively greater for the face than for the 
calvaria. 

In absolute size the Tibetan A crania were shown to be smaller than those of 
any other of the Asiatic rjices, with the possible exception of the Hindu and 
Maravar. The B ty^je is at the other extrt'ine, being, without doubt., largi'r than 
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any of the others. It exceeds them for the characters F, L\ R (with Burmese A), 
S,, U, G'H, J, 0,22, 0,Jml,fnih and C. 

A comparison of the Tibetan means with those of the races othe^r than Asiatic 
shows that the high and low values of a are scattered more or less at random 
throughout thtj list of characters. Two columns require particular mention. The 
first is that showing the relationships between the Tibetan A people and the 
Congo Negroes; a huKS a value greater than bi for the measurements Oc. J., 
NBINH (i2), GJOx , G'H, /, NH (72), G, , G, and a The chief differences are thus 
between the noses, palates and face breadths, but far more significant than any of 
those is the occipital index. That character is given for so few of the races that we 
can, at present, infer very little from it. But except for the lower occipital region, 
the calvariae of the Negroes and Tibetans are very similar both in size and shape. 

The Coefficient of Racial Likeness for thi' Tibetan B type and Moriori is 
remarkably low. The characters giving valuers of a over 6T are NBjNH {R), 
G^/G^y LBy NH, NB, G^.fml, and C which show that all the significant differences 
are confined to the nasal regions and the base of the skull from opisthion to 
alveolar point. 

Having considered the vertical arrays of Tables IV a and IVb we may, ask if 
the horizontal ones are of any interest. Those may show, if we consider both the 
Asiatic and the other races, what measurements are most likely to characterise 
the racial skull and in what ways all races resemble (iach other most closcjly. Or, 
we may hope to discover, if there are any characters which are alike for all tluj 
members of a family of races, while differing from unallied races. But far mor(‘ 
ample and reliable comparative material than W(* have at present will be needed 
before any definite answers can be given to such questions. 

We will consider first the relationships of the Tibetan A incan measurements 
with those of other races. There seems to be no indicial or angular measurement 
here which has not high and low values of a for both of the two racial groups 
(Asiatic and other races). The palatine index (G^/Gi) is the only one which aff'ords 
any clear distinction between them, being, apparently, fairly consistently lower 
(i.e. in the value of a) for the Asiatics. The corresponding array of Table IV B con- 
firms this idea. The following table of the index shows that the squarer palate of 


Valaea of the Palatine Index for Variom Races. 


Kace 


100 ay/G, 

G.J 

(i, 

Prehistoric Egyptians (NfUiada) 

71-9 

40-1 

r>r>-8 

Amo 


72*1 

38*2 

530 

Modern French . . 


72-2 

37*2 

46*6 

Moriori 


73*2 

38*9 

531 

Modern (4ennan 


75*4 

33*2 

44*3 

Whitechapel English ... 
Congo Negrofjs . . 

Hindu (Bengali) 


763 

36*8 

48*3 


76-8 

38*9 

50-3 


77*8 

3.5*9 

46*4 

Ohiiioflo 


78*4 

39*2 

54*5 

Burmese A 


79*8 

39*6 

49*9 

Burmese C 


81 *3 

40*6 

500 

Burmese B 


82*2 

40*1 

49*2 

Tibetan B 


84*1 

43-6 

51*5 

Til>etan A 


86*5 

41*0 

47*7 



G . M. Mokant 


2i9 


all the Asiatics but the Aiuo, does distinguish thein from most oth(jr races. The 
index itself provides a much more suggestive order than either of its components 
and Gi) alone do. 

The only absolute measurement which appear^! to be at all likely to differentiate 
Asiatics from the other races is the forehead breadth (B'). The latter, with the ex- 
ception of the Naqada Egy})tianb, are all larger than the others in that jmrticular. 
JB' does not seem to be at all highly ctUTelated with the zygomatic breadth, J. The 
Aino, again, show no resemblance to other Asiatic jx^oples. 


Values of B' and J for Various Races. 





J 

]\f«Klcrn (jronnan . , 


io:i*7 

rxvo 

Wliitech/ipol Kuglihli . . 


B8-0 

130-4 

Congo Negro<}8 


07-5 

J2G5 

Aino 


Bf>*2 

137-3 

Modorn Kmich 


00-2 

J.30-7 

iMoriori ... 


05*3 

137-4 

Tibetan B 

* * * 

04 -3 

137-5 

Burmese A 


04-3 

134-0 

(y^nncHe ... 


03*9 

131-8 

Malayan .. 


93-4 

J33-2 

Iv1ara\ar 


93-2 

124-4 

TilK»taii A 

• • ♦ 

92'6 

i:i0-4 

Hindu 


92*4 

12G'8 

Proliist(»ri(‘ Egyjitiaus (Naqada) 

91*1 

125-(> 

r>uniieHe(' 

... 

m)4 

126-7 

Burmese J5 


89*7 

131-7 


I'liore s<‘om8 to be no other character which at all rigidly distinguishes the 
Asiatic from t.he other peoples. Table J V B indicates, indeed, that the Tibetan B 
type (litters markedly from all the Asiatics (being larger than they are) fur several 
of the long head measurements though it finds its countcTpart in every case in one 
of th(‘ unallied races. This is notably so for h(*ad length (F), horizontal circumfor- 
(Uice ((/), fa(‘e h<‘ight {G^H) and face breadth (J). 

Th(‘ races of 'J''abl(\s IVa and IVn have becm arranged from left to right in order 
of th(‘ir Coefficients of Racial Lik(*ness with the Tibetans. No two of the horizontal 
arrays of indices, angles, or lengths are in tlu‘ same, or in any very similar, order. 
Evidently none of these characters alone can give' a measure of Racial Affinity even 
in the roughest way. 

A comparison of the skull measurements hjis shown that the people of the 
southern provinc( 3 S of Tibet — and though to a certain extemt hybrid they are prob- 
ably typical of the bulk of the population of the country — bedong to the family of 
races which now inhabit Southern China, Burma, the Malay Peninsula and, most 
likely, the line of the Himalayas from Assam l.o the western border of Nepal. The 
races inhabiting this vast tract of country appear to be all more or less inter-relatol, 
although a more detailed study of their physical anthropology will, no doubt, disclose 
many sub-types among them. The Khams Tibetans do not appear to belong to 
this stock and it may not be unprofitable to compare them with other aboriginal 
peoples. The Moriori, Maori, Aino, Fuegiaus and Eskimo are races of man as 
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geographically remote from each other ita any which could be named and it may 
be thought idle to week for affinities between them. But they have this in common^ 
that they arc border-land peoples who have* been pushed out to the far extremities 
of the great land masses of the world and having once arrived at their present 
habitats they were probably undisturbed by the great race upheavals which might 
exterminate or hybridise other races. Hence these primitive peoples appear to have 
preserved a^ more or less pure type since very early time's. It may be that the 
history of the Khams Tibetans has been analogous to that of thc'se other races ; 
isolation in this case being due to the inaccessibility of Eiistern Tibet. The im- 
portance of such a conception will be obvious to those who put their faith in types 
rather than in races of mankind. 

For comparative* purposes we are able to use the Morion* means given by 
Thomson* and the Maori means given by 8eott*f. The Fuegian data are more 
slender, but means are given for a number of characters in Thomson s paper (p. 98). 
The individual measurements were colh'cted from various sources and reduced iu 
the Biometric Laboratory J. 

It is probable that the Aino of Japan and thi* Tibetans of Khams arc the 
modem representatives of two distinct aboriginal races of Eastern Asia, but th(‘ir 
origins and relationships cannot yet be determined from a craniometric standpoint 
because there is no adequate data relating to the skulls of the inhabitfints of 
Mongolia and the greater part of Siberia. The Eskimo to the east, however, hav(‘ 
attracted more att(*ntion, their groat imj)ortance in the study of ethnography has 
long been insisted on and conseciuently several collections of their skulls have b(*(*n 
measured and described. We are in a position to determiru* whi'thc*)’ there is any 
affinity between the Eskimo and either the Aino or tlu* Tibt'tans. 

Though several numerical di'scriptions of series of Eskimo skulls have been 
published, there is no single one which we can use for comparative purposes, since 
they deal with small numbers or give insuffici(*nt measurements. Conscupu'ntly it 
became necessary to compile a table of means for male skulls from the data given 
by several craniometricians. Measurements were taken from the following source's: 

(a) The German Anthropological Catalogues : there an* six Eskimo in the 
Gottingen (1874) portion, one in the Freiburg (1878) and three in the Leipzig 
(1886) portion. 

(b) Flowers catalogue of 18 specimens in the Museum of the Royal Colh'ge of 
Surgeons (1879). 

(c) Vii’chow, Archiv fih^ Autliropologie, Bd. iv. (1870), p. 89 (three skulls). 

(rf) Duckworth, Journal of the Anthropological Institute, Vol. XXV. (1895), 
p. 73, and Vol. xxx. (1900) (24 skulls in all). 

(e) Quatrefages and Hamy, Les Crdnes des Races Humaines (1882), p. 440, 
and p. 441 (footnote (1)). Mcjasurements of 1 1 skulls are given. 

^ E. Y. Thotubon, “A Study of the Orauia of the Moriori.” Biometrika, Vol. xr. pp. 82 — 135. 

t Scott’a mcaoH for the Maori are quoted on p. U8 of Thomson’H memoir. 

X In place of some of the Fuegian means given on p. 98 of Thomson’s paper which aie based on 
only two skulls I have used the Hultkrantz means of six skulls (p. 100). 
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(/) Bessels, Arckiv fiir Aathropologiey Bd. viir. (1875), pp. 116 — 118* (68 
skulls). 

The descriptions of the measurements taken by some of these wi‘itei‘s are very 
vague and incomplete, but none are included which had not been determined by 
methods the same as or very similar to ours. 

All the skulls were said to be those of pure Eskimo, but since the sources 
consulted had been so various it became desirable to test in some way the homo- 
geneity of the whol(i. This was done by dividing the material into two groups; an 
eastern one including all thi‘ Greenlanders and a western comprising the skulls 
from Labrador, Baffin Land and the Arctic Archipelago. No skull ha(i been obtained 
from a locality west <»f Melville Island so that th(^ Eskimo of Alaska were (jnite 
unrepresented. The mean characters of the two groups appeared to be vc'ry similar 
and the (Joetticient of llacial Likeness between them was 1’66 ± 1 1 for 19 characters 
and 0-21 ± -21 for 5 indic(‘s. These low values showed, in my opinion, that the two 
groups might be combined to give a population which would be as homog(‘neouH 
as till* racial ones with which the craniologist iisuallj has to deal. There can have 
Ix^en little if any European or Indian iulmixture in the western group — the large 
majority of the skulls having betm obtained from the environs of Smith Sound - so 
it is jnolmble that the skulls from (jrt*enland rc'prescnted a purt‘ type also. Acom- 
])arison of cephalic indic(*s will illustrate this point in a way which will appear more 
satisfactory to craiiiologists who do not trust figures far. The following mean values 
of \00RIL W(‘re givam for the Eskimo of Greiuiland by th(‘ various authorities 
cited: 72’2(8)+, 72’0(5), 71*8(11), 71*6(3), 70*8(15), giving a weighted mean 
71*4(37). For Labrador and the islands to the west of Greenland th(* values are: 
72*3(3), 72*0(4), 71*7 (11\ 71*3(67), 69*4(4) and the weighted mean of those is 
71*3(89). These records appeared to be in excellent agi’eemcat for this and other 
characters, but a discordant s(Ties was found in a paper by Brierley and PansonsJ. 
This gives measurements of 13 suppo.sed male Eskimo skulls which had been pro- 
cured from th(^ west coast ot (jretmland, and it is said that care was taken to 
includt* none that w’ere not of the pun* native type. One of these, however, has a 
cephalic index of 92*6 and the aut.hors suggest that the skull was that of a European 
sailoi*. Excluding this one the mean index is 74*6(12) and this can hardly be 
reconciled with the values given above. Since some of the othei measurements 

* BesBola gives uiuapurenienls of 101 Kskimo skulls, but unfortunately they are not sexed, although 
he supposed that there were 28 females among them. The collection included 05 which had previously 
been measured and sexed (5*2 and 13 9 ) by Otis and a few of his means are quoted by Quatrefages and 
Hamy {op. cit. p, 441). I liavc not been able to sec the original paper by Otis, liy considering 
three characters — length, breadth and capacity — and supposing that the distribution of Bessels* 101 in- 
dividuals could be represented by two normal and partly overlapping curves, the means of which were 
the values given by Otis, I was able, by approximate methods, to pick out 33 skulls which with great 
probability were all female. The means of the remaining C 8 were calculated, supposing them to be all 
males. 

t The numbers in brackets are of the number of skulls on which the means were based. 

t Journal of ilo hithropolofiical Institute, Yol. xxxvi. (1000). The table of measurements is given 
on p. 118. It may be noticed that these skulls were collected some years after the majority of the others 
we have considered. 
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were also not in agreement with the general t3rj)e, wo should not feel justified in 
including the means of Briorley and Pamons with the others. The Eskimo skull 
differs markedly from those of all our Asiatic races in having a very low cephalic 
index and in being greater in basio-bregmatic height than in breadth. 

The mean measurements for the Khams Tibetans and the various primitive 
peoples we have mentioned are given in the following table an<l the Coefficients of 
Racial Liken(»ss in Table VII. The indices in square brackets arc the ratios of 
mean- measurements and not the means of the individual indices. In the Cfise 
of the Aino and Eskimo it is not stated which orbit was used, but for the other 

TABLE VI. 

Comparative Table o f Means (Male) of Primitive Races, 


Charactei 

Tibetan B 

Aino 

1 Eekimo 

Fnegians 

Moriuri 

Maoii 

h 

185*5 (14) 

185-8 (881 

1 188-2 (148) 

192*0 (34) 

186*9 (35) 

185 5 (43) 

B 

139*4 (14) 

141-2 (88) 

134 1 (146) 

145*0 (34) 

m*4 (34) 

140*1 (43) 

U 

94*3 (15) 

96-2 (88) 

94 9 (201 i 

97*1 (34) 

95*3 (35) 

95 7 (43) 

OH 

115*5 (15) 

119-3 (88) 



117*1 (34) 


ir 

134*1 (15) 

138-7 (88) 1 

140-0 (56) ' 

141*0 (34) 

135*9 (3t) 

' 137*6 (43) 

LB 

99*2 (15) 

105-4(88) 1 

1 101-9 (39; . 

106 0 (6) 

105*6 (3 4) 

103*9 (43) 

V 

312 1 (15) 

, 328-5 (84) 

300 0 (31 1 

316*1 (6) 1 

316*1 (34; 

1 307*5 (43) 

S 

378 6 (14) 

372-8 ^77) 

373-7 (29) ' 

3S1 (6) , 

368*8 (34^ 

378*1 (44) 


129*3 (15) 


J27-2 (26) 


120*0 (34) 

1 _____ 


12G 1 (U) 

' — 

126 5 (26) 


112*4(34^ 

1 


122*7 (15) 

1 522 5 (88) 

11 9-4 (26) 

1 

121*1(31) 


u 

525*6 (14) 


523-4 (1 15) 

(34) 1 

522*8 (34^ ‘ 

518-0(43) 


76*5 (15) 

1 69 8 (731 

72 1 (25) 


76*4 (35) ' 

1 71-4(43) 

./ 

137 5(15) 

, 137 3 (741 

136 4 (JOl) 

143*6 (34 j 

137*4 (34) 1 

1 136-8 (43) 

.V//, L 

54 9 (15) 1 

50 5 (79) I 

53 5 (33) 

51*6 (6) 

57*3 (35) 

53-8(13) 

NB 

27 1 (15) 1 

25 6 ^78) ' 

23 5 (50) 

25 3 (6) 

25*3 (35) 

25-6 ( 13) 

0,L 

43*4 (15) 

40-9 (79) 

39 8 (20) 

40 0 (6) 

14*1 (35) 

40-5 (43) 

O2L 

36 7 (15) 

34-9 (79) 

35-5 (35) 

.35*3 (6) 

37*3 (34) 

35-0 (43) 

(h 

51*5 (13) 

53-0 (75; 

— 


53*1 (33) 

52-4 (43) 

a 

17*7 (13) 

— 

47 0 (3j 


50*1 (34) 

— 


43*6 (14) 

38-2 (74) 

40 3 (H) 


38*9 (.34) 

37*3 (43) 

OL 

97*2 (15) 

104-9 (69) 

104 2 (23) 

106 0 (6) 

100*9 (34, 

100*8 (43) 

an 

100*7 (15) 

102-1 (76) 1 

100 4 C-^9; 

llO*O(34)f0 

101*2 (34; 

— 

fall 

37*4 (15) 


38 1 (14) 

35*3 CG) 

35 3 (33) 

35*2 (13) 

f/nh 

31*4 (15) 


29 1 (U) 

31 0 (G) 

30*8 (34) 

;10*8 (43) 

C 

1537*7 (1 1) 

1 162 (76) 

1472*2 (109) 

1474 (34) 

1422*1 (28) 

1476 (43) 

DC 

22 7 ^15) 


21*8 a4) 

— 


— 

J(K) BjL 

75*3 (14) 

76 5 (88) 

'7141(145) 

76 6 (3^4) 

76*1 (34) 

75*4 (43) 

KK) irjL 

72*1 (11) 

71 7 (88; 

■742 /55) 

73*1 (31) 

72*8 (34) 

74*7 (43) 

100/?/if' 

104*5 (14) 

101 0 (88) 

'95 9' (40) 

[102*8] (34) 

104*5 (34) 

[101 *8](43) 

100 NB>NH ; 

49 5 (15) 1 

50 7 (78) 

'42*6’ (23) 


43*9 (34) 

47*9 (43) 

\mO2jOuL 

84*6(15) 1 

85 3 (80) 

89*4 (31) 

87 4 

84*0 (33) 

86*1 (43) 

1 000 ^ 2 / 

84-1 (12) 

72-1 (72) 



73*2 (34) 

[71 -2] (43) 

mHHjUn 

76*0(15) ‘ 

68 4 (65) 1 

74 0 (3) 


74*1 (34) 


100 fmbjfml 

84 1 ri5) 1 

- 

[76*4| (14) 


87*4 (34) 


Pl 

85‘'*7 (14) 1 

82' -0 (67) 


83’ *6 (34) 

84 ' -7 (34) 


Nl 

65\5 (15) 




04° -8 (34) 


Al 

68^*8(15) 




7l°-8 (34) 
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races the mcasurementB given are of the left orbit. In most cas(‘s the nasiil heights 
were measured on the loft side. 


TABLE VII. 

CoefficientH of Racial Likems, All Male 


Tibetan B Aino I Eskimo Fuegians | Moriori Maori 


All Charactei-s I 
Tibetan B Indices and ( 1 
Angles only ) I 


4*97±‘JO(21) | 4'8r> + ‘09(;30) 8‘14±<)9(26) 
J1*!H±'I7 (8)|18T)8±*18 (7) | M7 + -21 (5) 4*74±*14(n} 6*5r)±*]8 (7) 


All Chaiwters IS (5] + *10 (23) ! 
Aiuo Indices and ) , 

Angles ouly ) 


(«) 


|26':J0±-10(23) (i'OaflUIH) 21-80±-10(25) ' 8’41 + 'I0 (23) 
a-73±-lfl (fi)| ?-72 + '21 (5) 17'18fl7 (8)1 1'38±-19 (fi) 


Eskimo 


All Characters 
Indices and ) 
Anglos only j 


12*28 ±-09(2(0 2«*30± *10(22)1 
18*58±*18 {D (>:r73±*19 (0)1 


jliK)3±*10(21) 2:)*0G±*10(24) 13*2r)±*10(24) 
,34 93±*2i (5) r»()*72±*U) ((i) 31-80±*)9 (Cj 


j All Churactei’s 
Fuegians Indices and | 

I Anglfts f)nly I 


4*97±*10(2lV 0*09±*11(19) 10*53± *10 (’il) 
M7±‘21 (5)1 3*72±*21 {')) j 34*93 ±*21 (:» 


4*f)C±-10(21') r)‘H7±-]l (20) 
O*90±*21 (.5) 1 14 + -24 (4' 


All Character*' 
Moriori | Indices and ) 

I Angles only 


Maori 


All (Jharacters 
Indices and 1 
Angles only ) 


1*85 ± *09 (.30) 2 1 *80 ± * 10 (2.5) ’ 2.5*00 ± *10 (2 4) 
4'7I±'14(U) )7-18+17 (8)'5<)72±’I9 (K; 


_L , 


8'U + '09(2Cl 8-41fl()(23) 
(i-.'ifii-lS (7) l'38fl0 {(i) 


13-2r) + •10(24) 
31 -80+ •Iff (0) 


4-r)CflO(21) I 
0'90+'21 (51 

.•>•07 + -11 (20 I 8-48 + -09 (20) 
M4 + -21 (4)! r)- 33 ±-l 8 (7) 


8^48 + -09 >2(1) 
.5^33flK (7) 


This table shows clearly that the Eskimo skull stauds (jiiitc ajiart from all 
the others and has no affinity with the primitive oriental types. But the inter-rcla- 
tiulis of the other races eousidered are of greater interest. 

The moat significant, differences between the TibeUn B and Moriori types are 
in height and breadth of nose and breadth of palate, tliese giving very divergent 
values for the indices NB’NH and 0^1 Gi. The calvariae are very similar except 
that the Tibetan has the shorter bas(^ {LB) and the* nose is the only portion of the 
face which distijiguislies one from the other. The Maori type differs mon* markedly 
from th(‘ Tibetan and particularly in its lesser bn^adths of palate and orbit and 
smaller £fice height. But the calvariae again are very similar for all measurements 
except LB, The Fuegian skull is no further removed from the Tibetan than the 
Moriori was found to bo, but it does not diveage in the sanu* way from it. The 
greater size of the Fuegian calvaria is the character which distinguishes it ; the 
shape of the two, as judged by indices, is very similar. 

If the Coefficients of Eacial Likeness for all characters given in Table VII are 
compared with those of Table II it will be seen that thi^ Tibetan B type resombhss 
the Moriori and Fuegian types as closely as it does any Asiatic type with the ex- 
ception of the Karens and that was deduced from only 8 skulls so that little reliance 

* The figures in round braokets give the number o£ olmracters on which the coelUcients are based. 
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can be placed on its accuracy. But iioru* of these relationships arc as close as those 
which were found bc‘tw(*en the Tibetan A and neighbouring rac('s. It would be 
inadvisable to lay stress on these apparent racial affinities while our data are so 
meagre, but perhaps we an^ warranted in saying now that cranioinetric evidence 
may necc^ssitate theories of v(‘ry extensive prehistoric wanderings of human typ(‘8. 

The inter-relations of the three* southern races, for which the Coefficients of 
Racial Likeness are given in Table VTI, appear to bi' of peculiar interest. It is 
surprising to find that both the Maori and the Moriori iH^semble the Fuegians more 
than they do each other, and it becomes more than (*ver difficult to believi* that 
there has not at some time been a race-link between the pri'sent <lenizens of South 
America and the denizens of extreme Polynesia^.” It is a vt‘ry noteworthy fact 
that the South American skull differs most significantly from each of the Polynesian 
ones in very much the same way ; the most aberrant (ffiaract(‘rs in the case of the 
Maori are L, B, J and U and Z, B, J and 0, for the Moriori. If the Moriori and 
Maori moan measurements are coinpanni (Table VI) it is, at first, not at all evident 
why the Coefficient of Racial Liken(*ss between them should be so large as it is. 
The longer lengths and arcs, with the possibk* exc(‘ption of Q, and their indices 
appear to correspond very closely. The characters which are resj)onsibl(' for raising 
the coefficient are OiZ, OJj, NBjNH {It) and NH ( R ) : no others are of auy import- 
ance. The most influential of these is OiL, and, if the three* orbital measurements 
(OjZ, O 2 Z, On/OiiL)) are not included, the c(>(‘fficient is reduced from 8*48 to 3*91 : 
this value is of the order we might have anticipat'd, but it is still high. If nasal 
measurements are also left out of account, the coefficitmt, now based on 20 characters, 
becomes 2*28, which indicates a close relationship f. Tliis emphasises again the im- 
portance of obtaining a criterion of racial affinity which tak(‘s into account not one 
or cv('n 10 characters alone, but all the chi(d‘ arcs, ]t*ngths, indices and angles of 
the skull. 

Turning to the Aino, it is surprising to find that tlu* coefficients with thi* 
Fiu'gians and Maori are so small, these denoting closer n‘lationshi])s than that 
between the Ainos and Tibetans. The low values of the coefficients between the 
Fuegians and all the other races with the exc(‘ption of the Kskimo are llu* really note- 
worthy feature of Table Vll. The lowering of the values when indices and angles 
only are considered is very significant. With the Aino the most divergc'ut characters 
are i//Z, X, By J and NH. The very low values for the coeffici^^nt for the Maori 
and Aino when indices and angles only are considered a]jp(*ar to indicate that the 
two typos are very similar in shape, but it is unfortunati* that no more than 
6 characters are available for comparison. The coefficient for all characters is so 
much larger than the other owing to tin* great difference in length between the 
transv(*r8e arcs (Q). If that is left out of account the coefficient becomes 3*04 for 
22 characters. The difference between the nasal heights is also very significant 

* E. y. Thomson, “ A Study of the Crania of the Moriori.” liiometrihiy Vol. xi. p. 101. 

1 With regard to this point it must, however, be noted that personal equation is likely to be of 
much importance in orbital length and nasal height, and there is some ovidenoe that Soott and 
Thomson did not use the same conventions. See Biometrika , Vol. xi. pp. 92 — 94 and Vol. xni. p. 845. 
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and if the three nasal raeasuremonts {NH,R, NB and NHjNH) are neglected as 
well as Q we find C. L. « 1*01 for 19 characters. Without more abundant evidence 
it would be rash to assign any ethnographic meaning to these rt^sults. After noting 
such a suggestive resemblance it is remarkable to find that the Moriori and Aino 
are as unlike each other as any two races we have comj)ared in this paper. The 
Maori it would thus seem stand in an intermediate position between the Moriori 
and Aino types. 

Jt has frequently bc'en suggested that one or other single measurement of the 
skull e^n by its(‘lf be used us a raeial criterion. While it is now generally recognised 
that no direct measuri'ment can fulfil this pinpose, yet there are c(Ttain indices 
which still are iis(jd to support the claim. Arc the (liffercnces between the mean 
racial values of thi'se iiidicc^a at all correlated with the corresponding Coefficients 
of Racial Likeness I The two methcxls of measuring relationship an* compared in 
the following tables, which deal with four of the most imp()rtant indices suggested. 


TABLE VIII. 


Cuinparltinn of Mean ('ephalic Indices with C. L.'s. AH Males 


Uacc oompaio^l 


Hurincso A fJJunuaiiH) 
Malayin.,. 

Buniiose H (H> hrids h 
French ... ‘ . . 

I'llx'tfin A 
Ihirinese (’ (Kiir<‘nH 
diiiiese ... 

CViiigc) Negroo.s ... 
Fiiegiaris 

Aino ... . . 

Moriori . , 

llnuiu . . 

Maori 
Tibetan 15 
Maravar... 
Whiteeha]H'l FnyjJish 
Nnqada E^yi»tiaiis 
Eskimo ... 



With Tibetan A 

With Tibetan B 

Values of 





miijL 


— 



Difference 

C.L. 

Difference 

C.L. 


of too JiJL 

of 100 niL 

82 9 

+ 3T 

5-71 

4*7*0 

10-90 

81-7 

+ 1*9 

2*88 

494 

11 17 

80*4 

+o-(> 

0-80 

+ 5-1 

4 83 

79 8 

0-0 

«'12 

+ 4-5 

22-90 

79-8 

— 


+ 1-5 


79-5 

-o-a 

2-3<! 

4-4-2 

3-40 

78-9 

- 0(! 

3-23 1 

+ 3-0 i 

0 37 

780 

, -1 8 

7 23 

+ 2 7 

21-61 

70 f> 

-3-2 

J8-8U 

+ 1-3 

4 97 

7({%'‘> 

- 3 3 

13-82 

+ 1 

13-01 

78 1 

~ 3 7 

12-78 

+ 0 8 

4-85 

75 8 

- DO 

0 .50 

4 0-5 

, 18 34 

75* \ 

- 4-4 

]0'.55 

4-01 

8 N 

75:5 

- IT> 

0-40 



71'G 

1 -r»2 

12-34 

-07 

25 72 

74:5 

5-5 

14-59 

- 1 0 

1 1 -93 

73 0 

.~8-8 

17-01 

- 2-3 

18 32 

71-4 

1 

-8-4 

24-15 

-3-9 

12-28 


The siuiotic JOU i^S/SC and mesodacryal 100 Th^/ DO indices are tabulated below 
in the same way, the values for the Whitechapel English, Congo and Aino being 
taken from the paper on the nasal bridge by Miss K. V. Ryl(‘y and Hr Julia Bell*. 

Whether we confine our attention to Asiatic races or consider all given in these* 
three tables, it is clear that there is no close relation between the Co(*fficieiits of 
Racial Likeness and the values of the single indices. The orders in v hich those criteria 
would arrange the races appear to have no obvious points of similarity and we must 
accept the conclusion that none of th« se indicial characters can be used alone to 

* Dwmtrika^ Vol. ix. p. 404. 
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TABLE IX. 


Compaiison of Mean Racial Values of the Conjoint Index-y 100 (B — H')IL with 

G.L’s. AllMalesX. 


Bace compared 

Values of 
100(B-H')/L 

With Tibetan A 

With Tibetan B 

Difference of 
100(B-H')/L 

C. L. 

Difference of 
100(B~jQr')/L 

C. L. 

French 

+ 7-2* 

(56) 

+ 2-5 

9-12 

+3-7 

22*96 

Til>etan A 

+ P7 

(17) 

— 

__ 

+ 1*2 

6 46 

Burmese A (Burmans) 

+ 4-5* 

(43) 

-02 

5 71 

+ 1*0 

10*96 

Whitechapel English 

+ 4-2 

(120) 

-or> 

14*59 

+0-7 

11*93 

Morion 

+ 3-5 

(3.3) 

-1*2 

12*78 

0*0 

4*93 

Tibetan B 

+ 3-5 

(14) 

-1 2 

6*46 


— 

Fuegians 

+3-2* 

-1*5 

18*86 

-0*3 

4*97 

Malayan 

+ 3-2 

(76) 

-15 

2*88 

-0*3 

11*17 

Burmese B (Hybrids 0 

+2-9* 

(7) 

-1*8 

0*80 

- 0-6 

4 83 

Congo Negroes 

+20* 

(48) 

-2*1 

7*23 

-0*9 

21*61 

Chinese 

+ 1*3 

(69) 

-3*4 

3*23 

-2*2 

6*37 

Aino 

+ 0-9* 

(88) 

-3*8 

13*82 

-2*6 

13*61 

Burmese 0 (Karens 0 

+ 0-8* 

(8) 

-3*9 

2*36 

-2*7 

3*46 

Maori 

+0 7* 

- 4*0 

10*55 

; 2*8 

8*11 

Hindu 

- 0-2 

(44) 

- 4*9 

6*56 

1 -3*7 

18*34 

Naqada 

-0-3* 

(130) 

5-0 

17*64 

-3*8 

18*32 

Maravar 

-o-o* 

(38) 

- 5 3 

12*34 

-4*1 

25*72 1 

Eskimo I 

1 

- 2 - 8 * 

-7*5 

24*15 

-6*3 

12*28 1 

j 


* Indices marked with an asterisk were calcuiated from the mean values of 100 BjL and 100 ll'jL 
and not from the individual measurements. 


TABLE X. 


Comparison of Mean Racial Values o/’lOO SSISG with C. L!s, All Males. 




With Tibetan A 

With Tibetan B 

Race compared 

100 SS/SO 


— 

— 





Difference of 


Difference of 

/>! T 



lOO ss/sc 

U. Jj. 

100 SS/i>V 

O. Ij. 

Congo Negroes 

26 (?) 

- 6 

7*23 

- ,9 

21-61 

Tibetan A 

32 (16) 

— 


- 3 

6*46 

Burmese A (Hurinans).., 

33 (41) 

+ 1 

5*71 

- 2 

10*96 

Til>etan B 

36 (15) 

+ 3 

6*46 


1 

Aino 

43 (?) 

+11 

13*82 

+ 8 

13*61 1 

Burmese B ( Hybrids ?; . . . 

45 (8) 

+ 13 

0*80 

+ 10 

4*83 1 

Whitechaiml English ... 

61 (?) 

+ 19 

14*59 

+ 16 

11*93 

Burmese C (Karens?) ... 

54 (7) 

+ 22 

1 

2*36 

+ 19 

3*46 I 


indicate racial affinity, except perhaps in isolated cases, and we do not believe that 
any single direct or indicial measurement can perform that function. Apart from 

t Professor Karl Pearson has suggested that the index 100 (B — H')/L should be known bj? this name. 
t The values of the index are taken from Biometrika^ Vol. xiii. p. 245. The tables there give, except 
for the Burmese types, the values of 100 (B H')/L and not 100 (B - H)IL as stated. We are obliged to 
use the basio-bregmatio height {H') because the more important vertical height (Jff) is as yet available 
for only a few races. It must be carefully noted that our H' is the B of Thomson, Bonington and 
Macdonell. 
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that, of course, the measurements of isolated characters arc still of great intrinsic 
interest. If the Coefficients of Racial Likeness calculated from indices and angles 
only are compared with these single indicial characters in the same way, we are 
forced to accept the same conclusion with regard to the latter. 

TABLE XI. 


Comparison of Mean Racial Valvss o/lOO DSjDCivitk 0. LJs, All Males, 




With Tibetan A 

With Tibetan B 

Race compared 

100 DSI DC 

Difference of 

C. L. 

Difference of 

C. L. 



100 DSj DC 

100 DSIDC 

Til>etan A 

37 (10) 



- 2 

6*40 


39(15) 

+ 2 

6*46 




Congo Negroes 

39 (?) 

4* 25 

7-23 

1 0 

21*01 

BuriuoMe A (Buruians) .. 

40 (42) 

4 9 

5-71 

+ 7 

10*90 

BurinoRO B (Ilyhruls O ** 

50 ^8) 

+ 13 

' 0-80 

+ 11 

4*83 

Aino 

50 (?) 

. 413 

13*82 

+ 11 

13*61 

VVliitei'hiiptil Engli.sli ... 

57 (?) 

1 +20 

14*59 

+ IB 

1 1 *93 

BurnioHO 0 (Kanuis i) ... 

i 

62 (7) 


2*36 

+ 23 

3*10 

1 


S. Study of the Contours of the Tibetan Crania, 

Drawings of the Transverse, Horizontal and Sagittal contours were made with 
the Klaatseh contour tracer in the manner described by Bonington in his paper 
on Cranial Type contours* and the method of constructing the type from them 
described there wiis used. The mean measurements of the individual contours 
determine the points of the type contour. 

(a) The Transverse Vertical or Auricular Coronal Section, This section is 
drswn from one auricular pointf to the other through the ap(*x (A), the latter 
j>oint being dc'firied as the highest point of the section perpendicular to the 
Frankfurt horizontal and passing through the auricular points. The vertical axis 
MA is the pt'rpendicular bisector of the lino joining the auricular points--the 
“auricular line.” Lines parallel to the auricular line are drawn dividing MA into 
ten ecpial parts. These lines are numbered upwards from 1 to 10 and measurements 
are taken to left and right of tht* verticiil axis. Another parallel Al is drawn at a 
distance of one (|uaiter of the last section {A 10) from the apex, and yet another 
(il/J) the same distance from the “auricular line.” The j;K)ints where the zygomatic 
ridges are crossed (ZR . R and ZR , L) are marked on the individual contours and 
located fiom M by rectangular coordinates, x (along MA) and y. The upper trough 
of the ear passage beyond the auricular points was found in most cases to slope 
forwards towards the face so that little of it could be traced and no attempt has 
been made to represent it on the type contour. 

The mean measurements of the individual section from which Ihe type was 
* Diometrika, Vol. xi, p. 129. 

t These are not the “auricular points by definition” but those on which the skull rested when in the 
craniophor. See p. 201, 
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constructed arc given in the following table and the types themselves are Figs. 1 
and 2. 


TABLE XII. 

Tibetan Transverse Vertical Contours. Mean Valves. 


t 

iVJ 

Mill 

Mil 

2n 

2L 

8B 

3 7. 

iU 

4L 

1 

r>ii 

5L 

67? 

6L 

1 _ _ 

Tiliohin A (17; 


1 

59*6 

1 

(12-0 

62-4 

as -2 

(J4‘l 

00*1 

’ 97*0 

98*3 , 

1 (;!)•:} 

\ 

98-4 

1 99*8 

,e7-3 

98*6 

Til>etan B (15) 

115-U 

61-6 

04-2 

04-3 

65*0 

5T)*7 

97 -5 

67*0 

99*0 1 

1 (iO-O 

99*2 

1 98*8 

' 68-0 

97*4 



1 

1 






1 



1 HR 

.7? 1 

1 //?. 

L 


77? 

7 7. 

1 8« 1 

S7. 

9/? 1 

1 9 7. 

10 i? 

10 7. 

Ailt 









1 1 








!_// 

X 

y 

.T 

Tibotau A (17) 

05-0 

99-4 

«()-3 1 

91-8 

51-3 1 

52*9 

39*5 

1 

37*0 

1!)-1 

17-8 

62*4 

3-2 

02 -6 

3-1 ' 

Tibet, HI B (15^ 

fi:)'3 

94*5 

OO'O 1 

1 

59*3 

50-7 

1 

60*1 

30*9 1 

1 35-1 

1 

2(C2 

17-9 

64*8 

3-!) f 
1 

()4-i) ' 

4-1 


Drawings' of cranial contours were originally propos(‘d for the purpose of 
comparing and measuring crania indi\idnally aiifl tlius obtaining mean racial 
characters which could not be easily found oth<u’wise, but the use afterwards made 
of them in constructing average or tyj)e contours has become of fai gn'ater interest 
than the original purpos(‘. The comparative mat(‘rial available is unfortunat(‘ly 
still meagre. It consists of the Congo, Egyptian, Eskimo, Guanche and English 



* Biometrika, Vol. vni. pp. 155 — 195. 
+ Ibid. Voi, XI. pp. 119—123. 

^ Ibid. Vol. XIII. pp. 188 — 208. 




indicating the range of variation of the contour lines have been given by 
Benington^ for the sevento(‘nth century English series abov(^ the largest we art‘ 

* Biometrika, Vol. vui. pp. 143, 145, 147 for the' transverse, horizontal and sagittal contours 
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two races do not fall wholly or at definite points well outside each other, we suggest 
that the races represented by these types are cither undifferentiated or closely 
related*/' 

Now the transverse vertical type zone shown for the English crania is 1*4 mm. 
wide, at the apex and it tapers down to 0*8 mm. on nearing the auricular points 
Assuming that the standard deviations of English and Tibetan skulls arc approxi- 
mately the same, we calculate, as Tildesley has done for the Burmese soriesf, that 
the Tibetan A type zone should have a widfcli of 3*4 mm. at the apex and 1*9 mm, 
on nearing the base line; the corre8|)onding measures for the Tibetan B series will 
be 3*6 mm. and 2*1 mm. J 

Not all the transverse vertical contours given for the above races (p, 228) were 
prepared in precisely the same way. Those of Dr Beuington, which we have 
numbered I to VII, were said to have been drawn fi-orn auricular point to auricular 
point, but the types fall straight down to the auricular line without any sudden 
bend inwards, such as might have been expected, and this gives them the appear- 
ance of terniinating at the zygomatic ridges. Neither of the ordinates M\ or the 
points ZR{R) and Zli{L) was marked and there was thus no detailed description 
of the region immediately above the auricular points. These latter appear to have 
been splined up with the extremities of the parallels 2, 3, 4, etc. I was able to 
confirm this supposition by examining the individual contours on which the types 
had been based. In many of them the curve round and below the zygomatic ridge 
was quit(* clearly shown and further evidence Wiis afforded by comparing the OH 
measurements of the transverse and sagittal § contours of the same skull. These 
were found to be in close agreement in every case*. When comparing th(» transverse 
type contours of the Oongo, Egyptian, Eskimo, Guanche and English crania then, 
it must be remembered that they should in reality widen rapidly for a short 
distance above the auricular points and then rise more vertically than shown to 
pass through the extremities of the second parallels. 

I was also able, through the kindness of Professor Karl Pearson, to examine the 
individual contours of the Morion crania drawn by Thomson and they had apparently 
been madi* in a somewhat different way. In not a single one of them was there 
any curve inwards towards the so-called auricular line. In m(»st, indeed, the 
contour widened at the base m a way that must have been racially peculiar to 
the Moriori. There can be little doubt that the terminals used were the zygomatic 
ridges and not the auricular points. This view was confirmed by finding that the 
height of the transverse type contour was 5*5 mm. less than tlic auricular height 
given by the sagittal type||. 

* Biometnka^ Vol, viii. p 129. This paper describing Dr Benington’s work was prepared for the 
press by Professor Karl Pearson. 

t Biometnhaf Vol. xin. p. 226. 

X The type zones were marked on the tracings of the Tibetan type contours which 1 used for 
comparative purposes, but they have not been reproduced because they would confuse the already 
crowded drawings 

g Though not reproduced in the types, the auricular points had been marked on Dr Benington’s 
individual sagittal contours. 

II Comparing Figs. 1 and 111, Biometrikay Vol. xx. pp. 118 and 115 respectively. 
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We have used precisely the method described by Miss Tildcsley in her study of 
the Burmese skull ; she was the first to measure the ordinates and to mark 
the positions where the zygomatic ridges are crossed. 

The right and left of the individual contours wore interchanged in constructing 
the type so the norma occipitalis is shown. We have followed Thomson and 
Tildesley in this : Bonington s contours show the norma facialis. The right and 
left of Table XII must be interchanged to correspond with the diagrams. 

If the auricular lines are superposed the two Tibetan types appear very similar. 
Between parallels 4 and 9 the divergence between them is less than 01 mm. and 
the larger B tyj>e only falls outsi^le the type zone of A a short distance in the 
region of the apex and immediately above the two auricular points. The greater 
width here, which is especially marked between the points ZR(R) and ZR{L\ is 
quite significant. 

The Burmese sections A and B arc rather greater in height and very slightly 
less in breadth at the base than the Tibetan A one. We must hesitate to draw 
any conclusion from the much more marked narrowness of the lower half of the 
C contour, because that one represents such very slender data. In height the 
Tibetan B type is almost exactly equal to the three Burmt'se, but the greater 
width of the formc'r between the zygomatic ridges, and of the lower- half of the 
section generally, clearly distinguishes it from them. The curvatures of the vaults, 
compared by superposing the lines AM and the points A, also differ significantly; 
the Tibetan B falling away more rapidly from the apex. The Tib(^tan A section 
had the more rounded form in common with the Burmese and we can confidently 
say that those two A types r(‘8emble each other more than either does the 
Tibetan B. 

If the line joining the zygomatic ridges of the Tibetan A figure is placed on 
top of that joining the points marked L. A., R. A., as we suppose they represent 
the same length, of the Moriori contour the correspondence between the two 
sections is seen to be remarkably close. The greatest divergence between them 
for their whole length is 0'8 inm. so that, if nothing was known of their origin, 
the jirobability of their representing random samples from the same population 
would certainly be very high. This correspondence with the Moriori is certainly 
much closer than that between the Tibetan A and any of the Burmese types. The 
Tibetan B contour, of course, differs from the Moriori in very much the same way 
that it differed fi’oin the Tibetan A. 

The heights and the curves of the vaults of the three Congo series are very 
similar to those of the Tibetan A type, but the latter differs very appreciably from 
them in being broader in the middle and for the lower half; the divergence 
increases as the auricular line is approached. The auricular breadth of the Tibetan 
is only equalled by that of the Guanche and English and is exceeded by the Eskimo 
drawings. The English is the only one of these types to which it bears any striking 
resemblance ; in that case the contour falls entirely within the type zone, though the 
correspondence is not nearly so close as with the Moriori. The vaults of all these 
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are of a smooth and rounded form and very much alike, except the characteristic 
one of the Eskimo which is more pointed than the others. 

To the Tibetan B we fail to find any counterpart, for its groat width at the 
second, third and fourth parallels distinguishes it from all and in the extreme crises, 
such as the Congo and Egyptian, it exceeds the other types by as much as 5 mm. 
It is true that the Eskimo has a greater auricular width than the Tibetan, but 
immc‘diately above the auricular hue the latter widens more rapidly. 

When it is said, after eomptirisons have been made between tyjx' contours, 
that two races ap|»ear to be closely related or akin we are speaking only of relation- 
ship of form and do not for a moment mean to suggest that any such evidtmee can 
provide a criterion of remote consanguinity. Indeed, it will be shown later that 
two races almost as n'lnote as any imagmabh', may have very similar sections*. 
Even when all possit)l<' points have been marked on the sagittal contours there is 
no indication at all ol the orbits, or of the nasal, palatine and foraminal breadths. 

TIuj important measunniients which can be read otf from the transverse contours 
are th(‘ interauricular length and th(‘ auricular height. A table of these and the 
resulting indices has been given by Thonisoii‘|* and to that we are now able to luJd 
the uu^asurements of the three Burmese type' contours and the present Tibetan 
ones. Unfortunately the Monori lengths cannot be included since the contours 
were not ilrawii in the sami' way as the others. 

TABLE XIII. 

Men sure me tits on the Transverse Ttjpe Section, Males, 


Ihic 

Intel aiiiK’ular 
Length 

Aurn’ular 

Height 

Index 

Eskimo 

1*J8*() 

114 2 

80*2 



HIT) 1 

01*1 

(luaii' lio 

IIU'U 

100 8 , 

01*8 

Tibet an B 


llaO 

03*3 

E^n ptiaii 

117 1 

110*2 

03*0 

Tibetan A 

ill) -2 

1 13 0 

05*0 

(\)nm>, Bantnt 

IKi-H 

113*0 

97*3 

BunnoHe A 

I1H-:J 

no .5 

98*0 

Burineso 

1 11 IG 

nr)-o ‘ 

100*0 

3hmnm‘ B 

11 1 •() 

115*7 1 

101 *0 

( Vo-M<ignon 

i iai-(» 




This table shows again that the Tibetan A resembles in this index the three 
Burmese types, while the 'ribetaii B differs from all those but is very similar to 
the English and Quanehe. 

* See the comparison between Whitechapel English and Tibetan B on p. 248. 
t Jhometnkay Vol xi. p. 103. 

X Fernand Vaz, 1804 Senes. 
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(h) The Glabella Honzontal Section. This section is drawn through the glabella 
with the inverted skull with the Frankfurt horizontal orientation. The points 
fixing this are the nasion, a point previously mark(»d above the left auricular 
passage, and the “gamma*’ in the occipital region. F and 0 being points marked on 
the contours immediately above the nasion and below the lambda respectively, 
lines dividing FO into ten equal parts and perpendicular to it are measured to left 
and right of that base lino. These are numbered from 2, that being the first tenth 
division from F, to 10, the neanjst to 0. Two more parallels, FI and FI, are taken 
J and J the distance i'2 from F with the object of determining the frontal 
curvature more precisely and another, OJ being | of the same distance from 0, 
serves the same purpose in thc^ occipital region. The points whore the temporal 
lines arc crossed, T (R) and T (L), having been marked on the contours are 
orientated from F by rectangular coordinates, T(x) along FO and T(y). 

The moan measurements from which the type contours wen^ constructed 
(Figs. 3 and 4) are given below. 


TABLE XIV. 

Tibetan Horizontal Contours. Mea7i Values. 


ho 

Fill 


“ 


2/1 

2L 

3/1 


.Wt‘ 47. :>H 

5/. f37{ 


Tibetan A (17) 173-3 

27-0 

24*0 

37-7 

' 3(i-l ' 

‘47*7 

10*0 

r>i*r> 


57*7 57 *4 ' 01 *4 

05-8 (iH 1 

09*9 

Tibetan B (15) 183*2 

27 ■« 

20 ‘S 

m'S 

j 38-7 

___ 1 

48*0 

48*0 

52*6 

51-!) 

51) *0 59*2 1 05-0 

1 

(ie-(i 07 -7 

70*7 

I 



7Jl 1 77. 

H7i* ' 87. 

1 

972 1 97 1072 107 ^ 0|72 

Oil r(L).t 

1 

1{n)yf{L)y 

TiheUn A (17) 

68*7 70*5 

06*4 07*2 

1 

r.7-7 59-7 44-2 4C-5 , 24-5 

25-4 ' 17-G 18-2 

4S’4 40*7 , 

Tibetan B (15) 

68-1 70*0 

8 

04*0 07*2 

: 57-2 59-9 j 44-2 4G-(! j 24-5 
^ ‘ 

-24-5 j 16-9 18-1 

49*1 4H‘0 1 


The type contours of Benington do not show the parallel F^ or mark the 
positions where the temporal lines are crossed ; these were added l)y Thomson and 
have been included by subsequent workem in the Biometric Laboratory. Thus the 
drawings of the Morion, Burmese and Tibetan crania have a more detailed and 
less rounded appearance in the frontal region than the others, though the additional 
points only make very slight dilferences to the path of the contour which would 
have been chosen without their guidance. The norma verticalis aspect is shown 
for all the types, but the right and left of the table above are those of the 
individual contours taken with the skull placed apex downwards and they must be 
reversed to correspond with the type contour. 

The horizontal type zone given by Bonington for 100 English crania has an 
approximate width of 1*2 mm. all round. The corresponding width for 17 crania 
will be 2*9 mm., and for 15, 3*1 mm. 

In superposing horizontal contours the axis FO is used as the common base 
line and one or other of the points F and 0 should also be mode coincident. 




G. M. Mobant 


285 


L R 

F 



O 

Pig 3. Tibetan A. (J. Horizontal Type Contour. (17 Crania.) 
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Fifr. 4. Tibetan B. Horizontal Type Contour. (15 Crania.) 
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Considering first the two Tibetan types and making FO and the points F 
coincide, on the drawing (jf ® tracing of type A sliow that they are 

of clearly differentiated forms. Tyj)e B is very significantly longer, actually by 
lO l mill., and the differences in the curvature of the frontal region are quite 
marked and particularly on the left side where the point T {R) falls well outside 
the Zone of Type A. In breadth the two are equal and if the tracing is moved 
down until the points O coincide the shapes of the occipital n^gions from 0 to 
parallel 6 an* si‘en to be viTy similar. I'he Tibetan B horizontal section is charac- 
terised by very forward and promirHUit projections of the temporal lin(‘s which give 
an appearance of 8tr(‘ngth and flatness to the frontal bones. The lines T{R)y and 
T(L)}j are w(dl in front of the sc^coiul parallel whereas they are usually behind it 
as with the Tibetan A, Moriori and Burmese types. The Tibetan A section also 
has the more common rounded fonn. 

The Tibetan A contour is lu^nrly e(pial in huigth bo the three Burmese ones 
and ver}^ similar 1o them in all resjiects. The resemblance^ is particularly close to 
the Burnu'se^ A type which is nowhere more than 0*2 mm. from the superposed 
type zon(‘. Idle corre'spoiulence with the Burmese series B and C is not (^uite so 
(*los(% though it still suggests near relationship. The Tibetan B type approximates 
to the* IhreH' Burme*se only in bn'neith. It is much longer and the frontal regions 
are* significantly wieleu*. We* can .say without hesitatiem that the* Tibetan A and 
Burmese A tvp(*s are* much more akin to each other than either is to the 
Tib(*tan B. 

With a l(‘ngth 12 mm. le^ss and a maximum breadth greater, the Tibetan A type 
can claim little* affinity with the* Moriori. The latter hardly falls within the type* 
ze)ne for a <|uartor of its le'iigth and perhaps it differs most characteristically in 
contracting behind the temporal liru's where* the Tibetan extends. The we*ll-marked 
Unea temporalis of the iloriori was taken to be acrite*rion of its primitive character*, 
and notliing so rugged can be* found in any other type, but the* posit ie)n of these 
line*s on tlie heirizoiital contour eliffers only slightly from that in which they are 
usually found and is not nearly so close to F as in the Tibetan B type. Is this 
prominence also a primitive charact(*r It is unfortunate* that the different method 
of construction obscures this regieiii in the* either racial conte)urs. Idle Moriori skull 
is cle*arly differentiated from that eff both the Tibetan peoples, but it resembles the 
B se*rie\s more than the A. 

The Tibe*tan A is in all cas(*s significantly, and in many much shorter than 
the tliive (ytmgo, the Egyptian, the Guauche* and the English types; it is broader 
than all but the Guanclu* and English and it resembles none in shape except, per- 
haps, that of th(‘ third (kuigo series (Batetelu race) which falls entirely within the 
type zone, whtui the* figures are superposed vtith Fund FO coinculent, with the 
exception of the occipital region below parallel 9. The Tibetan B contour is longer, 
broader and mor<* massive than the three Congo and the Egyptian and shoi*ter than 
the Eskimo, but it much more* nearly resembles the (Juanche and English and 


* See Jiwmetrika, Vol. xi. p. 104. 
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particularly the formerj. If the Tibetan and Guanche are superposed, with FO 
and either F or 0 coincident, the type zone will cover both contours for all but 
short lengths round the points T(R) and T(L), The difference in manner of con- 
struction may account for a small part of the discrepancies here, but, even if 
allowance is made for such, the characteristic prominence of the Tibetan type will 
still clearly distinguish it. 

Our Tibetan A type then appears, from a comparison of horizontal contours, to 
be most closely related to the Burmese. There are tw’^o indices of interest which 
can be determined from the lengths of the horizontal type contours; they both 
give a measure of frontal development. The Temporal Index is formed by measur- 
ing the percentage Ordinate H is of the length of the section and the other index 
is Ordinate 3 divided by the minimum frontal breadth. The following table is 
taken from Thomson’s paper with the addition of the Burmese and Tibetan data. 

TABLE XV. 


Mecbsurements on tlte Horizontal Type Section. Males. 


Baoe 

Temporal Index 

Ordinate 3 

Minimum Frontal Breadth 

Moriori 

50*9 

99*1 

Burmese B 

54-2 

101*8 

Bui*meHo(' 

.55 ‘7 

107*4 

Egyptian 

Tibetan B 

56*2 

112 0 

57 -0 

107*0 

Burmese A 

57*1 

102*3 

Eskimo 

57-2 

[113*4?] 

(^ongo, Bantu ♦ ... 

57*5 

104*8 

Guanche 

58*3 

[115*6 n 

English . , 

58*8 

111*6 

1 Til^tan A 

1 1 

59*1 

107*7 

1 

(Vo-Magnon 

55*7 

114*5t 


* Fernand Vaz, 18S4 Series. 

i The CrO'Magnon minimum frontal breadth was determined from a cast. 

The Burmese typ(‘ has a distinctly low temporal index in spite of Ijie fact that 
the skull is brachycephalic. The narrowness of the frontal bones behind the temporal 
lines is very characteristic of the race since it is found associated with a large 
parietal breadth and this is not a marked feature of the Tibetan A contour. But 
in spite of this point of difference we still maintain that the latter resembles the 
Burmese most closely and next the Congo Negroes. The B type resembles none of 
these, bot differs least from the Guanche and then from the English. 

Of the horizontal contours generally it maybe noted that the divergencies between 
them are much greater than those observed when considering the vertical section 
and hence they will be more likely, when a sufficient number have been prepared, 

t The similarity between the Guanche and the English was insisted on when the type contours were 
first compared : see Bitmetrika^ Yol. yiii. p. 135. 
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to afford a reliable measure of racial affinity. But the sagittal sciction is undoubtedly 
more important than either of the others. 

(c) 2^he Sagittal or Median Section. With the nasion, bregma and lambda in the 
same horizontal plane, the sagittal contour is drawn through the alveolar point, 
nasion, glabella, bregma, vert.ex, lambda, gamma, inion, opisthiou and basion and 
as much as jiossible is traced of the palate, nose and the basilar process of the 
occipital bone to the suturf' between it and the sphenoid; the vertex (i.e. the 
highest point in the mc'dian plane) and the gamma, or the point in the median 
plane on a horizontal h'vel with the nasion, having been previously marked on the 
skull. All these [)oints mv dotted on the contour as well as the point where the 
palatine sutures cross*, tlm (jxtremity of the spina nasalis posterior ^ the tip of the 
anterior nasal spine, the projection of the sub-orbital point and the point in the 
right auricular passage on which the skull must have rested when in the horizontal 
position on the craniophor — this is cjilled the auricu'ar point of the contour and 
the line joining it to the sub-orbital point '<hould bc‘ parallel to that joining nasion 
to gamma (the line), if the two auricular points are symmetrically positioned. 
The two lines are very nearly parallel in the type contours. Th(‘ horizontal line 
is taken lus axis and divided into i(‘n e(pial parts with the proportional compasses, 
the lines of division being numbered from 0, that through the nasion, to 10 through 
the gamma. Parallels S and 0 are produced below the base line to meet the drawing 
of the lower portion of tin* occipital bou<* and furth(‘r ordinates are (greeted at ^ the 
distance b(*tween the mision and first parallel from the nasion {N\) and \ and ^ of 
the same distanct* from the 7 (7^ and 7J respectively). Also the ordinates 0, N\, 
1 and 11 are produced below the base line to the* palate. From all the points 
marked, with the (‘xceplion of that marking th(^ join of the palatine sutures, the 
biusiou and the alvc'olar point, ordinates (g) arc dropped to Ny and their position^ 
an* di'teruiined by taking either the nasion or gamma as origin of coordinates. As 
measures of curvature four maximum subtenses are taken: maximum frontal sub- 
tense to nasio-bregmatic chord, maximum occipital subtense to opisthio-lambdoid 
chord, maximum calvarial subtensivs from the na.sio-lanibda and glabella- ii lion lines. 

point of contact of a vertical tangent to the most projecting ]>oint of the 
occiput d(‘termines the occipital point. 

The nasal bone of the contour is measured by joining the tip (L) to the nasion ; 
NL giving the nose length and the angle bi'tvveon NL and Ny being that of nasal 
prominence. Some nasal ridges exhibit a double curve, turning downwards towards 
the tip, so that for a short distance* NL either cuts the outline or coincides with it. 
The point w^bere NL first meets the outline of the* ridge is called L' and NJ/ is 
also measured : where there is no double curve NL is, of course, ecjual to NL'. The 
maximum subtense is drawn from NL to the curve above L' and the point on the 
njisal bone is located from N with rectangular coordinates, a), along yN, and g. 

The position of the alveolar point is determined by measuring its distanees 
from the nasion aiuJ basion and the basion is rnejtsurcd from the gamma and the 

* When the left and right ttansverst sutureK did not meet in the median one, a point on that line 
mid-way between th||^ two joins was taken. 
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nasion. To define more exactly the curvature between the anterior nasal spine and 
the alveolar point, a vertical tangent is drawn from the most posterior point of the 
arc. Finally the position of the point of the palate where the sutures cross is 
located from the alveolar point with rectangular coordinates and the subtense from 
the mid-point of the choixi joining the basion and sphenoidal point is measured 
from the basion along that line. 

These are all the m(.*asurement8 used in the construction of the type contour 
but a few others are taken with the object of comparing their moan values with 
the corresponding lengths and angU's of the type diagram and also because some 
of them arc wanted for comparative' purposes. They iira the lengths N0,\Op., N\ 
GI, the subtenses from NX and GI and the angle's 0 =» Z I3GI, <f>'— z 0NI, A /. ,N Z., 
Bz, Pz and fmZ or the angle which the basio-opisthion line makes with the 
horizontal *. 

Table XVI gives the mean values of the measurements made on the individual 
contours from which the types are constructed. The abbreviations used here' 
and on the diagrams (Figs. 5 and 6) are : N =» Nasion, G = Glabella, Ban. or 
5= Basion, B = Bregma, V- Vertex, A or Alv. — Alveolar point, Sub-Orb. ■= Infra- 
orbital p(unt (left orbit), A wr. = Auricular point (right) on which the skull rested 
when in the Frankfurt horizontal position in the craniophor, Lambda, 7 =(itamma, 
/ = Inion, Op. = Opisthion, Sp. ~ the Sphenoidal point, i.t*. the point of intersection 
of the median plane and the suture between the basilar process of th(‘ occi])ital 
bone and the sphenoid bone, P = the point of intersection of the palatine sutures. 
P's: the (‘xtromity of th(' spina uasalis poster tor, A>S’ = the extremity of tlu* anterior 
nasal spine, L = the tip of the nasal bone, P'- the point at which tlie line NL first 
meets the nasal bone, A Z==Z NA P, K Z — Z A NB, B / ^ Z NBA, Pz = Z b('tw<'(‘n 
AN and yN, Z between BN^ and Ny, 6. — Z AB makc's with the horizontal. 

It should be noted here that when, as was occasionally th(‘ case, a point supposed 
to lie in the median plane (as the nasion, bregma, lambda, etc.) was either slightly 
below or above it, the pointer of the tiacer was temporarily depressed or raised to 
pass through the point. It was seldom neci'Swsary to do this as most of the skulls 
were fairly symmetrical. 

The comparative material for sagittal contours is the same as that for the 
other two type contours, but in this case many additional di'tails have beim added 
to the drawings since Bonington a pioneer diagrams were made'. Tlu' series we have 
numbered I to VII (p. 228) give the contour only from nasion to gamma and 
without indicating the position of any maximum subtense or of the vertex. This 
latter point was defined by Thomson in the Moriori pap(‘r, though not marked on 
her drawings, while she added the occipital arc from y to opisthion, the inion, basion, 
alveolar, auricular and sub-orbital points, so giving the three vertices of the 
fundamental triangle. It then became possible to compare the angular measure- 
ments of the contours. Tildesley, for the Burmese crania, first drew the contotir of 
the nasal bone and included the points P and V. We have indicated besides these 
the form of the palate and the arcs from alveolar point to anterior nasal spine and 

* These measurements are given on p. 252. 
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from biiKion to HphoDoidal point. It would hanJly be possible to add further details 
without over-crowding and confusing the diagram. 

In her Moriori paper* Miss Thomson has discussed at considerable length the 
relative worth of the many base lines which may be chosen as axis ot reference when 
comparing sagittal type con tom's; alternatives fortunately not pri'scuit in the case 
of th(i other two types. This point is of great importiince if any clear meaning is 
to be given to such expressions as a “ more receding for(‘head ” and a “ higher 
palate/' or if comparisons b(‘lw(‘en the positions of points such as vertex and 
brc‘gma ar(‘ to Ixi madt*. A verdict was given in favour of the JVy line which is 
U8(*d as axis in constructing tlu‘ type cout<iur. Its terminals are well defined and it 
rej)res(‘nts very approximately LIh' natural s]op(» of th(‘ head. In accepting that as the 
eomimui axis f<U’ mo^t compar.itive purposes the use of oth(‘r lines, such as 
NO}), or (‘Von f3y, ih'cmI not be negh'cted, for the skull must not be consider(‘d to 
be d<*pt‘ndent on one line*. But no lim- terminating in th(^ glabella or inion can be 
satisfaelorily used bi (*ause tlajsi' points are nca sn^eieatly well (h^fined. 

Th(' sagittal type zone given by Biuiington is unfortunately only drawn from 
nasion to gamma; it^ has tor the great<T ])art of its length a width of I'bmm., 
tajicring down to 0*1 i>im. at tlu‘ gamma and 0*9 mm. at the nasion. For 17 crania 
th(‘ cornssponding widths will be 3*9 mm . 1*7 unn. and 2’2 mm., and for 15 crania 
41 mm., l‘(Smm, and 2'Ilmm. The typc‘ zones were drawn for the two Tibetan 
Hi‘ri(‘s, but owing to the danger of ov(‘r-erowding are not shown on the type conb'urs 
ot Figs. 5 and (>. 

The most marked charaeU‘ristics of the Tibetan A median tyj^e s(‘cLion arc the 
liigli forehead, Hat glaln'lla, and its smooth, almost feminin(\ curves. The 13 is a 
niiieh inoro masculine type witli a lower forehead than A and a (juit(‘ distinct, 
though not prominent, glabella and inion. Superposing a tracing of A on the 
drawing of B with the Ny line and tlu' point N (‘oinciiling r(‘vc‘a]s at ince the 
great ditVei'enci* in size betw<‘en the two. In height they are very nearty equal, but 
thi* occiput of tin* B type protrudes massively beyond the other at all points and 
tht‘ whole pjilatt* is much lovy(‘r, lliough very nearly jiarallel. From tli(‘ nasion to 
as far l»ack as the Sth parallel thi‘ Ty])e 13 line though it skirts the Type A zone 
for some way, is nev(‘r more than ()'2mm. away from it and this similarity in form 
t)f the frontal bones is uia<h‘ men* apjiarent as far as tin* bregma if the tracing is 
moved round until tht‘ N/S lines correspond. But tin* occi[)uts still look (»f very 
difienuit shapes. 

In th(‘ three }3urni(‘S(* ty[)es the Tibetan A seenns much more likely to find a 
counterpart of itself. Its differences from th('se are all small and in g(‘ncral 
appearanc(‘ they an* much alike. The resemblance* is most close t(» the Burmese A 
and it must be nnnembeued that the 13 and are based on such small numbers of 
crania that a dotailed comjiarison with other types is hardly waiTanted. Placing a 
tracing of the Tibetan A ove'r the drawing of the Burmese A type* with the points 
N and the Ny line coiucieiing, shows that the former is somewhat lovvor in the vault 
and more protruding in the occiput. But, kec ping N fixed, if the tracing is now 

* li'onietrih'a, Yol, xi. pp, 106 $e<j. 
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TABLE XVI. 


Means of Confovr Measurements used iu ploUiuff Sagittal Type Contours. 
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1 
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7 
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N 
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GO 
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K7 9 

27 7 

51-3 
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9-0 

29 2 
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95 8 

' Tibetan B (15) 

1 

.0-2 

-8 1 

()4 

28 0 

(! 4 29 7 

95 7 

1 ' 

29 t 

58 3 



3f) 8 

107 6 

99-3 


Tibetan A (17) 
Til»etaii B 
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J fiom 
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' ' N 

y 

N 
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y 

N 

y 

X 

y 

70 1 

90 9 

23-6 

1 

214 m-4| O-O 

9 6 

14-2 

50*8 

33 0 

16-9 

.50 7 

26-1 

51 -3 

27-1 

77-2 
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23*7 

21 i luo' 1-1 

9 4 

44-8 

55 2 

33 9 

lO'l 

.52 4 

26-1 

55 2 

31-4 



Max. Sub 

Max. Sub. 
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Sub from ^ Has 

N. 

Cl 
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to N\ 
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1 Alv. N. 
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J fiom 1 

J fiom 


.r fiom 
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y 


N 

f/ 

a y 

N y 
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V 

N 

y 

N 

Tibetan A (17) 

87 -i 

7<r:> 

9G-0 98-7 

63-2 1 30-7 

12-7 

J-9 

3*4 

47*0 

2-2 

58-9 

TibeUu B (15) 

87*8 

71 8 

97-2 101-2 

64-1 1 33-2 

13*5 

1-8 ' 

4-9 

53-6 

4-1 

56-9 


* The n(‘gative sign here moana that the ordinate 30 meets the contour below and not above the Ny line, 
t Both occipital points are below the Ny hue and to the left, with the type contours as shown, of y. 
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Fig. 6. Tibetan B. Sagittal Type Contour. (15 Ca 
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rotated to make the iV^/9 lines coincide* the resemblance becomes much more striking. 
From the tip of the nasal bone to the opisthion the type zone, though not shown 
below 7, must certainly cover both lines except a short distance l>etwe(ui the inion 
and gamma of the tracing. l’’he lines NX and NO]), coincide exactly and the 
auricular, sub-orbital, and alveolar points, the basion and th(‘ |)oint P are all 
nunarkably clovse. Tin* great(*st div(‘rgoiieies are shown between the points gamma 
and the veu-tiees. Tin* correspondence is so striking and so much more* marked in 
this j)osition that we almost vva\er in our allegiance to the Nj base* line. With its 
lower vault, far groatcT length and distinctive occiput the Tibetan Bis viuy iinlik(‘ 
any of the Burmese typ(‘s and, though almost e<{ual in length, it has no oth(*r 
points of resemblance wdth “ the* depressed and retreating forehead, the bulging 
glabella and the high sagittal crest*” ami the remarkably low 7 of the Moriori 
section. 

We have now to compare (he 'Fibetan type contours with those drawn only 
from nasmn to gamma. Our A secthai is shorter than the tlinv Oongo ones along 
the A^7 line by H I), 0*2 and 4*7 mm. resjM^etividy, but almost «*xactly of the same 
ludglit and with a frcuit.d bout very similar to tlieir*s. 1^his latU*r ])(>int ean 1 h‘ 
most el(‘arly seen it tin* N /3 rather than the Ny lim^s are superposi'd. Tie* corn* 
spondenca* is tluMi viuy (*\aet, and wtdl within the limits of tin type zone, from the 
nasion to tin* iith ])arallel with the first ('ongo S(*ries, to the 5 th paralh*! with the 
second seri(‘s, and the* 5 th again with tht‘ third. That the r(‘semblance is iK>t more 
g(‘n(*ral (*an b(‘ seen by making the Ny lines and the points 7 coincide ; th<* lt‘ss 
(*onv(‘X TUh^tan occiput r!(‘arly diffenmtiates it fn>in the oUkts. Then* is little to 
sugg(*st kinsliif) betw<‘('n the Tibetan A and the remaining races. The former is 
niuch shorter and at the same time* higher than the Kgj^jitian, (luancho and 
Englisli and not nnlikt them ami tin* Eskimo posteriorly, but it is most like in tin* 
anterior region. This eon*(‘spondence is again surprisingly close* when tln^ iV/ 3 Jint*s 
of the contours an* superposed and much less so wlii*n the Ny line is the common 
base. 1'hat such should have been the case wnlh all tlie typ(*s (*ompar(‘d, witli tln^ 
single (\\ct*])tion of the Moriori, is a \('ry noteworthy faet 

Tin* Tibetan A is greater in Ny length than any of tlu* thr(*e (\uigo typ(‘s ; in 
h(*ight much tin* same but diflermg from them in the* high(‘r and more bulging form 
of its glabella. With Ny as axis of ref('n*nc(* and tin* points coin(‘i(it*nt, tin* froiu/al 
homes arc again se(*n to ha\e ahmist nlentical curves ami this eorri*spon(h*nee wdtli 
the first tyongo section extends well behind the l)n‘gma so that tin* tyjK* zone 
covers both e(»nfcours from the nasion to a point not far from the lambda. The 
discr(‘])aneies betwe(*n each of the three (\)ngo typ(‘s and tlu* Tibetan B are greater 
with N^ than with Ny ns base line, the latter being unlike its compatriot A type 
in that respect. If either of thes^* linv's is chosen as axis of refiireiice, or p(*rhaps 
one intermediate between them, the Tibetan B contour is found to have a frontal 
bone w^hich is hardly distinguishable in shapi* or size from those of the Egyptian, 
Eskimo, Guancho and English and this was found with all the otli(*r typ(‘s, with 
the exc(*ptu)n of t he Moriori. A parallel statement was made when comparing the 

^ Tlioniflon, Itiometrihf, Vol. xi. p. 81 ). 
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Tibetan A type with the.se races. The occipital region, on the other hand, is often 
distinctive and hence more liktdy to be of use in differentiating racial types. The 
glabella t()o is often characteristic, being deciiledly higher above the nasioii on the 
Tibetan B type than on those of the (iuanche, English and Eskimo. In other 
respects these correspt>nd very closely and particularly in the form of occiput and 
vault. The, Egyptian, though stil] very similar, has a frontal bone more unlike 
that of the Tibetan than any of the others, except the Moriori. The English 
and (iuanche are most like this Asiatic race in the absolut(‘ size of the section, 
but is that to bt‘ our sole criterion ^ SuperjK>sing th(' Tibetan B tra(*ing on th^ 
Eskimo with as base line does not at first reveal any similarities except in 
the form and pisition of the glabella; the contour tracing is entirely surrounded 
by the dmwing. By rotating into the position, the angles between that line 
and N\ are seen to be identical and one frontal bone is, as far as the bregma, 
almost entirely covered by the other. Can wc* now })lace the one as symmetrically 
as possible inside the other so as to obtain soma appreciation of their similarity in 
form apart from mere size ? This can be effected by placing the nasion of the 
Tibetan A type 2*2 mm. from that of the Eskimo (the difference in Icmgth is 
4*4 mm.) and keeping that point fixed while the tracing is inovcnl round until the 
nasion of the tracing and the two lambdas are colhnear. l'h(' contours are then 
seen to be very approximately parallel from the N to the y of the circumscribing 
one; the greatest distance between them is 2*6 mm. and th(‘ least 1*6 mm. Does 
this denote racial affinity ^ Not even a tentative answ(*r cfuild be given to such a 
question witliout more abundant comparative material ; contours for which th(' 
regions below the Ny line' are mapped out being particularly recpiired. Th<‘ 
companson made with the Eskimo type shows, at any raU% how ('asily a real 
similarity in shape of head may be overlooked, if attention is to be confined to 
positions fixed by common biise lines and it makes us (pi<\stion again the invariable' 
use of the Ny horizontal line for that purpose. Sagittal type cont<jurs appear to bt' 
potentirally of far greater im|K)rtance than the other two, but at present, owing to 
the uncertainty attached to the methods of comparing them, they pn)vi(h* a less 
reliable racial criterion than the horizontal ones. 

In Thomsons Moriori paper (pp. 105 — 112) there is a dt'tailed discussion of th(' 
relative values of the nasio-gamma, nasio-lambda and glabella-lambda bas(‘ lines 
when each is judged according to its capability of giving an estimate of the 
flattening of the frontal bone and of physiognomic flatness ; a verdict was given in 
favour of the iiasio-gamnui lino. Accepting that base line, we mu now add the 
Burmese and Tibetan data to th(' comparative table {loc. at p. 108) of the subtenses 
of the calvaria. 

The interesting features of Table XVII seen in columns 7 and 9. The very 
rounded form of the Burmese and Tibetan A crania, as shown by the high y indices, 
clearly differentiates them from all the other types, including the Tibetan B. But 
there seems to be nothing racially distinctive in the positions of the vertex and 
bregma, as measured by the x coordinates, or in the differences between the indices 
given in columns 1 1 and 1 2. The bregmatic angles an' rather more characteristic, 
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TABLE XVII. 

MeasitrementH on the Sagittal Type Section. Males. 
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45*4 
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Til)etan B ... 

181*7 

86*5 
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84*0 
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73*0 
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1*0 
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Eskimo 
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48*0 
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170*9 
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50*6 j 
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2*1 ! 
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.■)l-2 1 
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52*7 1 
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1 13*1 

1 nr-H 

Cro-Magnon ... 
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1 
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but they fail to (listiiiguish botvve'on the Oriental races and the Eskiuio and 
Bantu. 

Thomson has sugg(‘storlf as a measure of physiognomic flatness the bregmatic 
angle for the nasio-gamma line combined with lht‘ angle the line joining th(‘ nasion 
to the are end of tht‘ nasio-lm'gmatic subtense makes with the nasio-bregmatic 
line. The contributions of (‘ach of these to frontal flattening are shown in the 
following table. 


Physiognomic Angle of Flatness. 


Race 


1 Egyptiiiii 
Monori 
English 
Guaiube 
Til>et}in B 
Biirnio.se ... 
R linn owe i) ... 
Congo, Kiiitu* 
I Tibetan A 
Biiriuoso A ... 
Enkinu) 

OvO'Magiion ... 


Frontal Bone 
' Flatness 

I 

I 

I Sire 

' 22 *3 • 

, a 

I 

' 

2 r -2 

27"-3 ' 

27 -3 

I 2 (r -7 I 

2H“-0 

, 24 -H I 


Rotation of Base 
of Frontal Bono i 


46 2 
U) *3 
t7 -J 
48^*1 
48 “ -2 
49 “ *6 
50 *7 
49 ’-8 
50 *1 

nr -8 
r>r-\ 

n.T -2 


Physiognomic 
Angle of Flatness 


71 -I 
7 r -6 
73 ‘7 
7 4“ *5 
74“7 
7 4" '8 
74“-9 
77 i 
77“‘l 
78“ -5 
79 \3 
80“ *0 


The Physiognomic Angle of Flatness does not appear to distinguish the 
Tibetan A and Burmese types from the remainder as well as the bregmatic angle 
do(\s. 


^ Fernand Vaz, 1804 Series, 
t lihmetrtka, Vol. xi. p. 100. 
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Having made comparisons between the corresponding t 5 ’})e contours of various 
races it is natural to ask how similarities noticed when considering one section are 
correlated with those adduced from another. And, further, if some judgment of 
racial affinity can be obtained from all three sections, liow will this bc‘ correlated 
with an index based on direct measurements^ A tentative* answcu* can be given to 
the first of .these (juestions. If comparison is ctuifined to members of the saimj 
family of races — such a family as the one to which th(‘ Orientnl races aie supposed 
to belong — then it appears to be* probable that all three* sections of the two type's 
being compared will b(' similar if one section is found to be so. I5ut, though olie 
contour of two unaliied rac('H may display a striking similarity, it by no means 
follows that the other two sections will correspond at all closely. The Tilx'taii A 
transv(‘rsc type contour is almost identical with tboso of both th\‘ Moriori and 
Whitechapel English, but the horizontal and sagittal types are as dissimilar 
as any. 

A comparison of the racial contours has led us to conclude that the Tibetan A 
and tlie thre(' Burmese types, particularly the R, are closi'ly relatc'd, but tlie former 
does not resemble the Tibetans of Kham more than it does the Congo Negro or 
Whitechapfd Englisli typ(\ The Tibetan B appears to be unlike all the Oriiuital 
races with which we are able to compare it, but its calvaria is ve ry similar in sizi* 
and shape to the English calvaria. 

We may now ask liow the Co('fficients of lliicial Likeiu'ss are correlaled with 
the judgments of racial affinity based on comparisons of the three typt* contours. 
Unfortunately we are only able to make this comparison in the ease of a ft'W racc'S ; 
these are the two Tibetan races, the three Burnn'se, the Morioi'i, Congo Negi’oes 
(Batetelu) and Whitechapel English. 

Of the 31 direct, indicial and angular measun'nuuits from which the ( 'oc'ftieients 
of Racial Likeness are calculated there are only J.S which are either actually i‘e])r(.*- 
sen ted, or vc'ry nearly n^presentixl, on the type contours. I'liese ari' 7?, Q, Oil and 
BjH, corresponding to the transvi'rse vertical section; U and BjL to the 
horizontal and F, LB, S, d H, NB, Or, 1., P / , N ^ and A to tin* sagittal 

section wh(*n all the points we have indi(‘ated are mark(Ml on that. 

There seems at first to be very little correlation bet wt*en the judgments of racial 
affinity arrivc'd at by comparing type* contours and the corrc'sjxmding C^K'Hieieiits 
of Racial Likeness, 'fhe Tibetan A and Burmese B direct mc'asuiejiieuts appear 
to be v(‘ry similar arid the coefficient between tlnuii is low, but th(*re was no 
striking resemblance between the type contours. Ou the* other hand, the contour 
and coefficient methods of comparison both suggest that there is a closer relation- 
ship bc'tween the Tibetan A and Burmese than there is betwi'em the Tibc'tan A 
and the Tibetan B or any other of the Oriental races. It was surprising to find 
that all the Tibetan B and Whitechapel English si'ctions wen* very similar; the 
Coefficients of Racial Likeness, however, suggt'st no affinity. The English sagittal 
type contour was given only from the nasion to the gamma, so that there was no 
representation at all of the fecial regions and base of the skulls, and of the 31 
characters from which ilie coefficient was calculated there are only 7 lengths, 
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angles or indices which could be measured on the three contours. The C. L, for 
these 7 characters alone is 2*9(), but w^hen all 31 are considered it becomes 11*93. 
The great difFerences between the English and Tibetan B skulls are between the 
facial and palatim^ measureuuuits ; only the calvariae of the two are similar. 

A contour of a skull gives, of coum*, a more detailed description of the plane 
in which it is token and the zones in the immediate neighbourhood of that plane 
than any number of direcl, measurements can do, but the three contours cannot give 
a com])lete ])icture ; they give n<< representation at all of the orbits and only a very 
incompl(‘te on<^ — when all possible points have been maj'ked — of the remainder of 
tlu‘ fa(*e. The (Joetficient of Kacial Likeness takt'S into account all n^gions of the 
skull. It would thus seotii that a comparison of type contours, though a study of 
great interest, can ne^er hnnish a very reliable measure of racial affinity and it is 
particulail} liable to lead to eiioneous deductions wh(m unaliied races are compared. 

9. (Joifijufrisoii between Direct Mcuanr^^wetds ay}d Contour Valnes. 

Th(' camses oi* the discrepancies found bc‘tw^oen contour and direct measurements 
have b(‘en discussed in detail by Tild<\sley in her Burmese paper’*^. We will now 
eompaie oui results by llie two methods. 

The d(‘fect in the Klaatsch contour tracer, noted by Miss Tildesley and lo which 
slu»])artl\ attiibulc'd the <liserepanei<‘s fmnd between her measurements, had been 
remedied Ixdbre 1 used the instrument; also the drawing-board on which the 

TABLE XVIIL 

Comparison of Direct and Contour Mean Measurements'^. 




Tibetan A 

1 Tibetan B 

1 

( Tl<il)ellar-uccij)ital 

Length {L) 

. Direct 

1 SagitLil (Vmioui’H 

1 l7r>-2 (17) 
I74-H(17) 1 

! l8r.-7 (14) 
185-2(14) 

Lupor F.'iee Height 

(ru) 

DinM't 

S.tinttal ( \>iiio irs 

(!!> 1 (17) 1 
j 70 1(17; 

7(>’5 ^5; 

N.isum Basion 

Length {LB) 

Dinn't 

Sagittal (’out out'' 

' !»5 7(17) 

05 S (17) 

nn*2 (151 
051*3 (15) 

J tisio-l ’regiii.it le 
Height!^//') 

Direct 

Sagittal C'oiitours 

1 131*2 r 17) 
13M (17) 

134*1 (15) 
133*‘J (15) 

Ji(‘ngth of Foramen 
(J'mf) 

Direct 

Sagittal ( 'ontoui ^ 

35*7 (17) 1 
i :«!-9(i7; ! 

37 4 (15) 
38*4 (15) 

Basion to Alvool.u 

Point ai) 

1 Direct 

Sagittal (Jontouvs 

t)i'r)(r,) 1 
iK) 7 (17) 

97*2 (15) 
9(i*4 (15) 

Opisthum to Ijaiuhda 
(^''’0 

I >n’ect 

j Sagittal (W tours 

1 94-4 (17) 

1 94-5 (17) 

100*3 (15) 
BKhO (15) 


* liiometriku, Vol. xiii. Nos. 2 and 3, pp. 210 ni uq, 

I The liguroB in brackets 'irc of the number of skullB on which the means are based. 
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tracing was made appeared to b(‘ qtnte lc\td and not in any way warped, at any 
j'ate no Haw coul<l bo dctectf^d by simple tests. After a cunsidt^rable time had been 
spent in practising and ch<*cking the accuracy oi' the drawings by comparing 
s(‘veral made of tin* same skull, a fairly reliable method of manipulation was 
attained. 

In some few ease's Miss Tildesl(*y deduced the direct and contour means from 
different numbers of crania one piir di tiering by 2 and the others by 1. All the 
series dealt with W('re small an<] it was thouglit bt'st to exclude no measurement 
that could possibly b(' made, l^^irtunately our Tibetans wt'rt* in a much better state 
of preservation than the Burim'se and all corresponding means have been based 
on th(' same numb(*rs. 

The contour means in the following table are those reduced from measurements 
made on th(' individual tracings and they may not b(' precisely espial to the lengths 
of the type contours. 

The gi'eatest ditferi'iicea bc'tween the means found by the two methods are for 
the length of the foramen nutfpinm, but the lengths from baaion to alveolar point 
and the uppi'i* face heights are not in very close agret'ment. The majority of the 
discrepancies are so small that we cannot attribute the larger ones to instrumental 
defects or constant errors in manipulation, for such would afiecl all tlio nu'asun'- 
merits in much the same way. A sufficient explanation seems to b(' given if we 
remember the well-known difficulties of determining cranial “ points.'’ These w<*re 
ntd marked on the skulls wlu'ii th(‘ direct measurements were taken and they may 
easily hav(' been located diffen*ntly on the contours. The well-known vagueness of 
the alveolar point would account for the rather large discrepimcic's observed for th(' 
measurements (}'H and OL, since they an* both taken from it. I he marked dis- 
crepancy in the (*ase of the length of the foramen inacinuni is probably due to the 
fact that the dirt'ct measurement was tak('n further inside the orifice than the 
contour. On the whole we can fe(*l justified in placing considerable reliance on the 
accuracy of the type contours. 

Why should the two series of Tibetan means be more consistent than those of 
the BuruK'se ^ The greater differences found for the latter must have been chiefly 
due to the* defective tracer and unlevel drawing-board ust'd. Another [K>ssible 
source of error lies in the marked asymmetry of many of the Burmese skulls. In 
drawing the sagittal contour it was often found necessary to raise or dej)res8 the 
pointer of the tracc'r in order to make it [)aHs through a point which had to be 
marked. It Wius seldom necessarj to do this with the Tibetan skulls as there was 
little asymmetry among them. 

Several angular measun'ments found in th(' two ways are compared in 
Table XIX. 

The greatest difference here is so that the agi’eeiiK'nt is sufficiently close, 
for practical piir|)oses. 

The auricular point was marked on the sagitUil contours and a lino through it 
perpendicular to the horizontal will give a measure of the height, OH, of the 
individual contours, if the two auricular points of t.hc' skull were symmetrically 
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TABLE XTX. 

(lonifMirison betwef'n Mean Amjles from Direct Measurements and Mean Angles 

from Individual Contours. 




Pi 

Ni 

A 1 

Ri 

I'lbctan A 

llii'pct MojiHureniontH 
Sagittal (Contours ... 

87 4 (ir,) 
87"*7 (ir>; 

(i4'’-7 (1(1) 
«;r*9 (ifj) 

71 -8 ^l(0 

72 -1 (16; 

4;r*r> (lo) 
44 *1 (Ki) 

Tibetan H 

Direct MeasureinontH 
Sagittal (Vuitours ... 

8r) *7 (14) 
8.'>° 0 (14) 

()5"-6 (151 
04 -7 (15) 

GH'-S (15) 
OO'-O (15) 

45” 7 (15) 
4fr*4 (15) 

placed, but 

W(‘ should not expect i 

1 to agree 

very closely 

with the direct measure 


iiieiit. Th(' saiiK' l(^ngth can be foninl from tho individual tninaverse vertical con- 
tours* by dropping a porpiuidicular from the markoii vertex on to the line joining 
th<' points which are suppos(‘d to have been those in contact with the ear-rods of 
thi‘ craiiioplior. But hen" again we should expect no close correspondence". 


TABLE XX. 

Tibetan Mean Auricular Height, OIL 



Dir(‘ct 

From Sagittal 

From Tiansverse 


Moasurements 

Contours 

C(»n tours 

'J'ilKjtnn A (17) 

■l]3‘2 

114-2 

113 7 

Tilietcvn ]1 (15) j 

1 

115-5 

115-1 

1 16-0 


The conclusion to bi» drawn from the above comparisons is that direct and 
contour mean measurements an" in reasonably close accordance and should differ 
by h"ss than 1 mm. 

S("vi‘ral measurements iivo taken from the individual sagittal contours which 
are not used in the construction of the type and a comparison of the means of these 
with the (‘orrosponding lengths and angles of the type contours is of intert'st. The 
following tables give our results. 

The greatest difference between tli("Se pairs of nujasurements is 0*4 mm. Several 
angular measurements can be compared in the same way and the differences will 
again be found very small We are dealing with a short series of skulls and the 
discrepancies would certainly tend to be smaller for a longer series, so we can say 
confidently that the method of construction of sagittal type contours if special care 
be us("d is sufficiently accurate for comparative purposes. 

* As inucli as possible of the amicular pafi8‘\ge was traced, though not all could be represented on 
the type contour, 
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TABLE XXL 

Comparison between measurements on Type Canton rs and means 
of I ndividaa! Contour measurements which are not used in 
Construction of Type Contours, 



Tibotan A (17) 

Tibetan B (li>) 

yy / C%>ntour V'^alue . . 

' ^ 

110-2 * 

113-2 

n<)-2 

113-5 

> /Moan (^>lltou^ Valin* 

('rypo (^mtoui* 

91-4 

1(K)‘0 

91-0 

100*2 1 

,7V / iVlo ui <^oiitour Value ... 

\TyfK‘ ( ’ontour . . 

168-7 

177-7 

169-0 

177*8 

li sn\.t. to A’\ (M**'*" V"",*"”’’ 

( L>l>e ( Ontour 

70-:i 

70-4 

71*3 

71 -0 1 

f Mean ( ’ontour Value 
( 1\v pe (lonlour 

170-r) 

17()'9 

182-3 

182-7 1 

' ( I A pe ( ’oni our 

87 *5 

87*1 

1 90-2 

89-4 


TABLE XXII. 

i^omparisim between Angle-measurements on Type (Umtonrs and 
nteans of I ndividnal Contfmr measurements, 

Tibetan A (17) | 'J’lbetan B (15) 


, (Mean Contour ^^^lue 
^ ( Type Contour . . 

58^ -8 

58 -1 

r>9°-o 

57" *6 

J Mean Contour Value 
^ lT}pe (’ontour 


59 -9 

60 *7 

59 -5 

. / Mean (’ontour Value ... 

(Type Contour 

72 *0 

69 *0 

72 '2 

(i9 -3 

. 7 . f Mean ( ’ontour Value ... 

63“ -8 

1 

61-7 1 

^ ^ (Type Contour 

63" -8 

64 *5 

T7 / Moan ( ’ontour Value 

1 (Ty[)o ( ’ont;Ollr 

44^ -2 

46 -4 

44^ -0 

_ _ _ i 

46 -2 

y^ ( Mivin Contour Value . . 
i ^ (Typo Contour 

1 

87 -8 1 

85" -9 

87"*0 

85^ -8 

! V . (Mean (’ontour Value 

7' 1 Type ( ’ontour 

8 -8 

1 12" *7 

8" -3 

I 12" -3 
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1 0. Conclusions. 

It seeniH reasouabk^ to conclude that : 

(i) There are in Tibet at least two distinct rnces. 

(ii) One of these (viz. that from the southcTn provinces in the neighbourhood of 
Sikkim — ourType A)iscloselyallied to the Southern (/hines(‘,Malayansand Burmese. 

(iii) The other race (the Kliams Tibetans), though showing no marked affinity 
with any Oriental rae(‘, resembles most the Burmese B and types The skull is, 
how(*ver, very similar to thos(‘ of both Fuegians and Moriori, and the impression 
cannot be avoided that we may possibly b(^ dealing >vith widely scatten'd’ frag- 
ments of a fundanumtal primitive human type, witli a long-h(*aded, broad-faced, 
rugous and massiv(‘ cranium. 

I should like U» acknowledge here the help ot Miss Ida MeLoarn in drawing 
the contour diagrams and of Mr K. S Ft‘arson in photogra jibing the crania. 1 have 
also to thank Dr W. L. 11. Duckv\oith for several suggestions and c()rr(‘ctioris to 
this pap(u\ 

Appendix J. Ou the Measureutenf of the Mandihle. 

These measurements on the Tdu tan mandibl(» are placed hiu’C' with a vit‘w to more 
( laborate future trcsitment of maiuhbular charactiU’s of \arious rae(‘s and espcnally 
to provide adeejuab^ data for (5oni])arisons with the mandibh^ of palaeolithic man. 

Of th(‘ 32 Tibetan crania which have been deidt with in th(‘ first si^clion of 
this pajier 1() of thi‘ A seric's and 7 of the B v\ere provuhsl with mandibles In 
addition to th(‘S(‘ tlu' collection inclmhsl 5 nundibles of the B type which had not 
been allocated to any of the remaining skulls and it could not be said definitely 
that they corresj)onded with any of them. Thus altogc'ther, there wi're !(> man- 
dibh's of the A type .ind 12 of the B which <*ould he measur(*d. WIkui dealing 
with th(‘ mandibh's of any particular race tlu^ crmiometrician has often to b(* 
content with numbeis that are not largt'r than this, whih* Uie mandibles arc* oftfui 
separated from the skulls aial cannot be sexed with any ciu’tainty ; no leliable 
determination of type can be adduced from such material. (.\)US(.‘(|uenlly the 
measurenuMits of the mandible have been neglecud by most work(*rs and when any 
are given they an’ invariably scanty. 

The following measurements have been tak(Ui for tin* 3^ib(‘lan serii^s. Many of 
the lengths and their methods of measurement have \>oon considered by Broca \nd 
Rudolf Martin, but some are new. 

(a) Definitions of Mandible “ Points!' 

Th(' Frankfuit horizontal plaiu' is, for obvious reasons, not one to which the 
measurements of the detached mandible can be conveniently nderred. When the 
mandible is resting freely, with the tet*th uppermost, on a horizontal surface its 
position will u.^ually be unique, but occasionally it may be cajiable of a slight 
rocking displacement. Accordingly, the plane of reference to which th(‘ majority 
of heights and angles we shall sjieak of will be related is defined to be that hori- 
zontal plane \s ith which contact is made at three or more points when a vertical 
pressure is applied to the second left molar tooth or its cavity: this will be known 
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as the standard basal plane, and when pressed vertically downwards on the second 
left molar the mandible will be said to be in the ‘'standard basal position*/* 
Usually the three points or regions of contact will be near to the right and left 
angles and a point on the left corpus somewhere below the canine or preinolar 
teeth, but such is not invariably the case. One or even both angles may not bo 
touching. The basal plane is certainly of a more conventional nature than the 
Frankfurt horizontal plane, but we are obliged to adopt it becaust^ as far as we can 
se(i, no other plane could make tlie technique of njoasuremcnt so exact or be less 
ambiguously defined. An attempt will be made to measure on the individual 
crania the angles at which the stiindanl basal plane of the mandible and the 
Frankfurt horizontal plane are inclined Z ). 

Certain mandibular " points ’* of osteometric lather than anatomical importfince 
have to be defined. The majority of thi'se have been discussed by earlier writorsf, 
but we have found it impossible to accept certain of their definitions without modi- 
fication. We doubt, indeed, whether they have been tested in practice^ on any 
adequately long series. 

It must always be understood, unless otherwise stated, that the mandible is in 
the standard basjil position.** 

Coronion (Cr). Two coronia are required, one on either ramus. In a ]H*rft*ctly 
symmetrical jaw one plane could be placed in contact with both condyles and both 
coronoidal processes, but with the normal asymmetry this is impossible. Accordingly 
the loft coronion is defined by the point of contact of a plane touching the left 
condyle, left coronoidal process and either right condyle or right coronoidal proc(*ss as 
the case may be. The right coronion is obtained by proper interchang<\ lliesc 
p)ints, as well as the two condylia, are determined by inverting the mandibh' on to 
a flat sheet of duplicating paper so that the ])oints of contact are marked. If there 
are two summits of equal height the apex of the more forw^ard is taken. When a 
m(‘asurement is taken to only oik' of the coronia it is always that of the left ramus 
unless otherwise stated. 

Gondylion (Cy), This is defined and found in practice in a way similar to that 
described in the case of the coronion, the (tapituliim and coronoidal process being 
interchanged. If a small area of the capitulum instead of a single jioint is in 
contact with the above tangential plane then the “ centn^ *’ or midpoint of that area 
is termed the condylion and it can be found with &uflicif*iit accuracy from the 
impress left by the duplicating paper. 

Gnathion ^J^he lowest point in the median or syrnphysial plane when the 
mandible rests in the standard basal position. This is invariably on, or very c!os(j 
to, the common tangent to the anterior borders of the fossae digastricae. 

* Unilateral mcaRurements are accordingly taken on the left side, but if, owing to breakage, a 
measurement has to be taken on the right ramus or corpus, then tbu second right molar is held to give 
the standard position. 

t See especially, Budolf Martin, Lehrbuch der Anthropologie (1914) (Mandibular “points” are 
defined, pp. 516—518, and measurements and methods of measurement, pp. 559, 560, 565, 566), and 
Broca, Tmtrucfhn<i Craniologiques H Cramometnquefi (1B75), pp. 93 — 96. 
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Pogonion A (pa)- The most projecting point of the chin, or, as it is termed by 
English anatomists, the mental prominence, when the mandible rests in the 
standanl basal position. 

Pogonion B (pb\ The most proje^cting point of the chin wlnm the mandible is 
in situ on the skull adjusted to th(‘ Frankfurt horizontal plaiui. 

Infradenial {df). The point where the sagittal i)lan() of the maiidibh* meets 
the horizontal tang(*nt to the alveolar rims of the middle incisors. 

Intradental {dt). The tip of the process between the middle incisors. 

Gonion {g^). 'I'his is, perhaps, on(» of the most in\portant points of the mandiblt' 
and, at the same time, it is the most difficult to define and to determine. A definition 
of the standard basjd plarn' has been given above. It is now ru'cessar}' to clcfiiu* the 
standard ramoal plain* which we do as fillows: L(‘t a tangent jiIaiK* b(* taken to tin* 
left ramus toucliing it at the <*ondyle and towards thi‘ aiigh*, and let it also touch 
the right ramus where* it can (if tin* mandible were syniin(‘trieal it w^ould touch at 
the right condyle* and at a point towards the right mandibular angle). This tangent 
plane is the standard rarneal plane as defiiU'd from the left ramus. It may also lx*. 
defin(*d from the right ramus. The int<‘ioection of the standard basal and rameal 
planes is tht* gonional uxLs. The nearest points on the borders of the* angl(‘S to the 
gonional axis an* the gimia. Hie gonia an* found in practiee with the aid of the 
mandible boanl described lielow’. The* mandible is held on tin* second left molar 
and adjusted so that the ram(*al wdiig of the board is in contact with two points on 
the left ramus and ouo on th(* right. Then the zero liin* of the board eorn^sponds 
with the gonional axi> and th(‘ p<‘ints on the tw^o anglt*s nearc'st to it arc the riglit 
and left gonia n*spectively*. 

^ The Ronion was first defined and named by Broca (op. cit. {». 93). In practice the point can be 
found easily and without ambiguity and u appears to fidfil tlio ideal condition, that it sliould be the 
point of intersection of the pohterior lino of the ramus and liio inferior line of the cornus, as well an 
any point could. Martin {op. ra. p. dl7) has ))roj‘(»H<*d fpiito a different meihud to determine it. The 
mandible is inverted ho tliat th(’ ain-deB arc uppermost and so that the left ramus and corpuH make equal 
angles with tlie liorizontal. Tliou the gooion is the h'ghcHt poiut of the angle. I marked this point on 
several mandibles and found that in all eawes it was in front of the gonion det< rmined by Broca’s 
method and that for several the distance between wa-^ aa much as 8 mtn. Tlic peisonal equation of 
Martin’s method must ceitainb be large as neither of the operations by winch the iioint is detormim^d 
can be peiformed with any precision. 

We are unable, also, to accept Martin’s definitions of some othei “points. Tlie pogonion and 
gnathion, for e.xample, are defined nithout indicating any plane m refi'ronce. They aie niarki d on two 
figures {op. cit. pp. 505, 517) showing the norma latPKilis «nd norma miifataUnt of the oomph te skull 
with the mandible in its natural jiosition. It appears from this that the pogonion has refuronoe to the 
P’rankfurt horizontal plane and not to one 'm which the fiet bones would lest, so it corresponds to our 
pogonion B. Martin suggeHts taking many measuroraentB liom this point ,iud defines no other in its 
neighbourhood. In practice thi is found to be a very unsmtablo terminal for many leasons: it is 
impossible to locate the point if the cranium is either missing or badly damaged as is frequently the 
case ; if the skull be available but s<»ine, or all, of the teeth are nussin*' it may not he possible to place 
the mandible m the natural position, though some approximation to that can be made by Hupportiiig 
the mandible with plaeticine ; damaged or decayed cond>lGH will introduce a diificulty of the same kind 
and, finally, even it the bone be complete, it in often impossible to place the mandible in any unique 
position which can he supposed its natural one. For tliese reasons the pogonion B, though in itself a 
point of great importance, appears to us to be a vciy unsuitable one to take meaKureiueiits horn and 
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Thi» positions of all tho points defined above are mark(*d on the bone in pinieil 
before any measurements are taken from them. 

Another mandibular plane has to be defined. The standard sagittal plane of 
the mandible is the plane perpendicular to the standard basal plant', passing through 
the intradental and perpendicular to the bigonial axis ; it should also contain the 
infradental point, the two pogonia and the gnathion. 

{h) The Mandible Board, 

All the measurtmients, with tht' exception of those made with small callipers, 
Flowers callipers, or the steel tapt', are taken wht'ii the bone is resting, in one 
position or another, on th(' mandible board ; an insti'ument similar in <lesign to 
Ilroca’s “goniom^tre iiiandibulaire* '' A fixed horizontal board (.d ) has hinged to 
it at one end a movable board (B)- to be called the ‘'ramc^al wing” of the instru- 
ment — so that th(* latter can b(' inclined at any angle from ()"' to ISO"' with the 
horizontal. The angle b('tween A and B can bo road off diix'ctly from a semicircular 
scab' attached to a vertical board (C) so that the cc'ntre of th(' scale is in a line with 
the centre of the* hing(*. Both the rectangular boards A and /i ha\e mm. scales 
along one edge fixed so that the centre of th(‘ hinge is thi'ir common zero. With 
the aid of this instrument st'veral mandibular angh'S can be found dirt'ctly. The 
bone rests on the horizontal board A and is held on the* s(*cond left molar and 
heights of points above that plane, which is that of the standard basal plain', an* 
dc'termined by adjusting the point of a scriber to their li'vt'l and thc'n rearling off 
the height of the latter above the basal plane* on the scale attar‘h('d to the board B, 
when that is in a vertical position. A solid 8<*t-s(|uar(‘ is ])7’ovid(*d for the purjiosc* 
of measuring the projections of lengths. This consists of two lengths of wood, of 
which the section is squan*, fast<*n(*d tog('ther at one of th(*ir (‘Xtn'mities, but not 
let into each otlu'r, so that tlu'y an* at right angles. If oiu* of tlu*S(‘ biaiK'hc's is 
resting on the mandible board parallel to the hinge, the* otlu'i* will be paralk'l to 
the length of the board, i.e. the edge to which tlu* scab* is fastc'Ui'd and with its 
u})per surface on a line with it. Then the solid* S(*t-s(juar(* is slid along until it 
comes into contact with the point on the mandibb3 from which the m(*asurement 
has to b(' made; the other extremity of the b*ngth is the zero liiu*, i('. the central 
line of th(* hinge. The projected length can be read off from thi* horizontal scab'. 
The heights of the coronoidal and condylar processes can b(' found in a similar way 
by using the board with the ranu'al wing vertical. 

(c) Measurements and Methods of Measurement, 

The following is a list of the direct moasun»ments of the mandible which 1 
have determined for the Tibetan series. All mi'asurements, unless otherwise stated, 

accordingly, the more conventionally defined pogonion A — the point alwayH referred to below unlesK the 
other is bpecifically named — has been used for that purpose. It makes only a blight difference to the 
position of the gnathion whether it is defined with reference to the Frankfurt horizontal or standard 
basal plane, but the two pogonia may be several mms. apart. 

* See Jmtructiom Craniolngique»f p. 95. 
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iiro given for the left «i(le only. The lengths and sz were provided by 

Fawcett for the Naqada Egyjjtiaus and have b('en determined for H(weral other 
races by Hubso(pieni workei’s in the Biometric Laboratory. 

(i) Leytrfthif measured with valUpers or tape, 

Wiy condylar width, (ireatf'st width of mandible at eondyh's fnan outside of 
one condyle to outsidt* of s(‘cond ; with small callipei*s. greatest width of 
mandible at anglovs from outside of on(* angle to outside of the other; with 
small callipers. //,, sagittal height of mandible; measured from gnatliion to 
intradentalf. zs, least distance between innei* rims of foramina inentalia. 
c,Cr, coroiiial breadth from coronion to coronion. rft, least breadth of ramus 
parallel to bawsis. As a guide to moasurement a pencil line parallel to the basis 
is drawn on the ramus in the rc‘gion of its least breadth while it is ori('ntatod on 
th(* standard basal pljine. /•//, h^ast breadth of ramus in any direction. breadth 
of mandible between inner aiv< i-lar walls at middle of second molars This is the 
count <u*part of the measmeimuit G , of ])aiat (5 breadth. (iondylion to coronion. 

!/o9o. gonion to gonioii. (fn9o0), gnathion \o left gonion. gnathioii to 

right gonion rf gn^atc^sl length t>f eondyh . c,,b, greatest breadth of condyle 

ptTptuidicular to cf distano(‘ bc*tw(‘eti ouUu* alveolar margin at the middh 

of (he s(‘(‘ond molar to luiddh* r)f tirsl premolar. Pa<Uf pogonion to intradcnlal. 
pa9nf pogonion to gnathion Padf^ ]>ogonion to infradt'iital. gnathion to 

infradental. Papb^ pogoimui A to ]>ogonion 1]. poPalhn bigonial arc, measured 
with the st('el (apt' from one gonion to llu‘ oUht through the pogonion; a very 
1 1 nct'rt ain i n ('asu nun ( uil . 

(ii) Ileiijhts aiai Lengths ; using Mandible Board, 

Unless otherwise stated, it is always to be understood that th(' mandible is in 
the standard basal j)osition. Heights above the pla:a‘ of the basis are found either 
by the aid of a scrib-aw I oi ^\itll the solid sei-stpiare, and juojc'ctions are found with 
th(‘ .solid set-s(juare (sec^ p. 25t)}, 

///, least height ot* imusura , will) seritwiwh ih\ greatest depth of mcisura from 
a line joining eondylion to coronion. The Uiandibl< is inverted vso that it is sujiported 
on tlu‘ left side by the <*ondylion and coronion and by one of thosi' points on the 
right ramus. Tlnui tla‘ uu^asurcmeiit is the greatest height of the incisura above 
the supporting surface ; naid by aid of serib-awd. c^h, height of coronion. Proj(*ction 
on to vertical rameal wing of board, using solid set-vsijuare. Cyh, condylar height. 
Vertical projection as for c, //. (/^//, height of intradental ; with scrib-awl. mJt, 

height of out<‘r alveolar margin at middle ot se<*ond molar; with scrib-awl. 
pji^ h(ught of outer alvecdai’ margin at mhldle ot first jiromolar; with scpImiwI. 
Cyly length of corpus. Tlu^ rameal wing of th(^ mandible board is brought up into 
the position in whieJi it louelu s two points of the left ramus and one of the right. 
The UK'asureiiieut c^/ is the projection from the zero line of the" boaid to the most 

* Hee Biometnkay Vol. i. p. 417. Fawoptt gave the lotterH TF] and to these* two measurements, 
but Thojnson altered them to and w> as W seemed more appropriate for weight of skull. I have used 
small letters to doijoir all mandibulai measurements. 

f This and all the following leng'.hn aie measured with small callipers unless otherwise stated. 
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tidvanced point of the chin — the pogonion "A. rl, length of ramus. Projection of 
ramus on to mmeal wing of board with position as for finding Cpl. ml, mandibular 
length. Projection from posterior points of condyles to pogonion A, with raineal 
wing of board vertical. 

^ (iii) Angular Measurements using Mandible Board and Oraniophor, 

M , mandibular angle, i.e. angle between the standard basal and rameal planes ; 
position on board as for finding the length CpL R /L , angle of condylar-coronoidal 
line with ramus tangent. The mandible is inverted so that it rests on the left 
coronion and condylion and one point of the right ramus. Then adjustment is 
made so that the rameal wing of the board is in the position of the left ramus 
tangent while making contact with one point on the right ramus. 0 ^ , gnathio- 
gonional angle, i.e. the angle subtended at the gnathion by the two gonia ; deter- 
mined from the measured lengths g^goy gngo{l)> and g,igo{r) with the aid of 
Pearsons Trigonometer. Cz, angle between the standard basal plane and the 
line in the sagittal plane joining pogonion A to intradental ; found with the goni- 
ometer resting on a horizontal plane parallel to the standard basal plane. C Z , 
angle between standard basal plane and the line joining pogonion A to infradental ; 
similar to C Z, C Z and C Z arc the ‘‘ mental angles of the mandible. L Z , angle 
between line joining pogonion A to infradental and Frankfurt horizontal phme; 
measured with goniometer on skull and mandible adjusted on craniophor to Frank- 
furt horizontal with base of skull uppermost. The angle is measured as on the left 
nonna lateralis (the skull being vertex uppermost) from the fecial profile clockwise 
to the horizontal, m L Z will be obtuse if the infradontal is more advanced 
than the pogonion. U Z , angle between lin(^ joining pogonion B to infradcuital 
and Frankfurt horizontal plane ; measured with goniometer in same sense as 7v Z . 
L Z and JJ z are the “ mandibular profile angles.” F Z , angle between line joining 
pogonion B to nasion and Frankfurt horizontal plane. This is the total profile 
angle {angulus lateralis totalis), S Z , the angle between the Frankfurt horizontal 
and standard basal planes ; this is (X Z - (7 z ) and no great reliance can bo placed 
on its accuracy since L Z is rather an uncertain measurement. 

(iv) Indidal measurements. 

From the foregoing direct measurements the following indicial ones are calcu- 
lated : 100 Cr/i/m/, height-length ; 100 CyCr/wi, breadth-length ; 100 corpus 
breadth-length; lOOrVjrl, rameal breadth-length; 100 Cyhjoyl, condylar breadth- 
length; 100^oW^i^r» gonional-coronoidal breadths; 100 Cyhjcrh, condylar-coronoidal 
heights; \OOiKjcyCy, incisural depth-length; 100 dthjCfh, intradental-coronoidal 
heights. 

The mean measurements of the Tibetan mandibles arc* given in the following 
tabic. 

As we have so far no comparative matenal it is not possible to estimate the true 
significance of the differences between the mean mandibular measurements of the 
two Tibetan series. The B type, which has the larger and more muscular and rugous 
skull, exceeds the A type for the majority of mandibular lengths, it is equal to it 
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for a ibw measurements and markedly less for none. Some of the mean charaotem 
of the two types differ by more than 6 mm. and these difterences appear to he 
greater, in proportion, for heights than for honzontal lengths. The indices are very 
similar and perhaps their differences have no significanoe, but the angles appear to 
be more characteristic ; these show that the B type has the more receding chin 
when the Frankfurt horizontal is the piano of reference {L/L, L' ^ and Fd. ) and 
consequently a less prominent one than the A type when resting on the standard 
basal plane (C ^ and C ^ ). 

DESCRIPTION OF PLATES. 

Plates 1 to X give the five aspeets of two typical skulls of the Tibetan A and B types respectively. 
Neither the norma lateralis nor the norma facialis brings out clearly the greater facial fiattening of the 
skulls of the A type which was one oharaotenstic which distinguished them from the skulls of the 
B type. 

Plate I, Tibetan A) No. 29, Norma laterabs 
M n, „ B, No.27. „ 

,, III, ,, A, No, 29, Nonmi/aciflhg 

„ IV, „ B, No. 27. 

,, V, ,, A, No 29, Norma ba^abh 

„ VI, „ B, No 27. 

„ VII, ,, A, No 29 Norma lerticala 

, VIII, „ B, No 27, , 

,, IX, ,, A, No Norma oceipitalts 

„ X, ,, B,No 27, „ 

The remaining plates (XIV (right) excepted) illustrate anomolies 

Plate XI (left), Tibetan B, No dO, 0« tnangulau 

, ,, (right), „ A, No 2fi, Bipaitite os tiiangulan 

, XII (left), , B No 19, Bipaitite interparietal. 

, ,, (right), „ A, No 1, Ossicles of lambdoid suture 

XIII (left), „ A, No B, Asymmetrical precondyleb 
„ ,, (right), „ B, No 17, Single precondyle 

,, XIV (left), „ A, No 8, Asymmetrical precondyles 

„ ,, (right), ,, B, No 14, This photograph show B how common tangent to 

Itneae nuchae supenotes passes nearly through 
superior inion 
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Plate I 





HormdL lateralis 
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Plate II 



Tibetan Skull, Type B, No. 27. 


Norma lateralis, 
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Plate III 



Tibetan Skull, Type A, No. 29. 

Afoma facialis. 
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Plate IV 



Tibetan Skull, Type B, No. 27. 

Horm& fad a! IS, 
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Muiaiit, Skull 


Plate V 



Tibetan Skull, Type A, No. 29 . 

tioma basalis. 
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Moiinl, Iifttan S! ull 


Plate VI 



Tibetan Skull, Type B, No 27. 


Norma basahs 





Plate VII 
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Tibetan Skull, Type A, No. 29. 
Homa. veriicalis 
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PlateVIII 



Tibetan Skull, Type B, No 27 
i^orwsL vert teal 15 




Plate IX 



Tibetan Skull, Type A, No. 29 . 
f<lorma occipitalis. 
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Plate X 



Tibetan Skull, Type B, No. 27. 

Norma occipitalis. 
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Motanl, 7'ibetau b>kulh 


Plate XI 



Special Skull, No. 30. Special Skull, No. 25. 

An 08 triangulare replaces the more usual os pentagonale. The os triangulare replacing the os pentagonale becomes bipartite. 
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Plate XII 



Special Skull, No 19. Special Skull, No. 1. 

Bipartite Interparietal Numerous Ossicles of lambdoid Suture. 





Plate XIII 



Special Skull, No. 8. Special Sku 

Asymmetrical PrecondvIpQ 
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Mcjraiit, Tihetaii Skulh 


Plate XIV 



Special Skull, No. 3. Special Skull, No. 14. 

symmetrica Precondyles S owing how common tangent to tineae nuchae superiores passes 

nearly through superior inion. 




THE PBOBABLE ERROR OF A CLASS-INDEX 
CORRELATION. 


By EGON S. PEARSON, B.A 


(1) The correlation between the quantitative value of a variate and its class- 
index when the variate is classed or indexed ** in broad categories is termed the 
class-index correlation.” As a rule this class-index is taken as the value of the 
moan of the variates falling within the category, but it may also be taken as their 
median, or as the mid-point of the sub-range corresponding to the broad category. 
In this paper the class- index adopted is the mean of the variates falling into the 
broad category. The importance of the class-index correlation arises from its use 
as a correction for correlations dete^ined from broad-category classifications, 
whether these are treated by contingency or by correlation-ratio methods. It has 
accordingly become a probh'm of very real interest to determine the probable error 
of a class-index correlation. Is such a correlation subject to a large eiror, so that it 
cannot reasonably be used as a correction ^ The object ot this paper is to answer 
this question. 

In previous papers* the probable errors have been given of various constants 
required in the d(‘8cription oi the frequency distribution in a sample taken from a 
larger population. If the particular character in the population under consideration 
is classified only Jby broad qualitative categories, it is generally most conveni(*nt to 
fit the data to a Normal Scale, and the following notation is that in common use. 

M is the total population supposed “indefinitely large,” from which a sample N, 
small compared to M, is taken. On the other hand we are noi dealing with 
“ small samples ” and shall neglect second order terms with factors 1 /AJ. 

N 






7r<r 


f 


N 

e 

X, v2Tr<r 


where a represents the standard deviation, the frequency beyond ocg in a aampley 
and aj is measured from thg mean of the sample. As the data arc divided into 
qualitative categories only, we do not know <r, and Xg but only and thence 
from ShepjMird s Tables of the Normal Curve can find 




jfiT, and/?, 

<r v 27 r 





where Xr , « is the abscissa of the centroid of the class or group lying between Xg and 
Xr. For the total population we shall have corresponding constants g, A a and 
na, where 

hg « -h 8A,, hr, a *= + ihr, $, SHg, ria « HaNfM + hua. 


* Biometrikaf Vol. n. pp, 273- -281; Vol. ix. pp. I— 10; Vol. xm. pp. 118 <-132. 
t naIN iB of course the i Sheppard’s Tables. 

This is what a member of the Biometric School understands when he replaces “statistical differen- 
tials” by “mathematical differentials.” 
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Now it has been shown in the earlier papers referred to in the footnote on 
p. 261, that if statistical differentials may be treated as mathematical differentials, 
or in other words l/’/W is small compared to unity, the following fundamental 
relations hold for the variations, S«, and Sn,, in a sample of N from an indefinitely 
larger population ; 

Mean (Bn/) = (l - 

= approximately 

Mean(a«.8a,)»&(l-'|) 

approximately (ii), 

where in the second equation the frequency n# includes 

Starting from these two equations it is proposed in the present paper to find 
the probable errors due to random sampling when the sampled population is 
approximately normal, 

(а) ol hr^ s = — or the distance, in terms of the standard deviation as unit, of 
the mean of a group from the meau of the whole sample ; 

(б) of Vx the ClassJndex Correction • or correlation of a variate with its 
class-mark given by the relation 

Oii). 

where is the standard deviation of the means of the groups or class-marks, and 
the summation is for all groups. 

(2) As a preliminary step it is necessary to find the following mean values of 
the squares and products of the variations of the constants in samples of N : 

Mean ; Mean (SHgSHr ) , Mean {BHg Snr) and Mean (BHgSng), 

where n, inchxdes n,. ^ ^ 

Now Ug = [ e" dh, 

JhV27r 

and it follows, if we may treat statistical differentials as mathematical, that 

Sfig ^ ^ SAg =* — NSfgBhgf 

M v27r 

Sti, being a variation in a sample of size N; 

BH, %,SBh., 

v27r 

BH, = ^%,Bn, (iv). 

* Btometrika^ Vol. ix. pp. 116 — 189. 


and therefore 
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Making use of (i), (ii) and (iv), it is found at once that 

Mean («£.»)= » I* ^ (l - ^) -.(v), 

^ ^ (l " j) (^i)- 

Mean {BH.Sur) = ^ ( I “ |) 

• Mean(8H,8n,) 

Mean {BB,Bn,) “ ^ ~ s) 

where in all cases includes w,.. 


The values of the constants in the sampled population are generally unknown, 
and for practical purposes it is therefore necessary to put into the above equations 


the values found from the sample^, or hg, hr, and ^ . 

r _ 6.- a. 


(S) 

and hence 


{n,- n,r)IM’ 


- *"') -.“(if- ~nf’ 


Bn, and being variations in a sample ol size if, 
T S//, -^ffr _ Bn,-_BnT 


After forming th(* equation of differentials, we may substitute hr,t foi 7ir^ g and 
Hg for ffg, etc., in this equation ; then squaring both sides and taking the mean for 
all possible variations in random samples, we have 

Mean (Bh \ ,) = ‘ - {Mean (8fi/) + Mean (BH,^) - 2 x Mean (BE^BH.) 

A* 

4* (Mi*an (Sa/) + Mean ~ 2 x Mean (BrigSrir)) 

— 2 (Mean (SHgBfts) 4 Mean (SllrSur) - Mean (S/f,Swr) — Mean . - 


Making use of the relations (v) — (ix) modified by the substitution of th(‘ 


* For example «,= where X wUl on the average bo greater than 2 in 4*5 of samples, and 

ft fif X(r 

greater than 3 in only about 0*3 7o* Hence if the substitution of ^ for ^ is to be justifiable, must 
be small compared jJ Using Equation (i) it is found that this condition implies that 

X^ should be small compared with n«. I - ^ is always less than unity, so that wo see that in 

arranging oui material, it is important to avoid groups containing less than IQ to 20 individuals ; 
smaller oell contents should be combined together, or else the methods of small samples” must be 
resorted to. 
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sample instead of the population values of the constants, and collecting terms, we 
find that 

= Mean (8A%, ,) 


(w» - n, 


/. W A //ij* , n 1 /■] ^r\ , ^*r » 

hghf ® s Jif ,1 


, o /i " r, « , /» , '*r, « «r ^ 

~n)\~ n ~ N^~N~'^'ir 


{iv" ~ if) j^) 

- 2 ^ (l - J) (*. - hr. ,) (hr - hr. ,)P (x). 

If the sample be large, no great error wull be inv(dved in assuming that the 
variations, SA,,„ follow a normal distribution, so that we may take ± '67449 , as 

the probable error of j. 

(4) Let us 8 UpjK )80 that our material is divided into p catt‘gorie8. Then by 
definition ^ = -h oc , Hq — O^Hp, fio — M, «p « 0. Further since 

7 _ ^8 ^8-{^l 

we shall have for the moans of the vnd categories 

-S, j _ 

M 


htu = ‘ 


1 - 


Now 


,.«1 M '"-'f 

«sbO ( Ug 1 1 j 


,(iu)bis 


where it must be remembered that terms in Hq and Hp do not occur. Now if we 
treat statistical differentials as mathematical differentials, we have for the equation 
connecting the variations in r^.c, with the variations in the U'h and nn, 


2Px , , So c, = f ^ ‘ • 

«-0 I I ) 




g-O 




and on replacing Hg by Hg, we may do after differentiation, we 

find that 

O.,, K. C, {*.+., . (Bff. - 8H.+,)} - i "£ (Bn. - an.+o} 

- (/‘''‘.+1. • - h\ ,_i)| . 


— S [BH. (A»+j, t — h,. j_i)} — J 

»=i *t=i 

since there are no terms in BH. and BHp. 


N 
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Squaring both sides of this equation, we find 

C, (8?x c*)* -^8^ jfi//,’ (A,+, ,_,)f + *«,•' (/(’» I - li\ ,-iY 

~ N (^»+l. « ~ ‘-l) M, « ” «-l) ' 

+ 2 S' (h, , - A, (A*+,, » - * .,)! 

+ 4j, mSn* (/‘V., ; - A'/.y-i) (A' h ,, i - A'i, i-,)l 

- ^ 5' {SH ,Sni (A, , 1, , - A,, ^,) (A^^ - A\, *_!)] 

; <■ 

where /S' ]n<hcAtea thv* sumnmtion tor all pairfi of integers (j not equal to i) 

h ^ 

between 1 and p - 1. Now il we sum both side« of the last equation for all possible 
vaiiatioiih of rjT of th(^ IPs and of the n% and take the mean value, we have on 
making use of relations (iv) to (ix), and then collecting terms, 


H, ,, Mean [(Sr, t,>] = r, 

— 8 ^ (A,-) , — A,, + (A“,4,, s — ,_])• 




l^v 

Wl 


— (A«-) 1, s ~ A, j i)(A^(ji k ~ A“,^ I 

.) 


+ 2 S' 
1,^ 


"h > ^7, 7—1 ) 1 1, k 

~ (^/ 4 1, t "" K J-i) (^Wi. k k i) 2^ 

““ 1 , A; “■ ^^k k-\) (h^H 1 , / “* 2J^ 


h,hk 


*~i/ 


wheie W; includes Hi Hence 

<•/ i , ~ |j^8 f 1, ** ^8, «-i)" — 2 11 b "h '•-Opj 

+ f[ ||i(l - + 

X [At - i (At 1 1. 1 + At, t-,)]| .... (xi), 

where the Jitst summatm is for all values of 8 from 1 to j) — 1 , e.g. if the data 
are divided into 7 categories giving dichotomies at - go , Aj, ... Ag, + x there will 
be six terms in the summation. 
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The second swiimation is for all possible pairs of integers (j not equal to k) 
between 1 and p — 1 ; there will thus be ^ terms in the summation, 

e.g. jf j}=*7, there will be 16 terms. 

In order to calculate the standard deviation and therefore (on the assumption 
of the normality of the distribution of Sr, *,) the probable error of a class-index 
correction, the following expressions are required for each dichotomy, 

0 ) ( 2 ) = 

(d) h, , — Ag, g_, = 7 ,, (4) h,— ^ (h,^ 1 , « + »-i) * o», 

whence we have from (xi) 

“ Th r~ V ^ + 2 (S' Si) (xii). 

Vi\ ' Or ^ Jfk 

In Figure I, OA,., = h,_j, OA, = k„ 0.d,|,=A,+„ 

C IS the mjd-point of 

FiftI 



Then = Both 7 , and ig will decrease .as the number of 

groups is increased : S, is likely to be a very small quantity unless we are dealing 
with a few unequal groups. These ixiints will be illustrated in the numerical 
examples given below. 

( 6 ) The problem is not completed, until we have considered the manner in 
which the errors in rg;^cx Vy cy alFect the corrected coefiicients of correlation or 
of mean square contingency, or the corrected correlation ratio. We know that 




Cy 


,(xiii), 


where is the coefficient of correlation between the categories or class- marks of 


Book S. Praeson 


m 


»(xiv). 


the variates, and is the conjc^ii^n between their true quantitative values. Or 
again using the coe6Scient meaik ^square contingency 

Lastly if we are calculating a correlation ratio, and is the value found when 
the y variate is finely classified so that the mean of an array can be determined, 
while the w variate is divided into broad classes only, then the corrected ff is 
given by 






Ver 


.(XV). 


If we take logarithmic differentials ♦ of (xiv) and square both sides of the 
equation, we have 


j_ ^^* '**p j_ 


wherij ?\y, Co, and are the values of the constants in the sampled popula- 
tion, and the 5 s denote the variation from these values of the constants calculated 
from the material of a sample. If we sum for all p<jssible variations, and take the 
mean value of both sides of the equation, we have 

, («■% 2Mean(S(7sSr,.,J 

‘''"■'■’• 14 .* k;. 




7* 

^X.Cx^y.Cy 


* ^ ; 


y.Cy 




2 Moan (SO, Svy. ^ 2 Mean («>v. ,, Sr^ . 


^2 cy 


4* — 




‘I (xvi). 


The calculation of the three mean value expressions is likely to be complex, and 
it is not proposed to make the attempt in the present paper. The correlations 
between the values of 0^, *nust however lie between + 1 and — 1, so 

that it follows that 


^rxy ^ 




{ Cg ' X.Cx 

In the same way it follows from (xv) that 


.(xvii). 


’v.ry > 














• x.c 


.(xviii). 


As the values of the constants in the sampled population will generally be 
unknown, we shall as usual in (xvii) and (xviii) put for (7„ etc. the values 

of these constants found in the sample. The results of the examples worked out 
below suggest that the standard deviations of the class-index corrections and 

* A* before we aseame that statistioa! differentials inay be treated as mathematioal differentials, or 
that U sman compared with unity. 



268 


The Prohahle Error of a CloM-Index Corrdaiion 

Ty a,re in general bkely to be so small compared to the standard deviations of Hy^ 
and (7,, that rough approximations for the upper limits of the probable errors 
sufficient for practical purposes will be ; 

(а) for r^y found by the corrected mean square contingency method, 

± -67449 5;^ <r«. = i -67449 — , 

(б) (oTr)y^, ± *67449 « ± ‘07449 , 

(6) Illmtrative Examples. 

Example 1. 

At the top of the table below is given a distribution, divided into five broad 
cslasses, of the health among 1918 schoolboys*. 

TABLE 1. 


Health in Schoolboys (5 categories). 



Taken from the table in Biometnha^ Vol. ni* p. 166. 
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If these data are fitted to a normal scale, we find the values given in the table for 
the -proportional frequencies ^ and I ^ positions of the dichotomic 
lines, hg, and of the centroids of the groups, Ar,»* I^ntting these values into Equation (x) 


and remembering that I - and ^ are zero, it is found that the probable errors of 


the distances of the centroids or means of the groups from the mean of the sample 
(referred to the standard deviation as unit) are for //jo, ± *0314; for *0166 ; 
for ±*0149 ; for /< 43 , ± *0204 and for ± *0492. The largest probable errors 
occur in the small groups at the tails of the distribution. 


The relation 
gives 




I 

»**0 


N 




« H,s 


c, = 867065, 


•9312. 




To find the probable error of we calculate first the values of the auxiliary 
quantities and Bg (defined on p. 266) ; these arc given in the last two rows of 
71 n 

Table 1 ; and /S, or ^ and 1 ~ have been calculated already. Substituting 
these (‘xpressions in Equation (xii) it is found first that 

(^ys/937/V) « + -007513, S' (akffjyjjkW = + ‘000005, 

V 1 

and filiall) , ** *00213. 

Hence on the assumption that the distribution of variations in saniples of 
may be treated as approximately normal, the probable error of is ± *0014, or 


r^.., = '9312±0014. 

E,mmple 2. 

In order to see how a reduction m the number of groups affects the probable 
errors, I have combined the Very Strong and Strong groups, and the Rather 
Delicate and Delicate groups. The altered values of the constants are given in 
I'able 11. 'Fhe probable errors of the a are now 

fi>r A,o, ± *0141 : for Agj, + 0149 ; for li^,, ± *0180. 


and the class-index correction is = -8934, 


^ - + •001644, == (x^ilS lyiyAB.^ = -i- 000427, 

* -1 y, A 

whence = •00116, giving a probable error of ± '0008. 

If these results arc compared with those of Example 1, it will be seen that by 
getting rid of the small tail groups, the probable erroi-s of the means have been 
reduced and at the same time, while the class-index correction itself has a lower 
value, its probable eiror is considerably smaller in the second system of gi-ouping. 
The low value for is remarkable; its value has been checked by another 

method described in section {7) below. Now suppose that we had some other 
Character of the 1918 schoolboys — weight, lor example — and that we had lound a 
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TABLE 11. 

Health in Schoolboys (8 calegonee) 


Veiy Strong 

Nonnally 

Bather Delioate 

Total 

imd Strong 

Healthy 

and Delicate 

676 

907 

335 

1918 


^ -84766 -17466 

/9.-=l-^ -36246 -S2634 

h, I - 3787 + 9369 


r,. 1 

1,0 

2.1 

3. 2 

1 1 

-1 0536 

H 2408 

1 1 4741 


1 

2 

+ 1 2944 

fl 23.33 

) 0277 

•f 0785 


correlation ratio, of -40, between this character and the five health class- 
marks ; the probable error of would be given approximately as 

±.(57449 .0129, 

while the corrected » -4296. Then (xviii) gives the upper limit of the 

probable error of ify^ as 

± - — (P.E. of Hy^^ -|- ffy^ X P. B of /-„ 

' W Cx 

= ± -9312 -I- 4296 x -0014)= ± 0145 

Thus the probable error is for rough purposes given by 
, ± -67449 -^"2 = ± -0189 
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♦ 

EmmpU 8 

this example J have taken data of non-(3au«sian frequency, divided into 
groups of very unequal distribution These are the figures for baromctnc heights 
at Southampton and Laudale distnbutcd in a 8 x 8-fold table, as below * 


TABLE III Frequency of Bm ometno Heights (in tuclm) 
Southampton 



SI 15 

25 

29 26—28 86 

Totals 

% Hr> ss 

808 25 

733 25 

0 

1541 5 

i9 S’! 

83 75 

1223*28 

45 5 

135a 5 

28 85- S7 85 

0 

14 1 

14 

28 0 

Totals 

802 0 ! 

1970 6 

59 5 

2922 


The Southampton distribution will correspond to and the Laudale to y 
Then we find foi the Southampton marginal totals 

TABLE IV 
Southampton 



60473 

02036 



^ 

11 

•30527 

97064 


- 6003 

2 0463 


4 ] 5946 

1 4 1 0673 


- 1587 

1 4- 6360 


1,0 2 1 - 1,2 


- 1 1479 


4-4467 I 4-2 4140 


Giving ffo cr^ 8096 and ^ *=» 00452, 

and the probable error ± *0030 

* The table 10 taken from liwmetnkat Vol ix p 187 from the paper on the Infiuenoe of ** Broad 
Categories on Correlation Slips which there seem to have ooouxred in the oaloulation of and 
Tff have now been corrected The values of ft,,, and fer » to the last figure with those 
given m file paper quoted, but the present values were obtained usmg the Tables of Deviates and of 
Ordinthtes of the Normal Curve tor each Permille of Frequency/' Tables for StattsUctans and Bumetrwiam, 
Cambridge Univeisity Press, Table I, and Biomtnhar Vol X3^ p 428 respectively, while the original 
values were probably obtained by woikmg to more figures The difference is not significant, as it makes no 
difference to the value of or calculated to four figures 



272 


The Probable Error of a Class-Index Correlation 


For Laudale, we have Table V : 

TABLE V. 

• Laudale. 


“'"iV 

•47245 

•00958 


•62755 

•99042 


-f 0691 

4-2-3424 


4 1*5685 

-1-1*8753 


-h *0441 

*6006 


r, « 1, 0 2, 1 H, 2 


-•7543 


+ -8042 


4 2*6795 


Giving r^, ,^ = *8175, - -00268, 

and the probable ('rror t ’001 8. 

A glance at the marginal totals would suggest that the y-clistribution with its 
small tail group of 28 would give a less reliable class-index correction than the 
^r-distribution. That Cty is actually smaller than i^‘'^inly due to the fact, 

that S/(+ *0441) is less than one-third of Si(— *1587), the moan of ^*lo and A*ai nearly 
coinciding in position with A*j. This is illustrated diagrammatically in Figure II. 

Now using the method of mean square contingency I find that = -3602 9808 
and 02 = *51778, hence 

p 

_ '-'a _ .►7QOQ 


In order to find the probable error of Og, I have calculated a^i by the method of 
Pearson and Young, Bionietrika^y o\, xr. pp. 215 — 2»S0*, and obtain 

= *0647 45, 


whence 


0*4,9 = *053488, 


and = *033492, 

giving finally the probable error of as jt *02269. 

I ha?e used the approximative Jorm*(I)) of p. 229 of that paper, where the sign of 2c in the secopd 
bradtet should be negative, as oorreoted in Biomeirika, Vol. xii. p. 259. 
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If now these values of Cs, Va.c^ and and of their probable errors are put into 
the relation (xvii), we have for the upper limit of the probable error of the corrected 
'wy ) 


± 

= ± 




0226 -0030 -OOISn 

5178 -SOOe -8175/ 


'7823 

(0341 +•0029 + 0017) 


= ± 0387. 




Here again a rough appioxiiuation to the probable eiror is giv(‘u by the first 
t(Tin, or 

+ -67449 - 

Example 4. 

In the previouR exampleR the total number N in the sample has been fairly 
large* To examine the value of the probable error of in a smaller sample, and 

* Making the rorrection to the value of given in the previous paper referred io fk\)oyQ(Biometnhi, 
Vol. lit. pp. 187, 188), we have to compare the value found by corrected mean square contmgency, 
('7828) instead of (*7570), with that found by the product moment method ( 7802 ±*0049). 

Biometnka xiv 


18 
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its relation to the probable error of C^, I have taken the oontingeni^ table originally 
given by Mias Elderton in her Memoir on The Metxmre of Beaembktnee of Fine 
Cousins*, fear which Ct and its probable error have been calculated by Young and 
Pearsonf. Tliis ia a 6 x 6-fold table, but as it ia r^metrioal about a diagonal, 
and are the same. 

TABLE VI. 

Contingency between Hair Colours of Fenude Cousins. 

First Female Cousin. 



The values of the constants h„ and o*. /9,, y*, S, are given in Table VIJ 
From these it is found that 


r, „ » -9626, S = -00170516, S' (atStym^A) = " -0002368, 

*-l j,K 


TABLE VII. 



* Eu0enle$ Laboratory Mmom, iv. Osmbndge UmveniJiy Pnas, 1907. The groap of 6 with red 
hair ia uadaritably small. 

t Sumetrika, Vol. xL pp. 83S— 287 and oorreeUon for error in Btemtnka, Vol. xn. p 280. 
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and hoQoe ^>■•00247, and the probable error of ia ± ‘9011 1 or is only 
slightly greater than in Example 1 , where N was 1918 in<dioad of the present 218. 


Now^*« 14896, a,--«6005,r^*= -.•3886,«r^.=-0719,«r„» -0766, and 

the probiU>le error of Og =« ± •0510. * 

Using relation (xvii), we find the uppei limit of the probable error of the 
corrected to be 


± (‘0550 4- *0014) « ± *0564, 

where the second term due to the probable errors of the class-index correction is 
again insignificant compared to the first, due to the probable erroi of 


(7) In sectum (4), hrg, e,, <>r a vaiiation in the oloss-index coriecUon found from 
a s<iuiple out of the population, was expressed m terms of the variations m U, 
and Htf , it can also bo expressed in ttrms of the variations in /ign « and »* Thus 
diftoiontiating (in), 


2/ of 


T- 


8??, - 8wg 

N 




1 $ + S/#g 


us ^ 


... .(xix). 


If wo square both bides of (xix), sum for all possible variations in samples, and 
take the mean value, ViO shall be able to oxpiess in terms of the mean values 
of the squares and products of the differentials of w, and Ag 1 1 ,*, Ah i, » » <>f 


Mean ( 8 w,») = Mean (SngSn^), Mean (Sh% 

Mean (Sn^ Skg g), Mean (&?, 8 Af 4 .i, r)> etc 


Of these the fiist three expressions are known from Equations (i), (ii) and (x), 
and the others can be c^ilculated in terms of w„ Ag, A,fj,g, etc. As a chock the 
standard deviation of 7 'g, was worked out b} this method for the simple ease of 
the three groupings of Example 2 above. It was found to be •00116, agreeing 
(‘xactly with the value given on p 269. This appears to give a satisfactory con- 
firmation of the correctness of both Equations (x) and (xi) as well as of the accuracy 
of the anthmetic m this particular example 


( 8 ) Theie is another method of calculating the probable erior of r^, if the 
data arc recorded on a quani%tat%v€ scale. In this case r* = where the 

C (p 

standard deviation of the means of the groups, and erg,, the standard deviation of 
the whole sample, are both known numerically The problem is broadly the same 
as that of finding the probable error of a correlation ratio, for both Vg. and t] 
are the latios of the standard deviation of the means of independent groups to the 
standard deviation of the total distnbution. Now the standard deviation of the 
values of i; due to random sampling has been worked out in a previous paper^ and 


* Diapers' Company Beseaieh Mem^ne, No. xiv “On the Genera] Theory of Skew Correlation and 
Kon*HnearBegresaion.*’ 1905. 


IB~~2 
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with slight modification the relations there obtained will give the standard devia- 
tion of 

We have first that 

S<rir • 

^ ^se 

and on squaring, summing for all random sample^ and dividing by the number of 
such samples, we find ; 




Now we know that* 


t^4 / Q 1 \ 

Alvr .n “■ 


4N 


N 


(xx). 


(xxi), 


where and are the 4th and 2nd moment coefficients of the sample. 

Making the necessary modification to Equation (xxvii) of p. 16 of the Mcunoir 
referred to in the footnote on p. 276, we find that 




1 (^4 - V . . « hn, (.r, - 

— N\r~ i) 


(xxii), 


where 


(c is the mean of th<» sample, 

is the mean of the ^th chiss or category into \Nhich the material is 
grouped, 

TWa is the size of the «th category, 


,7r^ ^ — 8 (^«i — or is the gth moment coeffieiimt of the obser- 

t 

vations in the sth category about the mean of that ciiti^gory, 

= A S {m, or is the gth moment coefficient of the weighted 

means of categories about the mean of the wholi‘ sample, 

8 indicates summation for all categories, 


8 indicates summation for all variates within the ^th categ<)rv\ 

t 

Similarly after modification, Equation (xxxii) of the Memoir gives 
Mean(S«rc,8o-*)_ 1 f X. , , c o f*”' ~ '■^*1 . o cr 

(xxiii). 



Substituting from (xxi), (xxii) and (xxiii) into (xx), wo find that 




a*. Ox 




4JV 




x),^, 


}J- 


JOrnnetrika^ Vol. n» p. 276. 



Southampton 


Egon S. Pkakson 


277 



Total for both Southampton and Laudale = 2922 . 
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or, roraembering tbat 



and putting 

Xa* 

wo have finally 

[a (1 - 2--. J + 2 <2 - 5A ») s {“’‘Xf 


m 



(Wa 

\ NaJ^ <t\ J ^ 


.(xxiv). 


In thib equation we cannot, as in the case of the standard deviation of % make 
any as^bmption as to the values of frr^ or ,7r^. When dealing with a few 
categories onlyj^Trsis likely lobe quite significant particularly in the unsyrnwaotrioal 
tail groups. 


(9) As an illustration of Equation (xxiv) wo may take the barometric-height 
data of Example 3, above. All that^is required for the present purpose arc the 
marginal frequencies for Southampton and Laudale^; these are given in Table 
VIII, and in Table IX are given the Constants required in (xxiv) calculated from 
these frequencies. Substituting in (xxiv) it is found that, 

for Southampton ^ « ’00608, 

for Laudale <Tr„ . ** *00386. 

V Cy 


TABLE IX. 


Southampton 

ts=29"-8488 

Laudalo 

*=29"-9889; (r,« = -106e29; ft=3-6ia029 

<r*» = -164629: ft=3-194947 

Group 1 

Group 2 



Group 2 

Group 8 

30''*3416 
•022250 
+ •003611 

99" -8409 
•045266 
- -007100 

29"*0'>97 
^29129 
- -007808 

30"- 1.503 
•038140 
+ •004128 

29" -5304 
•066822 
-•010449 

28" -6357 
•052653 
- -023435 

-068661 ; -649070 ; Aj=4 2699 

-108082; r*,. ,^-t -704797 ; £»=2-6148 


If these values are compared with those found above from (xi), by the method 
of fitting the broad group totals to a normal scale, viz. 


a,, ,^.-00452. 

= - 00268 , 

* The eomplete data are given in Table IX, p. M3 of the paper by Peareon and Lee in Phtl. Trant. 
VoL 190, A, 1898. 
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ii will be seen that in both cases the standard deviation found from (xxiv) is about 
1'4 times as groat as that found irom (zi). 

4 It appears i^erefore that by fitting our material to a normal scale and not dealing 
•with the crude data, we have ensured a slightly greater degree of consisteqpy in the 
values of the class-index correction calculated nom different samples of N. If wo 
compare the values of'ra.g^ found by the two methods we find 

SouthAmptos liattdftle 

Qualitative method *8096 '8175 

Quantitative method ‘HOSfi *8396 

There i» a significant difference between the two values of the elfxss-index 
correction for the Laudale distribution^ but if the very small size of the tail group 
(i.o. 28*0) is remembered this discrepancy is perhaps not surprising. 


It is also possible to use Equation (xxiv) when dealing with material which is 
divided into (juali tative categories only. For in this case, fitting the groups as before 
to a normal scale, we have 







ly ^ r Cg; A 


where is the gth moment coefficient about its mean oidinatc of the sectioii of 
the normal curve 




V2- 


-e ^ , 


ITT 


lying between the dichotcunic ordinates at hg and h 


« 1 1- 


Taking the Southampton distribution, and making use of the values of hg, 
lound in the working of Example 3, 1 calculated gwJ and ^tt/ tor each of 
the three categories by a rough (quadrature. Equation (xxiv) then gave 

cr- . = *0049. 

We may thus compare the values ot the standard deviation of r* 
Southampton distribution found by the three methods : 

(1) from (xi) using broad categories only and fitting to a normal sctile *0045, 

(2) „ (xxiv) „ „ -0049, 

(3) „ (xxiv) using the crude quantitative data *0061. 

As should bo the case the results of methods (1) and (2) agree closely. Without 
further numerical testing it cannot be asserted that for all other arrangements of 
grouping the olass-indox correction found by the broad category method will have 
a smaller probable error than that calculated using the true quantitative scale, but 
since the arrangement of grouping could hardly be more unfavourable than in the 
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present example it seems probable that the results of these two lines of approach 
will not in general differ seriously. Method (1) is undoubtedly the shortest, and in 
the majority of problems in which the class-index correction is required, the quanti*v 
tiitive scaling of the variate required in method (3) will not be available. 

(10) Cmclusion. Expressions have been found for the probable error due to 
random sampling of the distance (in terms of the standaird deviation as unit) 
between the moan of a class group or broad category and the mean of the whole 
H{impl(‘, in material fitted to a normal scale, (x) ; and for the probable error of a 
class-index correction, (xi), (xii), and (xxiv). The first problem is straightforward 
and calls for no comment. The second has been approached from several points of 
view, and illustrated by examples covering a fairly wide range, which suggest that 
the probable errors of and Vy arc likely to be so small compared to the 
probable error of the coefficient to be corrected — whether or — that 

they may be neglected in the rough appreciation of the probable error of the 
corrected constant which is all that is usually required for practical purposes. The 
greatest values are likely to occur when there are a few unevenly divided groups, 
but Example 8 with its contingency table (Table III) of exceptionally unfavourabU' 
grouping, shows that even in such cases the probable error of the class-index 
corrections will remain very small provided that the size of the sample is reasonably 
large. 

Thus this paper indicates that a class-ind(‘x correlation based on broad cat(‘gories 
is not subject to a largo probable error, but only to an error of thi* sami*, or even a 
less ordr’r, than a product moment coefficient of correlation. 



ON THE VAKIATE DIFFERENCE METHOD. 


Being a Paper re(ul before the Society of Bionietnciam and Statintivians. 
By KARL PEARSON, F.R.8. and ETHEL M. ELDERTON, Galto^ Fellow. 


(1) Every one is familiar with data which show a secular tread with time, say 
the deaths from tuberculosis os measur'd by the corrected deathrate froui 1865 
down to the present or again th^' falling birthrate per married woman between 15 
and 50. 


Now the data for such inatt<'rs do not when plotted take the form of smooth 
curves corresponding to continuous mathematical functions ; they exhibit general 
1 nnids with the 1 ime, but th(‘y rise and fall with apparent, but not indeed necessary 
irregularity, above and bedow a sort of average curve representing the secular trend. 
Tho woi-ds “ sort ol’ average curve ” are vague and intended to W so, because' much 
of th(' matter in dispiiU* turns on the manner in which the curve representing the 
secular trend is to b(' determined. The curve which represents this secular t»*end 
may be a long period periodic term or it may not Generally W(' have absolutely no 
iT'tison to suppose it is so, but we may imagine it so, if we have a monomania for 
the re[)ieseutation of time-functions by |H'riodic analysis*. We have, however, no 
rejison for supposing that inciH'asisl consumption of apples or bananiis, or increasing 
('Xiienditure on th(' na\y, per head of the population are periodic m their nature ; 
they may rise or fall according to circumstance; but wo are no more justified in 
assuming that they follow^ n time-function A sin (nt 4- a) than A sin (nf {t) + a), 
indeed the latter, as it is moi’e general, is more liki'ly to describe the residt. A 
still more general attitude' is simply to assuiiu' that th(' tnuid is giveui by f{t) itself 


lor this involves no suggestion of periods for t 



of the previous formula. 


Of course in any case in which it seemed reasonable to use' a harmonic curve, 
one would naturally do so, but in the cases we have chiefly in mind this is certainly 
not so, and it is far more reasonable to suppose that the secular trend can bi' given 
by a single high order parabola, or by the series of such parabolae involveil in a 
good smoothing process, than by any products of |i>eriodic analysis. 

Now we know that if we correlate the falling phthisis deathrate with th(' lulling 
birthrate we shall have a correlation of the order 0*9. But no one is likely to bi'lieve 
there is an organic relationship between the two of this order, — any more than one 


* Any funotion, e.g. a triangle, can be fairly olosely represented by an ado(j[uato number of ponodio 
terms for a finite base But it does not follow that the representation has any organic significance or 
would be of the slightest value if used for extrapolation, i.e. prediction. 
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behoves that the correlatiott between the cancer deathratc and the increasing 
pendituro on apples per head of the population, the value of which is 0*89, is a true 
organic relationship, i.e. is duo to one or more common fiwstors in the two varitutos. 
Such high correlations as arise from common growth or decline with time, when 
interpreted as causal or semicausal relationships, arc in our opinion peiiectly idle, 
indent'd arc only too apt to be mischievous, and we shall roach nothing, or less than 
nothing — knighthoods,^ — by the investigation of them. 

But when we take the apparently random deviations from the secular trend, it 
does scorn a perfectly legitimate problem to Jisk : Is there any relationship between 
them 1 

If the deviations of two variates from their secular trends be Xt and Yu we 
want to <liscover their correlation All are agreed, we think, as to the desirability 
of finding this correlation, — including even Mr Yule, although he apparently con- 
fesses that he cannot find any source for such correlation except in common periodic 
terms*. Now the real problem before us is this : Having by means of a high order 
parabola or an adequate smooth got rid of the secular trend, will the variate differ- 
4U]oe method give us or what does it give us ? 

There arc certain considerations which may be referred to first. As a rule^ 
onr data are given for annual periods, a year is our usual time unit. Now the most 
important periodic factor is the annual seasonal change. This with the year as unit 
will not be of any influence. We know very little yet as to periods in mottH)rological 
or climatological phenomena. There are those who talk of an eleven-year period in 
the former, but it is far from certain, and if it existed, it would for our purposes bc' 
of no importance, as its effects would be riKlucod to insignificance in taking a very 
few differences. Climatic periodicity S(H?ms to be a matter of tens of thousands of 
years, rather than tens of years, if wc may judge by geological considerations; and 
such periodicity for anything we can say to the contrary may be included in our 
S(»cular trend. Mr Yule apparently holds that periodicities of 1*2 to 6 thnes the 
unit of grouping would be fatal to the vacate difference method. It certainly 
seems to us that any one, who suggests in annual tabling periods of 1*2 to 6 yeiirs, 
is called upon to show how such periods arise, what natural phenomena they arc 
peculiar to, and why such natural causes influence the variates in question. If wo 
take the example already referred to, let us say an isosceles triangle on a time 
base of a year, then it is clear that a three months periodic term would be an 
important component in its representation by periodic analysis ; but it does not 
follow that such a period would have the least organic relation to the origin of the 
triangle. Because wc can represent a fluctuating variable by a series of periodic 
terms discovered by periodogram analysis, it does not by any means follow of 
necessity that the constituent factors of the variate had themselves such periods. 
The periodogram may mggeet periods, but that is of small value until the natural 

* Journal of the i2. StatiHieal Societif, Vol. txxiv. p. 503. Of ooorM any oaourrenoe wbioh affects 
both iraiiates happens in time, but It is not therefore a function of time, still less a periodie function of 
time, 1 . 0 . it cannot be quantitatively predicted frdm a knowledge of the time of its ooeurrenoe. 
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$Jciom hiivo been discovered which have these periods, and it can be shown alSi> 
that these natural &ctors induce the variates in question, 

Ajfftin we wpnld add that in our opinion the deviations X and Y from the secular 
trends of the two variates, such as occur in vital and economic statistics, are de- 
pendent on factors which are obviously non-periodic in character. They are summed 
up in sanitation, legislation, new routes aJid methods of transport, over- or under- 
production, now methods of agriculture, w^rs, families, transfer of population tmd 
thousands of other factors which make up civilised human life. We might define 
them as ** historical factors,” history takes place in time, but its events are not 
mathematical functions of the time, still less periodic functions, whatever folk- 
experience may whisper about history repeating itself. 

It is only legitimate to call the effects of these historical factors random fluctua- 
tions, if that term is used in a special sense tis Mr Yule appeiirs to use it, i.e. for 
everything which is not due to a periodic variation. Such ** random fluctuations ” are 
by no means as Mr Yule would seem to suggest due only to errors of observation or 
the deviations of random sampling ; they are due to non-periodic causes which may 
affect both the A and B variates or may not. The question is to what extent have A 
and B common causes behind their fluctuations, apart from growth with time. We 
think this is ti perfectly legitimate question to Osk, and that in asking it we are not 
oj>en to the insinuation, contained in the use of the term ** random variations,” of 
asking whether pure chance fluctuations are or are not correlated*. 

Let us suppose for a moment that the distribution of X or Y or of both is purely 
random, then whether they are in excess or defect of the secular trend would be 
indifferent, and might be ascertained by a tossing experiment. Now if wo take a 
seri(?s of tosses there will be more changes from head to t^iil or tail to head than 
anything else, i.e. runs of one are most frequent, then come runs of two and so on, 
long runs are very rare. But to the casual observer of a graph, runs of one suggest 

^ An example may possibly render the matter clearer. A iinauoier starts a company to grow cotton 
in n newly opened African district, and the oompany in chartering ships to fetch the cotton iiomo Snds 
it of value to ^port hardware for sale in the district. The company may oi may not be aueoefisful or 
may ohauge the nature of its exports and imports. But its contribotions to cotton imports and hardware 
exports are not periodic. Many such transactions — and is not all trade ultimately of this oharaoter ? — 
would produce correlated flnotuations in special imports and exports which are not doe to periodic 
factors. Or again take another example. Let us take an English and a Zulu baby, and measure their 
weights monthly from babyhood to manhood. We should obtain fluctuating values which might be 
plotted, and the ordinates woold give a very high correlation. But if we smoothed these growth data and 
correlated the flnotuations from the smoothed curves we should anticipate very small correlation. The 
reason for this would be obvious, the environmental conditions are vexy diflerent. But if we take the 
weight curves of two English children and consider the corresponding fluctuations in the same way, we 
should expect correlation, emphasised if the children were of the same sooial class and still more if of 
the same family. There would be a legislative time for vaccination, there would be a traditional or racial 
time for weaning, there would be local diflerenoto In climate and in summer and winter, there would bo 
local ^demies, traditional times for departure for school, for university, for professional life ; there 
would be racial times for puberty, marriage, prime, decay. All these things would leave their impressions 
on the weight curve. But none of these factors itre periodio in the growth curve, yet their relationship 
as indicated by the correlation of the fluotoaiions would be of very great interest as measuring tlie 
diflerenoe between what are generally human and wimt are espedally racial factors. 
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twa-year (or other unit) periods, runs of two, especially if they follow each other, 
four-year periods, and it is not diflScult to be impressed with the presence of short 
periods by a graph, which is of really random distribution. But when we come more 
carefully to examine such graphs we find that the runs do not always give a chance 
distribution. If Xt be in considerable excess or considerable defect, Xt^i is more 
likely to be somewhat in exetiss or defect also. In other graphs, however, we find a 
componsating influence in successive years; instead of an excess of permanencies 
there is an excess of changes. In the former cases we anticipate a positive, in the 
latter cases a negative correlation between Xt and Xt^. This result is inconsistent 
with a fundamental hypothesis of the Variate Difference Method as originally 
stated by ‘‘Student*’ and in this matter it seems to us that there is need to 
extend the theoiy. 

Now the old method we had fidoptcd in the Biometric Laboratory before the 
publication of “ Student’s ” memoir was to fit high order parabolae to both variates, 
and then take the differences between the ordinates of these parabolae and the 
observed data for X and F. These were then correlated, and the question of whether 
or not Xt and Xtn were or were not correlated was immaterial. The difficulty of 
this process was two-fold : (i) The same parabola was used throughout the whole 
system ; this involve<l not only a very lengthy pi5ce of work by least squares, but it 
was obvious that in many cases a change of parabola would bo advantageous Accord- 
ingly it is better to replace this high order parabola by a senes of parabolae^ such 
as are provided by Sheppard’s* or Rhodes’f system of smoothing, (ii) ft was not 
a priori possible to select aptly the order requisite for the pambola, nor having 
sidected it to setths except from the general appearance of the graph, whothcu* it 
was iulo(|uato or w<* must g(» through the great labour of fitting entirely anew a 
parabola of a still higher onlerj. 

On the contrary it was fairly easy in the Variate Difference Method to test th(‘ 
ade({uacy of the order of differences taken and so determine whether we were ap- 
proaching an elimination of the time-factor. If not, it w<is not so serious a matter 
to take still another difference. Wo take it that Mr Yule whatever method he would 
select for smoothing, would agree that the fundamental point is to con*elate X and 
F aftiT such a smoothing process. This does not, however, seem to be the opinion 
of another critic, Dr Warren M. Persons! of Harvard, He does admit that curve 
fitting may be preferable to taking “moving averages” — which procedure appears 
to the present writers a most fallacious manner of smoothing — but ho demands that 
the smoothing curve shall “ increase or decrease regularly smeording to some prin- 
ciple ”§. This axiom, whatever may be its exact significance, allows him to accept 
a sloping straight line, or to consider two sloping straight lines as good os a second 
oixler pai’abola. Nevertheless admits a second order parabola, or the “compound 

* International Congretot of Mathevnaticians, Cambridge, 1912 (U). 

+ Trade for Cowpuitere^ No. vi. Smoothing. Cambridge University Press. 

X TohebychejST’s method to some extent surmoniits this difficulty, bat the computations are even more 
laborious than those of Least Squares. ^ 

§ Quarterly Publicatiotie of the American StatUtical Aetociation^ Vol. xvi. Jane, 1917, 
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interest law ” ~ a . (7^ Ho seems, however, to have some objection to an nth order 
parabola form of smoothing ; why, wc oaimot say, unless it is because it takes more 
labour to fit, or because for some reason or other he supposes it does not fall under 
his axiom. The w^ular trend of the g6neral dcathrate could certainly not be fitted 
by two straight lines, a second order parabola or the ‘'compound interest law.” In 
such a case it appears much better to take a high oinler parabola, but not so high as 
to introduce the sinu/isihics peculiar to the Sprague and King methods of oscillatory 
graduation. It is very clear that we should get better results with 8rd to 5th order 
parabolae than Dr Persons does^ with straight lines in the cases of Sauerbeck’s 
Index Number of Wholesale Prices or the London Bank-Clearings. 

What both Dr Persons and Mr Yule state, i.e. that we must bo careful to see 
that our data give enough decimal places to cover our higher differences is, of course, 
correct. It is not a criticism of th(‘ mi'thod, but of application of the method beyond 
its proper mnge in the case of inadequate data. In matters like death- and birth- 
rates of large populations adequate decimal places can generally be obtained. This, 
however, may not be possible with some of the index numbers provided by various 
authorities. 

On the other hand Dr Persons* statement, made after citing “Student,” Dr 
Anderson, Miss Cave and one of ourselv(»s, appears to us quite incorrect, namely : 
that “the writers on the Variate Diflerenco correlation method all assume that 
‘ the true r^y is for pairs concurrent in time” {loc, cit p. 3). 

Now Dr Persons’ jiaper was issued in June 1917 and in May 1915 more than 
two years earlier the present authors publi.shed a paper in the number of Biometrika 
following that of Dr Anderson and the Cave-Pearson papei* in which one of the 
essential features was the correlation of Xt with F^+a «nd Yt+ 4 , This 

paper was actually written at the same time as the Cave-Pearson paper and was 
not published till the following number on account of space. We were therefore 
(|uite conscious of the pf»Rsibility of “lag.” Indeed the possibility of lag had been 
considered many years before 1 91 4 in correlating barometric heights on tuthiT side 
of the Atlantic by diflFercnccs. What wo oviTlooked was that the co-(*xiHtence of 
these correlations might invalidate “Student’s ” assumptions. 

1'’his brings us to the main problem, the question of the assumptions made 
originally by “Student.” They were — taking Xt and Yt as the variates alter 
removal of the secular trend — as follows : 

Xt and Xti:r are not correlated, 

Yt and F^j.t' ai’e not correlated, 

Xt and Yt±r’ are not correlated. 

The latter assumption will allow for the lag t' — t, if wo merely replace it by 
saying Xt and are not correlated, i.e. Xt and are supposed to be correlated. 
In fact all we are doing is shifting the F curve backwards or forwards on the X 
curve. 


Figs. 9 and 10, loc^ cit 
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We pay therefor© no attention to this phase of Dr Persons' oritioism, because the 
possible existence of " lag was realised long before Dr Persons wrote. Putting this 
aside there seem to us two main criticisms of the Variate Difference correlation 
method : Dr Persons’ that we cannot assume that X is solely correlated with a single 
F,and that the series of Xs is not intercorrelatcd, nor the series of F’s. We think 
this IS a valid cnticism which has to be met, either by showing that there are many 
cases in which the causes which produce the X’s and F’s do not last over more than 
one interval, or else by enlarging our method and supposing that correlations 
between the X*s and F’s of the above character really exist. We think this can be 
done. But we will postpone its consideration until we have dealt with tlj^ second 
main criticism, that of Mr Yule. This criticism is the following one, namely: If 
there exists a short periodic term it will tend to dominate the whole investigation. 
In other words, if we are dealing with years as intervals, a two-year or a throe-year 
period according to Mr Yule will of necessity swamp the non-perio<iic fluctuations. 

Let us first examine the type of proof Mr Yule gives, and then elaborate the 
whole problem mathematically. A short cut can be made to the desired result by 
thc‘ use of central differences. 


(2) Mr Yule starts from a periodic term, A sin (wi 4*a), and assumes that 
this is what we have to deal with in investigations of this kind. Now we think this 
18 very frequently incorrect, and that an error of a serious kind affects not only 
Mr Yule’s reasoning, but a good deal of that of other workeis on periodic analysis. 
The variate itself may well bo of the form A sm (n^-f a), but in most cases we are 
not given values of the variate itself, but of its sum or integral for the unit of tune, 
and it is this integral that we have to deal with in our range returns. Thus : 



ph 

(p-i)h 


A sin (nt -f a) = A 



a f 




M here h is tht‘ subiange, r = 27r/?/, the period. 

Now (p — J)// iH the time at the centre of the jith range /o and wo can write 
with Mr Yuh' 

Xp « A' Bin |a-|- 27r {p ““ » 


but to do so is to overlook the fact that this amplitude A' will as a rule contain a 
function of the period r itself. 


Next if wc take central differences 

M 


. S^cCp =» , + <ry_, - 2irp 

.T .irh . / 2w(p-l)/A 

— A sin 2*sm® - sm «+ ^ I, 

V r TV. T / 

= (— 1 )« ^ sm ^2* sin* sin 

= (- J>fl^2»8m»’[|fya!y 


(ii). 
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' Now let 08 ooosider the mean value of ^ using square brackets here and 
throughout this paper to denote a moan value, i.c. [«] * mean value of z. 
Aooordingly : 

[8*»a!p] - (- 1)« f2*sin*^^')’[«p] 




., ■ ( . wXA\ . ttXA 
A sin f « + j sin — 




X sin - 

T 

where \ is the number of intervals under consideration. 

If XA be small as compai'ed with r, this expression will not tend to vanish with 
but give a limit sin a. On the other hand if r be small as compared with XA, the 
total range of observation, the term is of the order 1/X, and will tend to be negligible, 
for short period terms. Assuming then that we are^dcaling with short jaTiod 
terms we can now proceed to find the standard deviation of the (/th central difference* 

= ^2* sin- ^ A'* sin® 4* (iv), 

and we require to find the mean sum of sejuaros of sines, or 

if, 




27rXA\ . 27rX70 
1 sin ' 

T 


X sin 


27rA 


Hero the tranacendent«al term will disappear for terms of short period an<l we 
have : 


= I ( 2 = 8in^ A’ 8.n» (V) 

Lastly, let us find the correlation between two periodic terms, say ajp and 
rr if sin (/i7 + /3). Hero yp refers only to the jpth interval of the y variate, which 
may or may not be concurrentr with the pth interval for j\ L<*t n ^ Th<*n 

as hefon* for ** short jx*riods * 

• , (V,), 

[S*9 Xp y^^ =* ^2® sin® ^2-* sin* 

j-ain (. + ,i„ {ff + 2 - (P ^7 J) *) 


First suppose t and t' to bo different. Then wo have to find : 

L.., , 8w(p-i)A\ . /- . 2ir(p-i)/Al 
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which may be expressed as : 


= 2 I (® - ^) + (p - i) j - [cos + ^ + 2wA (p - i) j j- 

j [cos {« -]8 + ’trU sin wh\ - ;^.) 


sin ttA 


C-v) 


i |a 4- )9 + Tr\h 4* sin ^h\ -f 
sin nrh(^ + \ 

\T T, 


If the periods be short the - tenii makes this very sinall. The exception is when 


T « r\ then 


Bin 7r/(\ 


takes the value unity and wc have 

^2^hin®^!^^ -diB^^sin ^^sin ^tx|e(>s(a-/3) (\ii), 

the second term being negligible compared to this. 

Accor’dingly the correlation bet. ween two short period terms of equal period is 
simi)ly 

eos(a-/3) " (vni), 

or perfect if then' be no difference in phase, zero if ^ period difference in phase, and 
perfect but of negative sign if ^ period difference in phase. The result is indepen- 
dent of the difference used if we work with central ditt'erouces. If therefore the only 
term were a single short period term the correlation of successive central diffcrenc('s 
ought to give us a constant correlation. If we find this correlation negligible wo 
are driven to the conclusion that there is no such single short period term in exist- 
ence common to both variates or that there must be J period difference in phase. 

Turn now to the theory of non-p*riodic fluctuations. We know that if X and Y 
be the non-periodic fluctuations on the theory of “ Student” * 

T/saoY vn si 




(2g)!(22):' 


and according])^ 




r = con-elation of and 
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without consideration of removing secular trend This is true if only one X is corre* 
lated with one Y — ^it is not needful to suppose these values of X and Y to be con- 
current as Dr Persons asserts those who used the method have supposed. On thi' 
oth^- hand if the series of ^'s and the scries of F’s and again the series of X, F's 
have correlation, we must introduce factors, which we will call for a moment ^ (p ), 
<l>(p") and 4>{p)i these results 

. (4?)! 

(2qy(2qV^ 

u 

' (iqy.mv' 

and we shall have 

’’m = I ^ X 001 relation of S^j)p and 8^'/ «« (xiii). 

9\Pf 

We will discuss these factors shortly. 

(3) Supposing, however, “ Student’s ” theory to hold, let us investigate what 
liapp'ns if we have a combination of secular trend, periodic terms and non-pcriodic 
fluctuations : 


KS^Xpy]. 


.(xi), 

,4>(p)er^a-yi\t (xii), 


■ do + a, < + . . + «„_1 + Sr 




+ A' 


!/p-- 


Sr j.d/sin 

' 4 - + . . . + + Sr |i/, sin + + Fp, 


(xiv). 


Or, if 2q be greater than n and iii, 

[8®»i»p8-»yp] = /S’, J / Sr (2^ sin= ’ cos (a, - ;8,)| + 


(4v)i ^ ^ 
(2i/)'(2^V ' * 


.(xv). 


[(8-iypV] = /S', 




’ Sin 


, Tr/zy^ 


+ a- ■ 

^(2q)H2qy^' 


..(vvi). 


Now we must here make a two-fold confession, first that one ot us actually 
(jueried in proof Dr Andeison’s statement in Hiometriha, Vol. x p 279, about the 
elimination of periodic terms, and took the earliest opportunity wh<*n he did not 
modify it to express disagreement with what we thought to be his views 
Vol. X. p. 50^1 footnote). In that place we also say that : “ Should a more extended ex- 
perience show that there is a real, if slight positive correlation between deathrates at 
three years’ interval, while there is considerable Ywgative correlation at oru^ an<l two 
years’ interval we should be compelled to discuss whether theic is not something 
periodic in the nature of the heavy and light deathrates of infancy and childhood ” 
In view of that statement it is almost absurd for Mr Yule to suggest that we 
overlooked the possibility of a short period term, yet he actually appeals to lu* 
slightly annoyed because we inserted this footnote ! But that footnote continui's * 
‘‘ We have been unable to trace any sign of such periodicity either m the deathraU‘ 
Biometrika xiv 19 
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or the graphs drawn, but we do not believe that a very short periodicity would be 
elinoinated by the variate difference method using any moderate number of differ- 
ences.” This appears to have been also Dr Anderson's view throughout, only botii 
Mr Yule tmd we misread his statements. We overlooked, perhaps with some jpsti’- 
fication, his qnaliiying phrase : " Ja mehr no<dr, man kann beweisen, dafi ttberhaupt 
aller mehr oder minder ‘ glatten Reihen,’ alle bei denen eine genhgende positive 
Korrelation zwiachen den Nachbargliedem beraerkbar ist, fUr die Praxis beim 
lichen Differenzieren verschwinden " (Biometrika, Vol. x. p. 279). The short period 
terms demand a negative correlation. As a matter of fact as we shall indicate later, 
no short periodic terms of any importance exist in the material used by us in our 
first paper; our original opinion is confirmed by more ample examination. But we 
must he:fe confess our second point : we were actually indifferent to the short period 
terms if such existed, we felt comparatively certain of their insignificance in our 
material, and further, if they actually were present, they seemed to us just as likely 
to be a product of the organic relationship we were seeking, as a complete mask of 
it, which we suppose to be Mr Yule’s view. It is possible, if such terms exist, that 
they form a reasonable clement in the correlation of Xp and Yp after removal of the 
secular trend. What we were concerned with was to get out of the morass which 
Sir Arthur Newsholme, Mortara and other statisticians had got ns into, by cor- 
relating time growths of various factors and interpreting the resulting intense 
correlations as causal factors. That end seemed to us achieved by the variate 
difference method and therefore we praised it highly as breaking new ground. 


Mr Yule criticises us and says (i) he does not believe in the existence of fluc- 
tuating variations and (li) if such existed they would be swamped by differencing 
and the shortest period terras would alone survive. He postuHtes the existence of 
the latter. His processs of demonstrating appears to us remarkable. He notes the 
relative size of the multiplying factors on differencing, i.e. 


^2*8in’^^^^ and 


W 

{2q)l{2qV’ 


and shows that the former will be the greater for short period 
former will be the greater when 


. irh f ( 45 )! 

““T > 2 ((2g)I(2ff)l) 


terms. Now the 


For second differences this gives t < S‘496A, 

,, fourth 

» 

„ „ < 3-090A, 

sixth 

t* 

„ „ < 2‘90lA, 

0 eighth 


<2 787A, 

„ tenth 

»> 

„ „ < 2-708A. 


It is unnecessary to go further because it is unlikely that we could go beyond 
10th differences owing to the imperfection of our data, or the great labour of com- 
putation. 
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Naw we think thote k an error in Mr Y ale’s reasoning. For the variate difference 
investigaiaon X and Y are the whole huotuations above the secular trend. Mr Yule 
compares Ox '^th Ar, that is to say he compares the standard deviation of one 
portion of his Suotnation with the amplitude of another portion ! But at least he 

ought to have compared ^ A.,' with <rf , and even this is not legitimate. 

^ The fluctuation is 

I^Ar Sin |a, + ^ (p - i) A + X^, 

the an.’ of the whole is 

and accordingly should be compared with Sr (t4T'*) and not with still less 
with (Arf as Mr Yule compares it. 

Does, however, ^^4/’ necessarily form the largest term in the summation *' We 
see no reason for supposing it in the least likely. 

j4/* = i4,‘j',8in»^^, 

and this is not a maximum when t is least but when 


irh lirh 
sill — / 

T/ T 

lb a maximum, i e, when sin zjz is a maximum, or when z « tan z 


In fact if we evaluate the function sin* serums of values m 

the following table.^They show that for equal amphtudea the short peiiod terms 
contribute least to the s.D.* of the fluctuations, and that cannot straight ofl 
assert as Mr Yule has done that the low period terms of leas than 3 years will 
dominate th(» result reached 


r = l 


r 


h 

0 000 

lO/i 

9 549 

24 

4-000 

124 

9 64() 

34 

6 750 

184 

9 786 

44 

8 000 

254 

9818 

54 

8-637 

304 

9 831 

64 1 

9-000 

404 

9 849 

74 I 

9-225 

604 

9 855 

84 1 

9 373 

1004 

9 866 

94 1 

1 

1 9-475 

1 

1604 

9 868 




Now it seems to us that we have to take for any comparison at all some ratio 
between and the total s D. due to periodic terms, or we may take 
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and if we assume any one value to be more important here than another, it will 
not 1)0 the term of lovml period. In any case it is not needful to consider that the 
term of lowest period contributes must to the s.D. of the fluctuations. 

Now return to the s.d.* of the 2gth difierence. We have to consider the parts 
of the expression 


8r |j4t’ sin*" “) sin* ~ 




-} 




(4g)l 

( 2 ?)!( 29 )!' 


Accordingly if we assume m* = 1 or the random terms and the periodic of the same 
order, we have to investigate the relative order of 


and in considering only 



T* , „ -trh\ 
~ sin-’ — 

W* T / 

^2* sin 

‘■;T1 

Sr 





and - iML 

(29)1(2?)! 


.(xvii), 




0» ■ 

2* sm'* — j 


and 


(4?)! 

( 29 )!( 2 g)! 


to obtain a dominant term Mr Yule has omittwl to consider the multiplier 

We cannot reduce this to unity becaustj we have just soon that the lowest t term 
is not nec(‘ssarily the dominant term in the denominator. 


We have to evaluate 


2'^ sin^ 




for various values of rjh and fj to 


discover where we are. We will do this for second, fourth, sixth, eighth and tenth 
differences, and for t = 2h, 3/r, 4//, G/t, 8h and 10//, placing als(» on record the vtilue 
of ( 4 ^).V{( 25 ')!( 2 ^) !). We have the following table : 

Table of {Ij 


r/ft= 

2 

8 

4 

6 

8 

10 

( 4 })I/!( 23 )!( 2 a)l| 

<y = l 

256 

24.3 

J 28 

36 

12-87 

5*57 

6 

2 

4096 

2187 

512 

36 

4*41 

0*81 

" 70 

a 

ea.’i.ie 

19683 

2048 

36 

1-51 

0-12 

924 

4 i 

1048670 

177147 

8192 

36 

0*52 

0-02 

12870 

5 

16777216 

1594323 

32768 

36 

0-17 

O'OO 

184756 


16 

27 ! 

32 1 

1 ' 

36 

37*49 

•IS -20 1 

— 


Now it is clear that if we suppose only one short periodic term to occur, it will 
have no influence at all, if the period be four times or more the subrange of tabling. 
In other words unless the non-periodic fluctuation was very small as compared to 
the periodic all trace of the periodic term would have disappeared by the 8th or 
10th differencing. Anderson would therefore have been justified in his statement 
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as we at first read it had he confined it to periodic terms of four or more times the 
subrange. 

When we turn to terms of throe times the subrange if there was only one 
periodic term, its order would at the 8th be in the ratio of 10 to 20, and at the 
10th difierence in the ratio of 10 to 31. Such a term therefore would not swamp 
the non-periodic fluctuation ; it would in fact be considerably smaller than it. If it 
were combined with two or three other terms of longer period but about the same 
or larger amplitude, it would be swamped by the non-periodic fluctuation. 

Now turning to the term where rjh^% we notice that if only a single such 
term existed, its influence at the tenth difference would be as 6: 1, at the eighth 
difference as about 6 : 1 and at the sixth difference as about 4 : 1 relative to the 
non-periodic fluctuation. If it was associated with two or three other terms of 
longer periodicity, its influence would be somewhat less than that of the non- 
periodic term. What is clear is that even here it would be exaggeration to talk 
of swamping by the term of short period. The contributions of the two terms are 
much of the same order, and which will dominate in the s.D. of the fluctuations 
will depend on how far those fluctuations are due to a series of periodic terms, or 
to the non-periodic part of the fluctuations. 

Further the actual correlation in and depends not only on the s.D.'s 
of the fluctuations, but on the correlations, on whether the periodic terms in x 
and y are, or arc not, in the same phase. 

It is therefore not really a case of one or other factor being swamped. The 
process removes the secular trend and correlates the residuals. In these residuals 
the factors which contribute chiefly to the correlation are the non-periodic and very 
short periodic terms if th<* latter exist. If they exist it would indicate that the 
residuals have a common factor, and that seems to me the very point we set out to 
inquire into. If one has a twb element period and the other has not, that will 
lessen the correlation between the non-periodic fluctuations, but that is surely what 
we should anticipate. 

On the whole it does not seem to us that Mr Yule s criticisms really lead one far, 
especially when he concludes them by stating that the time problem is that of dis- 
cussing the relations ‘'between oscillations of different dunitions, such oscillations 
being in all probability not strictly periodic, but up and down movements of greatc r 
or less rapidity ’’ (p. 524). If they are not periodic, why confuse the issue by en- 
deavouring to show that true periodic tenns would swamp the residuals which ho 
holds are not true periodic terms ? 

If terms of very small period exist, then those who desire to do so can find and 
eliminate them. 

(4) The criticism that is raised by Persons that we cannot assume H {Xj,Xp ^ ,) =» 0 
seems to us more valid, although it is certainly not demonstrated if wo test its 
validity by finding the JT’s from a couple of combined stiraight lines. 

We think, however, that it is possible to meet this criticism. In the first place it 
can be met by simply taking out the secular trend by adequate smoothing and 
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ooiTelating the residuals in as many ways as seem desirahla But tbeoretieaUy i^ 
is also {Kwsible to learn something about these correlations by the vaiiste< difference 
method, i.e. by the aid of the fiinctions ^ (p), ^(p'), ^ (p") already referred to. This 
we now proceed to discuss. 

Let us suppose the correlation of Xg, Yp^ to be p« and of Xp Yp^ to be p_,. 
Let us call p,' the correlation of Xp and JTp+t, while p'^ is that of Xp and Xp-^ 
Lastly p," is the correlation of Yp and Tp+*> P' -HI of Yp and Yp^. Then we really 
find 

( 2 b) if, *. . »(«-!) « 

-7^- -S'.;?' 


(Sn)!, 


" . »(«-!) 
h + 1^‘'^(b + 1)j(b + 2)^‘ 




Similarly 


-„,„j^(«./>«./>)say (xviii). 

' 

-{*- iTi) <“>• 

Again 

n , , n , w(n-l) , . J 

■'■fn + !)“(« + 2)^ (2M)I^"j 


( 2 b)' 

7t'nl 


^(n, 1, p')say (xxi), 


and accordingly 


[(A»^2^ 


Y4— ^ 

V n + 1 


2 \ ^ (w-t 1 , 1, p') 
) <l>{n,l,p’) 


.(xxii). 


, [(A»+>F„)‘] /, 2 \<^(B + l.l,p") , .... 

s.m,i„iy ■ r ~ ?+■!) ♦ (i,TA 

Now it is clear that our three equations (xx), (xxi) and (xxii) separate off the 
p„ the pt and p/', and accordingly we can confine our attention to any one type in 
considering the solution. Further, by putting p, w p,/p« we can write 

4>(n + 1, p«, p)*»po^(n + 1, p) 

and drop the second variable (p, or 1) out. 

After finding p, p' and p" we shall have finally to determine p, from 

[A" (xxiv). 

^[(A*^pF]t(A*lpy3 W^(n,p')^{n.p") 

We may therefore leave p, out of account and consider we have to find the 
three series p, p', p". 

* We owe tanilti (zviii) and (ni) to Hr E. 8. Feanon, who liad need them in a theeie presented in IMl 
and einee pnbliahed in Biometrika, Vol. sir. pp. t7— 80. 
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If we call the three observed quantities* 


we have the t^ree type equations 

■C* irt V" _ 1> /> ^) 

*’* ^(«,>) ' tktt’ ’ 

to find the series p, p\ p" respectively. Now at first sight it might seem that all 
we have to do is to write down equations for enough values of n till wc have adequate 
relations to find, say, the jS’s, starting n aft^r wo have gone to a difference adequate 
to remove the secular trend. This would not, however, be possible, for each fiesh 
equation introduces two more p’s. Thus in 1^, we have /5_(n+i)rf.. /J_, /5i 
but in ?n+, we introduce /5_(»+a) and p^+t in addition. Thus every new equation 
gives us two fiirther unknowns. At the same time these unknowns will probably 
be very small and multiplied by very small coefficients of the order n ! n !/(2« 1), 
i.c. the inverses of the terms in the last column of the table on p. 292. Be- 
membering that the p’s will most probably be rapidly convergent also, we see that 
if we suppose the secular term disposed of by the fourth difference, we might well 
neglect the terms involving pt and p^. This would leave us with six unknowns 
1o be determined, p^, p^, p,, or we should need six equations, or the 

value of Tu from ?is*4 to 9 involving up to 10th differences would suffice 
Theoretically the problem is solved, if we can be content with the correlations 
of seven adjacent fluctuations. These indeed if we found them would usually be 
quite adequate to determine the problem of lag,^' and throw light by their rate 
of decay on Mr Yule's view as to not strictly periodic oscillations." If ** Student s" 
original hypotheses are correct, we should find all the p’s but one sensibly zero, 
and this one would indicate the lag. 

Now this method depends for safety on our accuracy in the high differences, 
and this can by no means always be attained. Accordingly we ask whether 
additional correlations cannot be found which will avoid the risk of too high 
differences. We have clearly still available the correlations of A^Xp and Yp^f, 
For example ; 


Fp+il ^ (2w)J j/_ I ! 

ffjfO-j. «!«!('■ (2n)r“ 


(n-i) + • • ■ 

n 


, n(«— 1) » . " . . n(n-l) 

■*■ (« + !)(« + 2)^"' M + n + l^’'‘^(n + l)(n i-2)^'” 




I 


.(xxv). 


[A * jTpA* Fp -i] 

ffxo-r ninlO ^ (2«) ! ^ 


, n (» - 1) n ^ _ w „ ^ «(«-!) „ 

+ l)(w + 2) + n + l^®‘^(« + l)(w + 2)^’'" 

<"">■ 


* The anbaeript aero ia introdneed Joto 1’ to mark that we are oorwiating eoaourrent and 
A*V„. not A»A|i and Sm P- 
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These non-symmebric»l functions will not converge as rapidly as the symmetrical, 
but even if we bad to take an additional pair of p’s (for example and p^ into 
account, we could get eight equations for finding them as well as an additional 
control equation by using only results up to the seventh differences, supposing the 
secular trend to disappear at the fourth. 

As before, if^,= p,/po and supposing ^ to be the usual finite difference operator 
acting on p, but not on p*, we have : 

[A«+> X, A«+> r,H.] ( _2_ N +.1. P) 

[A»jr;,A«F„+,] r t!4>{n,p) ’ 

or if the known left-hand side be F’„, i ~ ^ ^ . 




E4> {n, p) 


Similarly 

Similar equations : 


E-^'<f>(vrp) 

E<l>(n^}, p') , E 

E<t>{n,p') ’ E-^<f>{n,p^) 


y„ E(f>{n-^l,p") 

E<p{n,p'y 


jy-' p') 


.(xxvii). 

(xxviii). 

..(xxix), 


Will help to give the pj aiul />/' resp(^ctively. 

The above results will probably reduce our working, according to the nature 
of the secular trend, to something like 6th or 7th diflforcnces. Only practical 
experience can show how far the equations proposed are sensitive enough to give 
useful results. We propose shortly to test them by actually subtmctiiig the 
secular trend and correlating the residuals, and also by finding the correlations 
by the present indirect method. 


It will be observed of courts that any p-systena marks the rate of decadence 
of the correlated series of variates. For example pL, is the correlation of 
with Xp and p'+# of Xp with Xp^g, It would be no unreasonable assumption to 
suppose p'~«==p'+ji this would reduce our requisite equations by nearly one 
half. The assumption that an oscillation can be represented by a harmonic term 
involves such a relationship. By retaining, however, the distinction it may be 
possible to allow for something of the nature of an asymmetrical oscillation. 

One cose is, however, of special interest : if p*' = p, ~ p/' for all values of 8, then 
the correlation of A^^Xp and is equal to the correlation of X and F. That is 
we have “Student's” hypothesis replaced by a much more general one, namely the 
hypothesis that the correlation between the variates dies out at the same rate. 
This marks, we think, a considerable extension of the legitimate range of application 
ol the simple Variate Ditferonce Method. Let us examine the exact meaning of 
the needful relations. We have pg = pg or p/po — p^ « 0, that is : 


correlation of Xp, « correlation of Xp, Yp x correlation of Xp, Xj>+,, 
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but the correlation of X, and Yp is that of Xp+, and Fp+». Hence correlation of 
Xp and Y^. for constant Xj^g is zero. Similarly the correlation of Vp and Xp^g 
for constant Xp^g is zero. In other words there is no relation botwoen any non- 
corresponding (we do not say non-concurrent because we may allow for ‘‘lag'*) 
X and F, except indirectly through the X which corresponds tp the F. If we 
make the X which corresponds to any F constant, then that Y will have zero 
correlation with all other F is indirectly affected by non-corresponding Jf's 
owing to its correlation with its own Z's*. 

We can reach, however, a still more general hypothesis. Lot us suppose the 
three sets of correlations to degrade not at the same rate but at different rates, 
i e. let 

pit = P»' - 

Wo will call (f> (a, e) the series 



n\n\ 

(2r0 ! 




(n + J )(w -f 2) ^ n + 1 


Then we have 


[A’^.rp A^i/p] V // + 1 20 (/?, e) - I 



= ('4- 

1 2<f> (m + 1, t') — 1 


V »+l/ 

1 2(^(h, €')-'! 

r(A’‘^‘yp)*J 

»f4 ^ ') 

2<^(m + 1, O-I 


V rt + v 

2^(«, e")-l 


. (xxx), 
(xxxi), 
(xxxh), 


and since the left-hand sides ar<* known we can find from them e, e' and e", 
Mr Henderson has kindly formed for us a table of the function on the right-hand 
side for n = 1 to 10 and e from - 1 to -fl by tenths f. It is possible by interpo- 
lation from this table to find the ts readily. When they are found wo have for the 
correlation of A 

^ e)- 

V2./» («, e') - 1 (h, t") - 1 ’ 


or 


»') 2«/) («,€)-! 


(xxxiil). 


We can test the goodness of the hypothesis by seeing if I he valm^s ol e, € 
and e" agree as determined from successive values ot n. 

If € be positive then 20 (n, e)-~l always decreases with increase of n or 
increase of e. Now we should suppose as a rule that the degradation of the corre- 
lation of the X's among themselves, or of the l^’s among themselves, would be less 
' rapid than that of X and F. Accordingly it follows that m such ctises 


* This is the Mendelmn view of gametic ooufititation. There is a correlation between grandparents 
and grandchild, but it jou fix the constitation of the parents this correlation vanishes, 
t See Appendix to this paper, p. 810. 
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or the vahie obtamed by “ Student ” is a superior limit to the eorrelation of the 
fluctuations from the secular trend If on the other hand e' and e" are negative, 
as would almost certainly be the case if there were a large two interval pwiod. 
then Txy ^'i^l 1>€ larger than the value assigned by “Student,” on the same 
hypothesis of degradation. In any case it appears to os that to calculate the e's 
hy aid of Mr Henderson’s table will throw li|^t on the inter>relstion of the 
fluctuations from the secular trend, even if it be only a step preliminary to a 
fuller determination of the p's 

We think the theory of the variate difference method thus generalised will meet 
such criticisms as those of Persons, which are valid. It may be harder to meet 
those of Mr Yule who after attempting to bludgeon the whole business with a 
two interval harmonic period, then turns round and states that such harmonic 
periods do not occur but up and down movements of greater or less rapidity, 
these movements from the secular trend, for some unprovided reason, not being 
identical with the non-periodic fluctuations which the believers in the variate 
difference method were attempting to study, nor with the “mehr oder minder 
glatton Beihen ” which Anderson asserts disappear by differencing. 

(5) Ijet us now turn to the case of a single periodic term in our variates and 
see how it will influence our equations. 

The term in Xp being 

A ^sin sin |a + 2w0)- i) , 

that in Xp^, will be 

A ^ sm ^ sin |« -f 27r (p + s - J) 

. T . vh . I g , ,./t) 

= A - sin — sin -ja H — — + “w (p — J) - 1 , 

and accordingly the correlation between Xp and Xp^ will be 

, 2w*A , / • Y 

p,=*cos- — = (xxxiv), 


or there should be the same correlation between Xp and Xp+, or Xp and Xp^,, 
Lot us write y — 2TrA/T ; then turning to (xxi) 

♦<"'*. P'* ^ * 1 " (n + 2) ■ 

X* 2 ^ (», 7 ) -• 1 (xxxv). 


where 


J / Y 1 » . «(w — 1) - 

♦(». 7) - 1 -„-4ri “»■» + („ 4. 

+ 


(xxxvi). 
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Bence 


H («, 7) - 1 -= ”2^” j (2 sin ^ ^ (xxxvii), 


and (4- 2(1 ^0087). 

V n + iy 2 ^(w, 7)-l 

Accordingly * X^y 2 (1 - cos 7) (xxxviii), 


or 


ftm 


T ’1[(A-x,y]j (*»*»!)., 

Thus if the ratio of successive s.d. s of the differences approaches a limit, that 
limit will enable us to determine the period, if a single periodic term exists. 
Again returning to (xxi) we have 

t(A-i,W - a,? i2* («, 7) - 1 ) - (2 BH if 

or (rl). 

(21. J)" 

which enables us after any form of smoothing has given us to test how far a 
given periodic term will account for the fluctuations from the secular trend. 


Again from 


/“M [(A-fp)-] J 


we can determine r\ and thus test whether there is really any common periodic 
term behind X and F, as well as whether ay^ can be to any extent accounted for 
by such a periodic terra. 

Lastly suppose that there does exist a common periodic term in X and Y and 
that 

Xp^A^sin-^ sin |a + 27 r (i? — J) , 


^ . r , irh , 

A - sin sin 

^ w T 




Then the correlation of Xp and will be 
p, = cos - ;8 - ' 


27 rsA^ 


cos (a — )8) cos •fsinfa — y9)Hm 

T T 

Now substituting in equation (xviii), it will be clear that the parts of p, and p., 
with the &ctor sin (a - fi) will cancel, and accordingly 


008 (« - / 9 ) 12 ^ («, 7) - 1} 


r 


I ^2 sin cos(a — (xlii). 
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It fttllows therefore that 


Ip] 

~lA«XpA«rp] ‘ 



- [(A»Xp)>J 


[( A«+> Y^Y\ 

[(A^Fp)’] 


,{x\n)hi8, 


which will serve as a good test of whether the fluctuations can be attributed to a 
single periodic term, and lastly the difference of phase or “ lag ** of Y on X will be 
gTven by 

a«f * COB (a - /9) (xliii). 


Now we know that on “Student’s” hypothesis, the ratios of the difterences 
given in (xlii) 6 w tend to the value 4 They would only tend to 4 in the case of a 
single periodic term if the period were twice the fundamental unit of time, i.e. 7 « ‘tt, 
for T =s 2k After the secular terms have been eliminated, the ratios in (xlii) 6 w and 
the correlation in (xliii) should always be the same in the case of a single periodic 
term. But in the case of correlated fluctuations, while the correlation in (xliii) 
would bo constant, the ratio of the rlifferences — of course on “ Student^s ” hypo- 


thesis — would be 4 r and thus only tend to a constant value = 4. On the 

other hand if p,, and p/' be not a series of zero correlation^ (except of course 
for s sa 0) then the ratios in (xlii) iu will tend more slowly to 4, because they depend 

on quantities like ^ being e(iual to ^ practically, as n becomes large. 


( 6 ) Having discussed these general points, it is desirable to see what light 
they thj-ow on the results of our paper of 1914 and how far the criticisms raised 
by Dr Persons and Mr Yule affect our results. 

The work we have undertaken is very laborious and may be considered under 
three headings : 

(a) We have checked our arithmetic and calculated the moan products 
[A"£e;A^y], [(A*>ic)“] and [(A’^y)^], assuming n sufficiently high to assume that wo 
have got rid of the secular terms. We have then analysed these results. 

(b) We have smoothed the series by (i) Mr Rhodes’ method jmd by (ii) i>r 
Sheppard’s method, and taking the residuals as Xp, have correlated Xp and 
Ypf and Yp^g^ ^^^d Xp^gy Yp and Yp^g» 

(c) We have applied periodogram analysis to Xp and Yp to determine if there 
is really a short period term in the deathrates. 

In carrying out this work we have to acknowledge the excellent computing 
assistance given to us by the members of the Senior Year Statistical Class at 
University College. They have done a large part of the smoothing, the correlation 
of the residuals and the periodogram work, computing in pairs and checking their 
results at each stage. Lengthy as the work has been, it would have consumed even 
more time of the authors had it not been for this most helpful laboratory-class aid. 
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We will ndw state the salient results of that analysis as they apply to our 
original conclusions and to our critics' statements. 

In order to obtain a satisfactory smooth for the period 1869 to 1908, for which 
we worked in the 1916 papbr, we added to our Tables I and II* the more recent 
results now available. These are given in the following additional tables. The 
smooth was made by aid of Rhodes' formulae f. 

TABLES la AND II a. 

DeathrateH in each Year of Life for groups barn in the Year of ki cohtmn. 


Year 


1909 

1910 

1911 

1912 

1913 

1914 

1915 

1916 

1917 

1918 

1919 


0—1 


120*108 
116'245 
142*280 
105*026 
120*145 
1 16*080 
122*919 
101*995 
107*007 
107*908 
1(K)*003 


1—2 


32*285 

40*4(K) 

31*164 

33*862 

33*029 

40*336 

28*584 

29*591 

44*375 

25*040 


MaloH 


2—8 


,14*658 
13*085 
13*373 
13*448 
17*145 
11*779 
14*283 
21 *416 
13*517 


8~4 I 4-6 


8*279 

7*841 

8*333 

10*112 

7*671 

8*092 

14*570 

8*013 


Females 


5*751 

6*368 

7*600 

5*523 

3*986 

10*274 

6*774 


I 


0—1 


96*882 
94*221 
117*366 
83*639 
96*235 
92*755 
96*059 
79*894 
84*866 
85 -OIK) 
77*603 



30*002 

37*836 

29*045 

30*521 

30*464 

36*631 

26*562 

27*243 

43*207 

22*130 


14*608 
13*309 
12*422 
12*898 
15*639 ' 
10*974 
13*291 ' 
21 *711 
12*944 


8*114 

7*662 

8*311 

9*763 

7*191 

8*086 

15*050 

8*109 


4—5 


5*707 
6*508 I 
6*544 
5*573 
5*959 
10*9(K) 
6*870 


Year 


1909 

1910 

1911 

1912 

1913 

1914 

1915 

1916 

1917 

1918 

1919 


Diagrams I and II (p. 807) arc* fair representations of the result of smoothing by 
Rhodes' formulae, l^he smooth, to judge from the graph, appears to contain no short 
period terms. The differences of the calculated smoothed values and th(‘ observations 
were now formed for the five columns of the males and are termed Xp, F^, Zp, Up 
and Vp respectively fur the year p, A search was now made for the short periods 
with the results given in the following table : 

TABLE III. 

Amplitude of given Periods Males. 


Period 

.A, 




rv 

2*0 years 

0*8466 

0*6397 

0*3212 

0*3505 

0*3856 

2*5 yours 

1*9095 

0*6.510 

0*1520 

0*1705 

0-0808 

3*0 years 

2*9796 

0*6485 

0*5107 

0*4095 

0-4232 

4*0 yotirs 

1 *0488 

1 *2734 

0*7089 

0*4268 

0-4001 

5*0 years 

1 3*3139 

0*7524 

0*7749 

0*8328 

0-8202 

7*0 years 

2*0356 



1*1308 





* Hiometrikeiy Vol. x. pp. 491—492. 

•f TfifCtK for Covtpulers, No. vi. p. 80. 
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To test whether these results are fairly steady, the results for it, sjid iu the 
case of female bafa'es and children in the second year of life were worked out with 
the following results: <• 

* TABLE IV. 

Amplitude of given Petiode. Females 


P«nod 

Xp 

Yp 

2*0 years 

0-2476 

oms7 

2 '5 years 

1*5484 

0*4862 

3*0 years ! 

2*8312 

1*0137 

4‘0 years ] 

0*6301 

1-1310 

5*0 years 

2*7242 

0*JKy87 

' 7‘0year« 

1 *8783 

0-8r)7« 


These results are in fair accordance with ttfftee oi Table III, iiulicatiiig 
periods of 3 and 5 years for Xp and 4 years for 

Now i (amplitude)* will be the contribution of any period to the total standard 
deviation squared of Xp, Yp, Zp, Up or Vp rcsiiectively. These contributions are 
represented in Table V. 

TABLE V. 

Gontnbutione to the Total Standard deviation Squared 
of the Terms of each Period. 





Males 



Females 


Xp 

ip 


Vp 

Yp 

Xp 

Yp 


40*6022 

10'7394 

4 8487 

8*1898 

1*8450 

860721 

10*4871 

Penods 

2*0 years 

•3584 

*2046 

*0516 

•0614 

•0743 

•0307 

2040 

2 6 years 

1-8231 

*2119 

*0116 

*0146 

•(X)38 

1-1 988 

•1182 

3*0 years 

4*4890 1 

*2103 

*1304 

•0838 

•0895 

4-0078 

•6138 

4*0 years 

^500 

•810S 

2513 

*0911 

*0825 

•1986 

•6396 

5*0 years 

5*4910 

*2831 

•3002 

•3408 

*3264 

3-7106 

*4129 

7*0 years 

2*0718 

*6394 


mmm 


1-8018 

*3680 


In Xp for both male and female the three-year and the five-year periods are 
the least insignificantfbut they — if they existed — would not contribute more than 
\ and f to the total standard deviation squared. Further both these are insignifi- 
cant periodic terms in male and female Yp. They cannot therefore possibly be the 
source u£ correlation between Xp and Yp, We can test at once by aid of the table 
on p. 292 what the relative importanco of the terras would be for the three-year 
period on differlneing : 
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8th difference : 4*4390 x 


177147 


as against 40*6622 x 12870, 


i.e. as 29 to 523 

as 1 to 18. 

10th*differei).ce : 4*4390 x as agaibst 40*6622 x 184756, 

i.e. as 262 to 7512 

as 1 to 29. 

In any case there seems no possibility of a three-year period contributing any- 
thing of importance to the result or of its swamping the non-penodic bnt correlated 
variations The five-year period would produce even less effect. 

It seems to us that Mr Yule should have investigated what real effect his two- 
or three-year periods would have produced on the result before publishing his 
criticism. He might further have investigated whether there were any oommim 
pei^ods in Xp and Yp, for without such his criticism also falls to the ground. As 
a matter of &ct there are no common periods of any significance at all in Xp and 
Yp for either males or females. 

We now turn to the correlations as found from the residuals after smoothing , 
we have for males • 

TABLE VI. Valves of the Corrslatums. 


w = 

correlation of X« 

and *3792 ±*0817 

pi *= 

1) 

Xp 


A’p+,--l-1071±*0943 

pi ”* 

)) 


♦> 

Xp+,^- *1851 ± *0921 

pi =» 


y. 

II 

Fp+,-- *3352 ±*0847 

tf 

Pa * 

>1 

yp 

11 

Fp+,--|- 1936 ±0919 

te 

Pi * 

>* 

yp 

If 

Fp+,-- 3290 ±*0851 

Pi - 

n 

Zp 

>1 

Zp+t *0648 ±*0961 

pa =• 

» 

Zp 

If 

Zp+i -- *2211 ± 0907 

Pl" = 

)) 

Zp 

>1 

Zp^, =-*2338 ±*0902 



Up 

II 

'^,+,=.4*2799 ±*0879 

Pl'' * 

>j 

Vp 

ff 

*1565 ± 0932 

Pa"' ^ 

1) 

Up 

11 

*8530 ± 0837 

pi = 

If 

yp 

>» 

F,h.. =4-3168±*0868 

pi' == 

If 

' Vp 

If 

Fp+,«- *3644 ±*0827 

P* - 

>1 

Vp 

fl 

Vp^., » ~ *6176 ± *0698. 


Now these correlations show that the association of Xp and Xpj^.i, Yp and 
Yp and Fp+„ Up and Up+i, Up and 0"^,, Vp and Vp+i, Vp and Vp+t, Vp and 
cannot be taken as zero. Thus the criticism of Dr Persons is justified in this case. 
"Student’s” simjrfe hypothesis is not permissible for this material. Now while 
these cmrrelations as fiir as Y and Y are concerned show an alternating sign, which 
might be due to a periodic term, the scries start with a negative term for death- 
rates in the first and second ^ear of life, but the correlation becomes positive in the 
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third, fourth and fifth years of life, being followed by negative correlations; further 
the magnitudes of these corrolaticuis increase for the fourth and fifth years of 
life. In other words : if there be a two- to three-year period in the deathrates of 
the first *two years of life, there is no correspondingly important period in the 
third, fourth and fifth years of life. 

Supposing only a single substantial period to exist we can \leterinine it from 
the above correlations. We hav(» to find t from 

2*irsh 

» cos 

T 

This leads to the following results, the period being in y(^ars : 

TABLE Vll. 


Valuea of Hypothetical Dominant Periods as found 
from each Deathrate Correlation. 



X 

y 


r 

V ’ 

ei 

3*2<X} 

3-285 


4-882 

5-037 

fn 

2 60H 

2 -562 

8-953 

'7-272 

6 4m 

10*728 

9*887 

10-433 

; 

9-759 

8-913 


The results for the period as found from p,, pa, p, are so discoj<lant. thnt it is 
very difficult to believe that any one of the deathrates has a single dominant 
periodicity, The periods roughly suggested for ?7, V are above the values 
which would in the least affect our difference results. If there wc're a two-year to 
three-year dominant period in X or F, it is hard to suppose that p.^ in both cases 
could give so discordant a result, and there is no greater rc*ason for rejecting the 
pi value than the pj or pg. Supposing, however, we do reject it, then if we weight 
the periods as derived from pi and pa according to the probable errors of those 
con*elations w^e find 

Period of X = :J’950 yrs., 

„ „ F = 2-95» yrs., 

results in agreement with each other and with the period of ab(»ut three years 
which we found from direct periodogran) analysis, 

We see, however, no reason for excluding ps from such a computation ; it has 
no relatively large probable en*or, but no result of any value can be obtained by 
its inclusion. We have already seen that a jxiriod of about three years in X and 
Y has no amplitude in the least accounting for the observed variations from the 
secular trend. Further without a lag it would lead to a high positive correlation 
between Xp and Yp while that com*lation is substantial and negative. If there be a 
lag, equation (xliii) shows us that it must bo almost a third of a period, or one year, 
tis we might naturally anticipate on the theory of natural selection But Table IV 
and the non-accordance of p.{ suffice to indicate that the three-year period is of no 
importance in either Xp or Yp, Thus Mr Yule’s criticism appears to fail when we 
examiiM* it directly by periodic analysis and indii'ectly by correlations. 
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But there nre certain general results which may be drawn from these c(»r- 
relations : 

(а) The geometrical dying out of the correlations is not an hypothesis suitable 
for application to the present data. Not only do the signs fail in Z, V, V of proper 
alternation but the magnitudes do not indicate any tendency to die out. 

(б) In fact the correlations between the mortalities of individuals bom in the 
same year of life at three years apart are all negative, and within the limits of 
their probable errors rise continuously with ago. Thus if there bo a heavy mortality 
in children born in year p in their 1st, 2nd, 3rd, 4th and 6th years of life, children 
bom in year p-f 8 will have a light mortality in their 1st, 2nd, 3rcl, 4th and 5th 
years of life. It is difficult to give a reason for such a ndationship, cs{>ecially its 
increasing intensity with the increasing age of the child 

(c) The same relationship hokls, in a loss marked degree, tor children of 3, 4 

and 6 years of age born two years apart, but it is reversed in the case of children 
of 1 and 2 ye^ars of ago, if we can in these cases give any weight to the correlations 
relatively to their probable errors. * 

(d) Lastly, if we consider children born in successive years (p and p 4* 1), then 
their mortalities in their Ist and 2nd years of life arc negatively correlated, and in 
their 3rd, 4th and 5th years positively correlated. As a matter of fact the cor- 
relations of mortalities at the same ago of children born in successive years form 
an algebraic scries continually rising — ‘3792, — *3352, -f* *0548, 4- '2799, 4-'31C8. 
Of course none of the correlations and excepted) between mortalities in 
the same yc»ar of life of children bom in different years reach any considerable 
magnitude, but having regard to their probable errors, they cannot be straight- 
way neglected. 

Further they neither fit into geometrically dying out series, nor into anything 
of the nature of dominant harmonic periods. ’ 

A fine piece of work might be done in endeavouring to disentangle these corre- 
lations by differentiating the mortality from different causes. It would be very 
strenuous, but of grtat sei vice. If it were done, we believe it would be best to try 
and obtain the crude figures for deaths and populations at risk, and not use any 
redistributed figures of populations in the Ist, 2nd, 3rd, 4th and 5th years of life. 

Wo next proceed to consider the cross-correlations in oi-der to determine 
whether wo were correct in supposing Xp and Yp negatively correlated. Still 
using the smooth by Rhodes* method we find : 

TABLE VIII. Correlations of First and Second Year Mortalities, 


IVartalitieB 

Correlated 

— — V 

Bo>h 

Gills 

>'p-j 

-•2077 ±-0913 

- *27301 -0883 

+ *65^1 1 •OMfl 

+ *r>935f0fjia 


-•4584±'0763 

-•4904 ±-0725 


+ '0S»4±-(»fi3 

+ •0033 ±-0954 

- -2610^0888 

-•2838 ±-0877 


Biomstxikm ziv 
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Now thoBO results are exceedingly suggestive and important, and at the same 
time some arc voiy difficult to interpret. As to the valueB, those for girls are wholly 
in keeping with those for boys, the differences being everywhere within the probable 
errors of the differences. Lot ns remember that p denotes the year of birth, and 
the X denotes the excess mortality above the secular trend in the first year of life 
and F the excess mortality above the secular trend in the second year of life. Now 
our results «how that the numbers of those bom in the same year who die in the 
first and the second year of their lives are correlated, and that this corre- 

lation is substantial, somewhat under —*5. Thus the conclusion reached in the* 
former paper by the present writers is confirmed by an entirely diffi^rent form of 
investigation, but the values now obtained arc less than those obtained by 

the variate-difTerence method. This reduction undoubtedly Hows from the neglect 
of correlations such as those of YpYp^^ on ‘‘ kStudont's hypo- 

theses. That neglect was not in our case justifiable, for it gave an exaggerated 
value to the influence of natural selection. That influence however still remains 
substantial. 

Turning to the correlation of Xp and F^_, , i.e. the mortalities of children born 
in successive years, dying in the same year, we see that it is high and j)ositive ; 
it is probably due to diseases j>eculiar to c('rtain years and attacking not only infants, 
but also children in the second yeai- of life. Our direct value for the correlation of 
Xp and Yp shows that the high positive correlation of Xp and 1 is mi the source 
of the negative correlation between Xp and Yp as Wiis suggested by one of our 
critics. 

The correlation Xp Vp+i of deaths of infants born in year p with those of 
two-year-olds born in the following year is zero sensibly, as we should naturally 
anticipate. But we should also have anticipated that there would be no correlation 
apYp*.) between the deaths of infants born in year p and that of two-year-olds 
born two years later and therefore dying three years later ! Th© correlations are 
not very large, but they appear in both sexes, and it is difficult to considtT th<'m 
zero having regal'd to their probable error Such correlation might be accounted for 
by a periodic term common to X and F with a suitable difference of phase, but to 
judge by Tabic VI there seems no common period of sufficient importance to justify 
the suggestion. 

Lastly the first correlation of Table VIll is again one difficult of interpretation. 
The correlation of Xp and niight possibly be considered zero for boys, but the 
value for girls suggests that it is really significant. Why should the dying of 
children in their second year in one year, be related to those dying in their first 
year in the following year ^ Had the correlation been positivey we might have con- 
sidered epidemics lasting from one y(‘ar into a second, but the correlation is negative. 

The only explanation we have been able to think of will we fear be thought by 
many inadequate. It is that Yp^^y Xp and Yp^^ are children Born two years apart, 
and the av&rage interval between children in the same family is somewhat over two 
years. Accordingly the groups mentioned above correspond to a considerable extent 
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to children of the familioR. It in posaible that when the previously bom child 
has died greater care is taken of the next infant, and further that when a mother 
has a child alive between 1 and 2, her attention is not so wliolly devoted to the 
new-born child and it maj be less likely to survive. It may well be that the falling 
birthrate is really organically related to a falling infant deathrate, because it con- 
notes fewer extremely young children to tend simultaneously*. 


MALES MORTALITY DATA YEARS OF UFE 



Diagram I. 

FEMALES MORTAUTY DATA F & 2“ YEARS OF LIFE. 
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Diagram II. 

We shall now show that our values for the correlation of Xj, and Yp are not 
peculiar to the particular method of smoothing adopted. The smooths of Xp and 
Tp are shown in Diagrams I and TI for boys and girls respectively. Tt will be scon 

* We are weU aware that the environmentalists attribute it largely to the spread of infant welcome and 
mother welfare centres, but we doubt if they have investigated the con elation between infant doathiate in 
towns with and without these centres. 


20 ^ 2 
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on careful examination of those diagrams that the general role is rewrmi of sign in 
Xp and Yp. In Diagram I in 69 years there are 43 reversals of sign, in Diagram II 
there are 41 reversals, or roughly f of the total. Thus graphical inspection shows 
a very considerable degree of negative correlation between deaths in the first and 
second years of >life of the same group of individuals. But would another system 
of smoothing give the same general trend and an equal cofrelation ? This was tested 
by an entirely diilerent process of smoothing, namely that of Sheppard. 

The result was*: 

Shopj>ard’s process : *= - '4629 (Boys) 

Rhodes’ process : Vxp Vp •* — *4684 (Boys) 

.. » rjkpVj,-- *4904 (Girls) 

We think it safe to say that there really does exist a substantial negative correlation 
between deaths of the same group in the first and second years of life. It is not as 
great as we found it in the previous paper using hypotheses, which, we admit, 
ought to have been tested ; but it is quite adequate to indicate that natural selection 
is really at work. 

The value of the SpYp correlations was exaggerated by adopting “Student's'* 
hypotheses; the negative sign, however, was not, as suggested by Mr R. A. Fisher 
{Journal of E. Statistical Society^ Vol. xxxiv. p* 634), due to the neglect of the 
correlations of children of difiFerent ages dying in the same^ear. Those correlations 
are very considerable and undoubtedly aid in modifying the value of rxpYp as found 
by “ Student's " method. Thus wc have 


^Xp \ p—i ' 

for boys •6.521 and for girls *6935 


„ *6851 



^(fp Vp^i * 

„ *7481 


from which it appears that the liability of children to the same seasonal diseases is 
greatest in the 3rd and 4th years of life. 

The increased negative value to the numerator of the expression (xxiv) due to 
the introduction of further negative terms (including of course yp^i) is, how- 
ever, corrected by increased positive terms in the expressions for [(A'*Ap)*] and 
[(A^Fp)®] of the denominator. 

Assuming the difference order n to be 8, we calculated from the Xp,Xp„,Yp, 
Yp^, and Xp, correlations, as far as we had worked them out, the values of 

<t>{n,po,p), and 4>(n,p'),<f>(n,p"), 

and found, using seven terms in each of the latter and five in the former, that : 

* Fitting dingle eisth order parabolu to Xp and Yp was tried for 67 yean, bat they ^ve very 
insdeqaste smooths ; it wants more than a single sixth order parabola to adequately describe the 
trendse 
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whereas " Student's process gaye the value *- ’69 ; the -01 difference could very 
easily be accounted for by the small number of Xp and correlations that we 
were able to use* 

This correspondence in value gives us some confidence in the proposal to deduce 
the rxpYp^^ and rxpXv+$* ^XpVp^t correlations—When wo are certain that the corre- 
lations die out rapidly with s— from the extended Variate Difference Equations 
given in this paper. If this method is to give sati^facti'iry results, however, we think 
it will be desirable to work with the same order of differences, and reach enough 
equations by correlating Jp with Xp with Xp^g and with Yp+„ Le. not 
corresponding differences. We reserve, however, this matter for a fuller consideration 
later, probably on other matenal. It may turn out that the process is more lengthy 
than subtracting the trend by an adeejuate smooth, which at least enables us to 
ooiTelate only the valu<^ we tn^ed. 

Wc have published Mr Henderson's Tabic for geometrical decadence functions, 
because although it is of no service for these mortality data, we think it may well be 
so for other material. The law of gof>metrical rlecadence seems a reasonable one for 
many variates. We should like to try it on the growth data, say at weekly or monthly 
intervals fora series of the same years of age, in thf» case of brothers, to ascertniu 
whether spurts and “ checks to growth are similar in two members of the same 
family. And we should welcome data of this kind that any reader of this paper may 
have in his power to lend us, 

> Our general conclusions so far must be 

(i) that Mr Yule’s criticisms as to periodic terms are not valid and that this 
could have been seen had the material been analysed at greater length ; 

(ii) that Dr Persons’ criticism is valid, although his attempts to get rid of 
secular trends are from our standpoint wholly inadequate, and further his criticism 
was hypothetical He suggested, but ho did not show, that Xp and Xp^s or Xp and 
Yp+8 were in any of our cases really correlated. 

That Student’s ” hypotheses did not truly apply to our mortality data has, 
however, beem shown in this |)a{KT. We do not think this signifies that the Variate 
Difference Method, either in its old, or in a more generalised form, will be of no 
service. It denotes only that it was not suited to the data to which we applied it. 
Because a non-justifiable method was adopted it does not follow that the conclusion 
wc reached was erroneous. The present paper, we think, shows that mortality in 
the first year of life is negatively correlated with that in the second ; the correlation 
is substantial but only about 70% of what we deduced for it. 
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APPENDIX. 

TaMe of Functions far Oeometrioal Deoadenoe ( J . Henderson ). 


ns: 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

e«-l-0 

1*0 

2-0 

2*666667 

3*200000 

3*067144 

4-063493 

4*432900 

4*773892 

5-092162 

6-391680 

6^676460 


4*0 

4*0 

4*000000 

4-000000 

4*000000 

4*000000 

4*000000 

4*000000 

4*000000 

4*000000 

4*000000 


1*0 

T9 

2*470000 

2*008900 

3-973376 

3*688544 

2*868073 

4*120361 

4*350953 

4*563806 

4*761794 


3*8 

39 

3*925641 

3*938538 

3*946617 

3*952281 

3*956534 

3*959875 

3 - 9^1 

3*964852 

3*966778 

-0*8 

1*0 

T8 

2*280000 

2*635200 

2*920732 

3*160823 

3-36S846 

3*551856 

8*716004 

3*864657 

4-000490 


3*6 

8*8 

3*852632 

3*879236 

3*895928 

3*907632 

3*916412 

3*923305 

3*928902 

3*933560 

3*937514 

~0-7 

TO 

1*7 

2*096667 

2*378300 

2*697260 

2-770223 

2*927253 

3-057601 

3*171987 

3*273671 

3*365004 


34 

3*7 

3*781080 

3*822230 

3*848056 

3*866138 

3-879680 

3*890289 

3*898882 

3*906017 

3*912058 

-0-6 

J*0 

1*6 

l-HSOOOO 

2*137(KX) 

2*301074 

2*430903 

2*637778 

2*628011 

2*706649 

2-773438 

2*833334 


3*2 

3*6 

3*711111 

3-767664 

3*803116 

3*827873 

3*846351 

3*860784 

3*872429 

3*882066 

3*890197 

-0*6 

TO 

1*5 

T750000 

l-912ii()0 

2*030357 

2*121280 

2-194298 

2*264630 

2-3066.56 

2-349266 

2*387288 


3*0 

3*5 

3*642857 

3*715686 

3*761214 

3*792860 

3-816410 

3-834702 

3*849398 

3 - 861 S 03 

3*871673 

-0*4 

TO 

T4 

l-.’)«e6C7 

1*702400 

1 *783360 

T844018 

1*891551 

1-9.30008 

T9G1877 

1-988787 

2*011857 


2*8 

3*4 

3'676471 

3*666447 

3*722448 

3*761182 

3*789801 

3*811921 

3*829596 

3*844080 

3*856190 

~0*3 

TO 

T3 

1*430000 

1 *606700 

T658403 

1*596019 

T624793 

T647603 

T666177 

T681623 

T694687 


2-6 

3*3 

3*512121 

3*620104 

3*686895 

3-732772 

3*766430 

3*792276 

3*812799 

3*829521 

3*843425 

-0*2 

TO 

1*2 

T280000 

1*324800 

T353874 

1-374415 

1 *389761 

1-401690 

T4il245 

1*419079 

T425624 


2*4 

3*2 

3*450000 

3*576811 

3*654619 

3*707607 

3*746168 

3*776563 

3*798749 

3*817526 

3*833051 

-0*1 

TO 

1*1 

T136667 

T156100 

1*168231 

T176556 

T182G34 

1 *187272 

1*190930 

1*193891 

T196337 


2*2 

3*1 

3*390322 

3*536726 

CO 

1 

3*685609 

3*728852 

1 3*761554 

3*787171 

3*807785 

3*824744 

0*0 

TO 

1*0 

TOOOOOO 

TOOOOiM) 

TOOOOOO 

TOOOOOO 

TOOOOOO 

1 1*OUO(KX) 

TOOOOOO 

TOOOOOO 

T0O(X)00 


2*0 

3*0 

3*333333 

3*500000 

3*600000 

3*666667 

3*714286 

3*750000 

3*777778 

3*800000 

3*818182 

0*1 

TO 

0*9 

*870000 

*855900 

•S47774 

•842508 

*838824 

•836104 

*834015 

*832361 

. *831019 


1*8 

2*9 

3*279310 

3*466771 

3*577638 

3*650634 

3-702242 

1 3*740631 

3*770286 

3*793873 

' 3*813080 

0*2 

1*0 

0*8 

*740667 

*723200 

*710217 

•702029 

•016411 

1 *692323 

•689218 

•686780 

•684817 


1*6 

2*8 

3*228571 

3*437167 

3*558496 

3*637324 

3-692483 

j 3*733182 

3*764415 

3*789139 

3*809176 

0*3 

TO 

0*7 

•6300(X) 

*001300 

•oseooo 

•576095 

•570;i81 

•565845 

■562432 

•559772 

*557642 


1*4 

2*7 

3*181481 

3*411292 

3-542473 

3*626522 

3*684748 

3*727381 

3*759911 

3*785541 

3*806240 

0*4 

TO 

0*6 

*52(XX)0 

•489600 

*474103 

•464808 

•158638 

*454253 

•450979 

•448443 

*446421 


1*2 

2*6 

3*138461 

3*389217 

3*529420 

3*617995 

3*678774 

3*722972 

3*756534 

3*782866 

3*804076 

0*5 

TO 

0*6 

1 *416667 

*387600 ' 

•373214 

*364832 

*369341 

•355473 

•352603 

•350391 

•348633 


1*0 

2*5 

3*100000 

3*370965 

3*519148 

3*611481 

3*674305 

3*719723 

3*764079 

3*780934 

3*802521 

0*0 

1*0 

0*4 

*320000 

*294400 

*282331 

•275384* 

•270881 

•267731 

•265405 

*263618 

•262202 


0*8 

2*4 

3*066667 

3*356517 

3*511419 

3-606711 

3*671094 

3*717421 

3-752342 

3*779589 

3*801440 

0*7 

TO 

0*3 

•230000 

*209700 

•20046(t 

•195224 

*191856 

•189512 

•187788 

•186466 

•185420 


0*6 

2*3 • 

3*039130 

3*345780 

3*505968 

3*603410 

3*668906 

3*715886 

3*761183 

3*778684 

3*800728 

0*8 

TO 

0*2 

*1 16667 

*132800 

*126074 

; *123243 

*121047 1 

•119524 

•118406 

T117650 

*116874 


0*4 

2*2 

3*018181 

3*338547 

3*502493 

3*601332 

3*667553 ' 

3*714923 

3*750467 

3*778147 , 

3*800290 

0*1) ' 

TO 

0*1 

*07<K)00 

•063100 

•0(K)117 

*058459 

! *057399 , 

•056667 

•056128 

•055716 

•055393 


0*2 

21 

3*004762 

3*334540 

3-500553 

3*600320 

3*666918 > 

3*714351 ' 

^ 3*750048 

3*777867 , 

3*800053 

1*0 1 


0*0 

•000000 

*000000 

•000000 

•000000 

•000(X)0 , 

•000000 

•000000 

•000000 

•(XKXXK) 


Thfl above tabic givtis ‘2<p(u, «)-! in ordinary tyj)© and f”} ” 

heavy ty|)e for valiieN of n from 0 to 10 and of < from - 1 ‘0 to + 1 *0 at uitcnmU of 0‘1. 
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FACIAL SPASM INHEKITED THROUGH 
FOUR GENERATIONS. 

Ry PERCY STOCKS, MJ). 


A CAfiE of facial spa«ni which was of considerable interest from the hereditary 
standpoint recently camt^ to the notice of the Anthropoiru'tric Laboratory, Univer- 
sity College, London, and is here recorded. As there has been much confusion in 
the classification and iiornenclature of affections of this type, a few preliminary 
notes on the modern views regarding facial spasm are necessary. The confusion 
which has in the past exist<>d between so-called ‘Hies” and ‘ spasms/' both of which 
are evidenced by twitching movements of the face muscles, has been chiefly re- 
sponsible for the large number of narm*s used to describe these aftections, such as 
facial tic,” spasmodic tic,” convulsive tic,” ** habit spasm,” “ mimic spasm,” “ tic 
non-donloureux,” and others, ("orifusion with choreic nioveinents has also led to 
such names as habit chorea.” 

The distinction b(4ween *‘tic” and “spasm” has been made cl<*ar in recent 
years by the researches of Charcot and other French workers, lea<ling up to th(^ 
exe(»llent work of Meigo and Feindel (2). Hpasm is now dcjfined by modern 
writers us a motor reaction which results from irritation at some point in a reflex 
spinal or bulbo-spinal arc, and neither depends on consciousness nor is under the 
influence of the will. Tic, on the other hand, is essentially a psychical process in 
which a co-ordinated muscular movement is repeated intermittently for no usefiil 
purpose, and in which consciousiK'HS is (essential and the (^xercise of the will plays 
an important part. 

Facial tic (also called habit spasm, convulsive tic, &c.) is therefore characterised 
by frequent or intermittent clonic contractions of a co-ordinate<l group of facial 
muscles (not strictly limited to those supplied by any one nerve), occurring 
commonly in children or young persons with some neuropathic tendon'^y or 
heredity. It is never entirely beyond the control of the will, nevcT occurs during 
sleep, and each paroxysm is usually preceded by an impulse, and followed by a 
certain feeling of satisfaction. These tics are of great variety, but they need not 
be enumemted here. Hert'dity is not infreijuently manifest in this affection, but 
owing to its very nature, it is ditficnlt to eliminate the element of imitation, 
which may be the starting point of the habit in a child of unstable nervous 
temperament, whoso parent or brother or sister is the subject of a tic. SevemI 
cases of apparent direct heredity have been recorded; thus Sir W. (Jowers (1) 
mentions the case of a father and two children with identical tics ; and Piedagnel 
(2) a case where mother and daughter had similar tics. Tissi^ (2) describes ocular 
tic occurring in mother and twu) sons, and Tjetulle (2) a similar tic in father and 
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two sons. Strauch (3) tbentacHis two ca$^; in one a boy, his mothor, two maternal 
aunts and one maternal uncle all had tios in their youth ; in the othw a giri, both 
her parents and one uncle were affected. Other qases, where two or more children 
in a lamily developed identical tics, have been mentioned by Gintrac (2) (two 
brothers), Biacho (4) (3 children), Delasiaave (2) (brother and sister), Meige and 
Fcindel,(2) (two sisters) and Flatau (5) (two sisters). Similar tics in two brothers 
are also recorded by Rndler and Chomol (11). Whilst direct heredity is not very 
often traced, a neuropathic heredity is frequent ; thus it is common for example 
to find that the mother of a ticqueur is hysterical, a brother epileptic and a grand- 
parent insane. Flatau (6) describes two such cases ; in one the mother and her 
sister had tics and the son was mentally abnormal ; in the other the mother of a 
ticqueur had impulsive insanity. It is also common to find mental instability in 
one parent combined with intellectual brilliance in the other. 

Facial Spasm is characterised by spasms, usually clonic but occasionally tonic, 
occurring in muscles supplied by the ^ial nerve. These are most often, but not 
always, unilateral, and may affect all the muscles or only those supplied by one or 
more branches of the nerve. The affection may be secondary to paralysis ; or 
result from direct irritation of the seventh (facial) nerve ; or from reflex irritation 
of the fifth (trigeminal) nerve by a carious tooth, injury, ocular defect, ear disease 
or tumour; or from injury to the facial area in the cortex; or from a tumour 
pressing on the pons. In many cases (labelled " idiopathic ”) no definite cause can 
be assigned, but shock, nervous emotion, exposure to cold, prolonged migraine or 
neuralgia, pregnancy, and the climacteric have all been mentioned os precursors, 
whilst a few have been attributed to heredity. The nliopathic form is more 
frequent in females than males and usually occurs between 45 and 60 years of age, 
and rarely bofoK' 30. 

Pathological evidence shows that the facial nucleus in the pons is the starting 
punt of the motor discharges resulting in spasm, and thstt these are a pure reflex 
in which the cortex takes no part (6). 

Paroxysms may occur at intervals of several hours, or recur every minute or 
two; they generally consist of clonic muscular contractions which begin more 
or less slowly and become quicker and more pronounced until they may be so 
rapid as to have a quivering character ; the paroxysm then slows down and finally 
ot'uses. Emotional . excitement, cold, or a bright light often* make the spasms 
more pronounced. In the early stages a single muscle, or part of a muscle (7), is 
usually involved, but the spasm usually tends to become more generalised. 

Gowers (1) states that direct heredity is very rare, but mentions a case where 
mother and daughter were both affected in late life. Rosenthal (8) speaks of a 
family where mother, son, daughter and two maternal relatives were affected by 
more or less extensive facial spasm, but this is not described in detail. Mayer 
(9) describes the case of a man with infra-orbital neuralgia giving place after 
the lapse of five years to spasm of the left eyelid and finally of the whole side 
of the face; his mother had been similarly affected, but in her case the spasm 
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preceded the neaialgia. Probably the last were really oases of tic douloureux 
or iruuM &cial spasm. 

I'he herediti^ oases described by Piedagnel, Blache, Delasiauve and Clintrao, 
which arS sometimes alluded to under the heading of facial spasm, seem to have 
been most probably true cases of tic, and have been referred to above as such. 
Qowers states that an inherited neurotic tendency to insanity or epilepsy can 
sometimes be traced. 

The case we shall now describe is unusual in several respects, and appears to 
demonstrate the hereditary transmission of the affection more com^iletely than 
any case yet .described. 


Pedigree of Familial Facial Spasin. 



* *T X $uli^l X Dl«d WiuBft '‘V 

O iit liumlji knobiu 

The subject who came under our notice was a male of 18 years of age, of 
Polish parentage on both sides, and the second child in a family of 8, His 
general health had been excellent; he weighed 87 kilograms, and his stature was 
178 cm. His respiratory measurements were high and his circulatory system showed 
nothing abnormal. In a series of mental speed tests he was undormly brilliant 
and in tests of muscular power was also in the first grade, whilst both visual and 
auditory acuity were much above normal. In muscular precision and discrimi- 
nation of weights he made average scores, but was distinctly subnormal m tests of 
sensory discrimination, and failed completely in a balancing teat designed to 
measure steadiness of hand and arm. These results confirmed an impression of a 
good physique and unusually quick intellect combined with a somewhat resth^ss 
and highly strung temperament 

Throughout the examination there was noticeable a very rapid clonic spasm 
localised to the levator menti muscle between the chm and lower lip. This spasm 
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was often so rapid as to become a quivering movement or tremor, and ceased for 
short intervals, becoming more pronounced during the performance of psycho- 
logical tests requiring sustained effort. It was never ob^rved to spread, to any 
other muscle, and according to his own account no other parts of the faee or body 
weie ever affected. The whole muscle was apparently involved and there was no 
sign of any predominant lateral distribution of the spasm. 

On inquiring as to heredity, he asserted definitely that an identical affection 
was present in one of his brothers and four sisters, in a daughter of one of those 
sisters, in a maternal uncle and four children of the latter (one male and three 
female), and in a brother of his maternal grandmother. His parents and grand- 
parents were themselves free. From further details the accompanying pedigree 
was constructed, from which it will be noticed that : 

(i) The affection was manifested in 13 individuals in 4 generations. About 
his great grandparents the subject could give no information. 

(ii) Of these 13, 8 were females and o males, a proportion agreeing closely 
with Gowers statement that the disease occurs predominantly in females in the 
proportion of about two to one. 

(iii) Transmission occurs both through affected males and females, and there 

is an apparent tendency for its pi'ovalence to increase with succeeding generations ; 
at any rate the proportions of total childrcm affected in generations II to A* were 
successively J, Where an affected male transmitt(*d the disease, all his 

children were affected. 

(iv) Transmission through an unaffected female occurs twice in succession, 
an unaffected mother and h(*r daughter carrying the disease to six grandchildren. 
This of course occurs in many hereditary anomalies, but in the case of nervous 
affections has rarely been demonstrated. Thus Huntingdon's Chorea is stated by 
Huntingdon never to skip a generation (10), and I am not aware that it has been 
demonstrated in Paramyoclonus multiplex or other here<litaiy nervous affections. 

The occurrence of insanity, epilepsy or any oth(‘r neuropathic tendency in this 
family was denied. Another unusual feature is the appt^arance of the affection at 
an early age in some nu^mbers of the family. A few instances have, however, been 
met with where the onset was noticed as early as 20. This case presented none 
of the features characteristic of a tic or habit spasm, and there appears little 
doubt as to the diagnosis. Gowers states that where the spasm is localised to one 
muscle, the orbicularis palpebrarum or zygomatici are most commonly affected, 
but that the depressor anguli oris or levator menti are sometimes implicated. 
According to the information supplied, the affection remained entirely confined to 
the levator menti region in all the affected members of this family. 
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A BIOMETBIO STUDY OF TH|: INTER-BELATIONS OF 
“VITAL CAPACITY,” STATURE, STEM LENGTH AND 
WEIGHT IN A SAMPLE OF HEALTHY MALE ADULTS. 

By hVCY I). CRIPPS, MAJOR GREENWOOD and ETHEL M. NEWBOLD, 

[Being a j^aper read before the Society of Biometrigiane and MaBiemaMcal 
Statisticians, October 28, 1922.] 

Introduction. 

In any study of physical fitness or efficiency the first difficulty to be encountered 
is that of the definition of Fitness/' A more or less satisfactory definition having 
been framed, one seeks for a variable magnitude highly correlated with the com- 
plex defined as “ fitness," so highly that it may itself be deemed a measure of 
"fitness." This point having been reached, we have to ascertain whether "fitness" 
so measured is correlated with other measurable physical or mental attributes to 
such an extent that, the latter measurements of an individual being assigned, his 
or her "fitness" can be estimated within reasonably narrow limits of accuracy. 
Eighty years ago, Dr John Hutchinson* concluded that "vital capacity," that is, 
the volume of the maximum expiration following a maximum inspiration, was a 
valuable measure of " fitness " and that its variations were highly correlated with 
certain boilily dimensions. More recent investigators have endorsed Hut<?hinson s 
contentions in principle, although they have modified the form of the relation 
between " vital capacity " and other variables, and made a different choice of the 
latter. 

This memoir is wholly concerned with the second part of Hutchinson's and his 
successors' problem. We shall not discuss the question whether " vital capacity " 
be or be not an adequate measure of " fitness," but confine ourselves exclusively to 
the sinrlple bioruotric question — with what success can "vital capacity" be ex- 
preased as a function of the variables, stature, stem length (or sitting height), and 
body weight when either litiear equations or simple exponential functions of the 
independent variables are employed. 

Previous Investioations. 

We shall not attempt to give a complete historical study of the work stimu- 
lated by the publication of Hutchinson's results, but an abstract of the original 
work and a short reference to subsequent investigations will probably interest the 
reader. 

* On the Capacity of the Lungs oA the Respiratory Functions with a view of eittabllshing a 
precise and easy method of detecting Disease by the Spirometer." Tran»artion$ of the JRoyal Mtdieo^ 
Chir^rpieal Hoeiety cfLondtm, Vol. xxix. 
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TABLE I. 


T(Me of Mom Vital Capacity of 16 Diformt Claooeo considered as Healthy, (HotchinSON ) 
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Hutchinson took as his chief criterion vital capacity, i.e. the volume of the 
greatest expiration following the deepest inspiration. This differs from the total 
lung volume by the amount of the residual air, ie. the quantity of air which 
always remains in the lungs and over which we have no control Having chosen 
his measure, he next proceeded to investigate its normal value in healthy people 
as a standard of measurement. In examining the work of his predecessors on 
vital capacity, Hutchinson found various statements as to its mean value (varying 
from 1637 c.c. to 4916 c.c.), but few direct experiments and these on very small 
numbers. Hutchinson’s great advance on previous work was that, besides using 
direct experiment on large numbers, he brought in the idea of proportion and 
tried to establish normal relations between vital capacity and other physical 
measurements. He says ; 

One of the fundamental rules in architecture is proportion, the relation that 
the whole fabric has to its constituent parts and which each part has to the 
complete idea of the whole, for in buildings that are perfect in their kind, from 
•any particular part an architect may form a tolerable judgment of the whole : just 
in like manner the physiologist from a portion of the viscera, say an Ktgan, should 
be able to form a tolerable judgment of the whole man from whom it was taken.” 

The other observations that Hutchinson took besides vital capacity were : 

Power of Expiratory Muscles. 

Power of Inspiratory Muscles. 

Circumference of the Chest over the nipples. 

Height. 

Weight. 

Pulse (sitting). 

Respirations per minute (sitting). 

Age. 

Temperature of air breathed into the spirometer. 

Remarks on the occupation and general appearance, 

TABLE II. 

Height and Vital Capacity in Arithmetical Progression. (Hutchinson.) 


Height 
ft. in. 

Senes from 
1012 oases 
oubio inches 

Series from 
1917 cases 
cubic inches 

Senes from 
Arithmetical 
Progresston 
cubic inches 

Arithmetical 
Progression 
cubic cms. 

5 1 

176-0 

176-0 

174-0 

2861 

5 3- 

188*6 

191-0 

190*0 

3113 

5 5 

206-0 

207-0 

206-0 

3376 

5 7 

222-0 

228-0 

222-0 

3638 

5 9 

237-6 

241-0 

238-0 

3900 

ft 11 

264*6 

268-0 

264*0 

4162 

Means of all 
heights 

214*0 

217-0 

214-0 

3507 
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These records were made on 2130 persons of the following classcMS: 


Sailors (Merchant Serv ice) . . . 

... 121 

Fire Brigade of London 

82 

Metropolitan Police 

... 144 

Thames Police 

76 

Paupers 

... 129 

Mixed Class (artisans) 

... 370 

1st Battalion Grenadier (Juards 

87 

Royal Horse Guards (Blues) ... 

59 

Chatham Recruits 

185 

Woolwich Marines 

... 573 

Pugilists and Wrestlers 

24 

Giants and 1)\\ iirfs 

4 

i /Pressmen 30 \ 

... . 73 

Draymen 

20 

Girls 4.. 

26 

Gentlemen 

97 

Diseased cas(*s 

60 

Totiil ^30 


The mean values of the vital capacities that hi^ observed for these at different 
heights are given in Tabl<‘ I (cubic inches are converted into cubic centimetres for 
comparison with others), which is typical of the way he presents his data. The 
means for each height (at the bottom of the table), as Dn^yer has pointed out, are 
wrong as Hutchinson had not weighted his groups. (To the last column of means 
has been added the corrected means for each height.) 

To get the relation b('tw(*en vital capacity and height he prejiared two similar 
tables grouping his classes of j)eople together, calculated the moan of vital capacity 
every two inches of height, and so obtained 1'able II. The last column in this is 
the nearest Arithmetical Progression obtained apparently by- inspection. His 
result was : 

‘*For every inch of htu’ght from 5 feet to 6 fe<d eight additional cubic inches of 
air at 60*^ are given out by a forced i‘Xpiration.^’ 

He treated his weight table in the same manner, sub-dividing for height at the 
same time, but found that the effect of weight was not so definite as that of 
height. He concluded that weight did not affect vital capacity until it was in 
excess of what it should be for a given height ; but the difficulty arises, that there 
exists no standard of weight for given heights. He found that the relation between 
vital capacity and weight was not linear throughout. Vital capacity ascended up 
to 160 lbs. and then remained nearly stationary up to 200 lbs. More exactly, vital 
capacity increased with weight in the ratio of 1 cubic inch to I lb. from 106 
to 165 lbs. and from 165 to 200 lbs. there is a loss of 89*5 cubic inches. This 
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refers to heights of 5 feet 6 inches and he modified it for other heights. Dreyer 
has re-calculated this, weighting the various groups properly, and finds that when 
this is done vital capacity asconds with weight. 

Hutchinson next tried to find a standard relation between weight and height, 
die added other observations and so brought his males up to 3000 of ages from 
15 to 40 years. Table Til shews his scale of weights for different heights. He 
says that instead of varymg as the cube of the height as it should do if the body 
were symmetrical, weight does in fact vary as the 2*7 6th power of the height. 

TABLE III 

Mean Weight (including clothes) in BelaMon to B eight o/3000 Males. 

Ages 15 <0 40 years. (Hutchinson.) 






Number of 

Mean Weight 

Mean Weight 


XlQlgniH 


Oases 

in lbs. 

in kitogtams 

ft 

in. 

ft. 

in, 



a_ 

i 

« to 

5 

0 

2G 

92 ‘Se 

41*86 

r» 

0 

6 

1 

17 

115*62 

*52*40 

5 

1 

5 

2 

36 

124*33 

56*40 

5 

2 

5 

S 

43 

127*86 

68*00 

f) 

a 

<*•> 

i 

88 

138*01 

62*60 

5 

4 

5 

5 

126 

13917 

63*13 

5 

5 

5 

f) 

2U 

144*93 

65*74 

5 

6 

5 

7 

316 

144*29 

66*46 

5 

7 

5 

H 

379 

152*69 I 

69*21 < 

f) 

« 

5 

9 

i 468 

157*76 

71 *66 1 

• 5 

9 

5 

10 1 

1 368 

166*40 

76*48 

5 

10 

5 

11 1 

1 348 1 

170 86 

77*50 

5 

11 

(1 


1 245 

177*45 

80*49 

t) 

0 

6 

1 ' 

' 326 1 

218*66 

99*18 

Total 

3000 

! 

147*86 

67*07 


He IS here probably quoting Quetolet, as ho did when he corrected for clothing by 
taking its weight to be 1/18 of the total weight in the case of males and 1/24 in 
the case of females. Hutchinson’s conclusion was that an excess of 7 7* of more 
over the normal weight fur any given height would influence the vital capacity, 
but that a smaller excess would have no effect 

He treated age in the same way as weight for different height groups. He 
first examined 1088 subjects with no definite result Then from a series of 1776 
healthy subjects he found that from 16 to 35 years the vital capacity increased but 
after the age of 35 decreased by 19 cu. in., 11 cu, in., and 13 ou. in. respectively in 
the three succeeding 10-year periods, Lo. approximately at the rate of 117 c.c. per 
five years. 

As regards chest, Hutchinson said : 

“ 1 do nut find there exists any direct relation between the citcumferenoe of 
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the chest and the vital capacity ; for the height of 5 feet 6 J inches the difference 
in vital capacity for an increase of | inch in the circumference is quite iiTogular/' 

He therefore rejected absolutely the circumference of the rhest as a guide to 
vital capacity. This is in spite of the fact that he asserted that the most remark- 
able relation of the circumference of the chest was to weight, with which it 
increased in an exact arithmetical progi'ession of 1 inch to every 10 lbs. How 
such a definite relation could exist between chest and weight, in conjunction with 
the relation he found between weight and vital capacity, without any relation 
between chest and vital cajwicity, Hutchinson did not attempt to explain. 

To sum up his conclusi(y>i8. In healthy cases vital capacity is chiefly aflbeted 
by height, weight and ago thus : 

Height. An increase of 8 cubic inches at 60"' for every inch of htught. 

Weight At height 5 feet 6i inchos vital capacity is not affectc*d under 161 lbs., 
but above this point it diminishes in tin relation of 1 cubic inch per lb, up to 
196 lbs. At other heights 10 7 maybe added to the mean h(‘ight before ajiplying 
this rule. 

Age, A decro;ise of rather more than 1 cubic iiu'h per year. 

(Uiest No relation. 

Hutchinson also assorted that standing height was not correlated with sitting 
h(‘ight, but that the latter was constant. Ho only gave figures for one jiair of 
cases, but said that othei's gave the same result. 

He considered that vital capacity was govcTned by the mobility of the chest 
rather than its absoluU^ volume, but did not go into this [xiint sbitistically beyond 
examining the lung capacities of 20 corpses. 

He found that position might make a difiercncc c»f 655 cubic centimetres in 
vital capacity. In support of his claim that vital capacity might be a useful 
measure to detect j)rogress of disease, he gave the vital capacity in 22 early cases 
of phthisis and 9 advanced compared with the theoretical healthy values, calcu- 
lat(*d i^rom his means of people of the same physicjal development (sc^e Table IV). 

Not many observations appear to have been ]mblislu‘d concerning the vital 
capacity of diseased persons, but Hutchinson’s differences were larger than those 
found by other writers quoted below. 

Hutchinson’s work was of much statistical value. He did not, unfortunately, 
present his data in a form to allow correlation coefficients to be calculated, for one 
cannot get the standard deviation of his vital capacity, but, as we shall see later, in 
spite of his faulty method of getting means, the regression coefficients at which he 
arrived differ very little from those we have found in a sample of about 1000 Air 
Force cadets. 

Shortly after the publication of Hutchinson’s work, Fabius of Amsterdam, 
anticipating a criticism reiterated in our own time, objected that stem lengtli and 
not height was the appropriate independent variable to which vital capacity 
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ought to be related. We have not soon Fabins' paper, which was apparently 
a degree thesis, but his statistics are re-printed in the monograph of Arnold. 

TABLE IV. 


Vital Capacities of Tuberculous Subjects. 


Hutchinhon. 


MALES. 


f MJU I fVA* 


Vital Oapacitt 



an r.nrJyoio uf Lliwt* viabio V) it is evident that Fabius had no justification 
for hie conclusion that stem length was a better variable to choose, and it also 
apjiears that stem length is not oven approximately constant 

In 1858, Arnold of Heidelberg published a full monograph on the question, 
conhnning generally Hutchinson’s views, but attaching more importance than the 
latter did to chest circumference and expansion. From Arnold’s tabulation ot 
216 adults (observations of his own, together with those of Fabins and Simon) wo 
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find the oorrelation of stature and vital csapacity to be 0-7118 ±00226. The 
mean vital capacity vras 3588 c.c. with a standard deviation of 487 c.c., giving a 
coefficient of variation of 13*6 The correlation is higher, but not significantly 
higher, than we have found. The variability of vital capacity is remarkably 
constant in all the series we have examined, despite differences both of methods 
of measurement and of mean values ; Arnold’s, Schuster’s and our own results are 
nearly identical. Arnold also published data respecting wouion, with these we 
shall not deal in this paper. 

TABLE V. 

Fahius' A nisterdam Students. 



Mean 

Standard 

Deviation 

Coeffioieut of 
Variation 

Number of 
Obsorvatione 

Vital Capacity 

3717*74 C.C, 

505 OOc-c. 

13*61 

110 

Standing Height . 
Sitting Height 

173*43 om». 

6*68 oms. 

3*85 

116 

75*22 cmn. 

1 

4*38 cma. 

1 

5*82 

116 * 


('Correlation (Coefficients and Ratios. 



r 

V 


Vital (^a}>acity and Standing Height... 

•661 ± *035 

•7J5+-031 

*0738+ 034 

Vital ( ’apacit y and Sitting Height . . . 

•604 ±*040 “ 

*652+ *036 

•06(K)+*03I 

Standing Height and Sitting Height. 

•732 ±*029 

•740+ 028 

•0121 + *01 1 



f 

Partial 

liegiesHion Equations 

Equation 

Standard 

Deviation 

Vital Capacity in c.c. from StaiMimg Height in ciiis 

a--r>0-(»0»U -4955-l» 

379*71 

Vitiil (^aiMioity in cc from Sitting Height in cuih. 

t»69-82a<J//- l.W-aH 

403*10 


After Arnold’s time several other pa{)crs wen' published, but we have given 
typical results and now pass to Dr Eflgar Schuster’s paper in BiomefrilVi vni. 
11^11, p. 40), wherein the vital capacity and other dimensions of 959 Oxford under- 
graduates arc analysed. 

Schuster studied the correlations of vital capacity with stature, weight and 
strength of pull, (These are given in Table VI for comparison,) Schuster does 
not give any measure of the linearity of these correlations. The mean of these 
Oxford undergraduates is greater than that of any of Hutchinson's healthy classes, 
and especially greater than that of the class he calls ** genilomon.” Schuster’s 
vitaf capacities are the mean of each individual’s attempts, most othoi investi- 
gators take the maadmtm. Schuster’s results agroo closely with those we obtained 
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from the Air Force data. The size of the standard deviations is to be noted in 
view of the suggested use of vital capacity as a test for the early diagnosis of 
disease. Though it might be argued that these data contain unfit persons as well 
. as fit, it will be seen that standard deviations of the same size were obtained from 
a perfectly fit sample of Air Force cadets. 

* TABLE VI. 

Schuster’s Results. (Oxford Undergraduates, Biometrika, Vol. vili.) 

(Weight taken fully drowsed except boots and coats.) 

(Lung (Ja|»aoity=» Vital Capacity*" Mean of 3 trials.) 



LdNO CArAOITY 


Weight 

Age 

No. 

Mean 

Standard 

Deviation 

Mean 

Standard 

Deviation 


o.c. 

o.c. 

St. Ibfl. OE. 

fit. lbs. oz. 

18 

129 

4184±34 

606-2 ±238 

Ccneral Avorage 10 11 1 5 

1 2 0 

19 

330 

4278 ±22 

602*5 ±1.5*8 



20 

209 

4208 ±29 

eU*6±20*2 

Statuuu 


21 

137 

4438 ±39 

683*1 ±27*8 



22 

95 

4301 ±37 

540*9 ±26*5 

Moan 

S>tA)ulard 

23 and over 

59 

4418 ±59 

674*8 ±41 *9 

Deviation 

(lenoral 

Average 

959 

4315 

(U3*2 

( Icneral Average J 705*0 mm. 

1 CG*0Bmm. 


(^irfolatioii (Coefficients. 


Age 

Lung Capacity 
and Stature 

Lung Capacity 

Lung Capacity and 

Stature and 

• and Weight 

Strength of Pull 

Weight 

18 

•44 ±*05 

•56 ±*04 

*44 ±’05 

•50+ -04 

19 

•66 + *02 

•62 ±02 

•40 ±*03 

•63 ±-02 

20 

•55 ±*03 

*52+03 

■37 ± -04 

•68 ±03 

21 

*64 ±*03 

•66 ±-03 

•32 + -0.6 

•70 ±*02 

22 

•59 ±*04 

•62 ±*04 

•31 ± •(«) 

If* 

•72 ±*03 

General 

Average 

1 -.67 

•59 

•37 

•66 

i 


Pearson’s 1 (XK) Cambridge Undergraduates, 1 899 *49 ± -Oa 


Garvin, Lufuisqaard and van Slyke, These three authors published a paj^er 
entitled “Studies of Lung Volume/’* in 1918, which contains some detailed 
results on tuberculous subjects. The vital capacities for males deduced from their 
figures are given in Table IV, In the second column has been added the normal 
vital capacity from weight according to Lreyers Tables, and the third column 
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shews the differences. The loss of vital capacity shewn by all the incipient cases 
is well within the sampling error given by Schuster, and it is only in the more 
advanced cases, which have well developed physical signs of disease, that the 
difference can have any significance. 

In 1919, Professor Georges Dreyer entered the field. He niaintaino<l that 
Hutchinson’s work was fundamentally sound, but that (a) stem length should be 
substituted for standing height, (6) that the variables used should be connected 
by equations of the form where a and b arc constants. Dreyer was 

originally led to test this form of relationship by biological considerations. From 
a study of the relationship between body weight and aortic and tracheal area in 
animals, he was led to surmise that the constants were proportional to body 
surface. His jxisition appears to be that, if a formula capable of a biological 
interpretation is found to describe o range of facts with tolerable efficiency — even 
if not actually so efficient as an ad hoc method — if, further, the range covered 
is wide, then such a method deserves the preference. 

The practical rosults of Dreycr’s investigations are summarised in a small 
volume of tables entitled “The Assessment of Physical Fitness” by G. Dreyer and 
G. F. Henson. The precise data and groupings used to compute the constants 
have not, so far as we know, been published, but are stated to depend upon 
“ a number of observations sufficient to ensure a degree of accuracy that should 
prove entirely satisfactory.” Tables for the computation of: 

Norma) Weight from sUuu length, 

Normal Weight from circumference of the cliest, 

N<»rinal Vital Capacity from weight, 

Normal V^ital Capicity from stem length, 

Normal Vital Capacity from chest eircumferenco, 

are provid(‘d ; there are separate tables for males and females, and both im}K*rial 
and niotrie units are entered. 

The instructions for using the tables stiite that one should first asc<‘rtain 
whether an individual’s weight is normal, judged by his chest circumference and 
stem length. If it is so, the vital capacity- weight table should bi^ used; if it is 
not, the values from the vital capacity-stem length and vital ca];)acity-chi‘fet 
circumference are to be averagt»d. It may be remarked that, according to these 
tables, a variation of 10 7o the mean weight is probably, and of ir)7o> 

certainly abnormal. We have found that in a sample of 950 passed fit cniididates 
for the Air Force, the coefficient of variation was 11*4 while for constant chest 
circumference it was only reduced to 84 7o* 

Dreyer’s results have found support and criticism in various paj^KTS ; w'C have 
no concern here either with supporters or critics, our problem being a pundy 
biometric one, viz. whether in fact the formulae used for the tables or similar 
formulae were better descriptions of a sample population than those based upon 
elementary biometric considerations. 
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Wc kuuw thAt, owing to the energy of Wing Commander Martin Flack, C*B.£i.| 
a eonsiderablo mass of data suitable for our purpose had been collected in the 
Royal Air Force. By the kind permission of the Director of Medical Services of 
the Royal Air Force, and with the cordial co-operation of Wing Commander^ 
Flack— -to whose expert advice and criticism we owe much— we have been able to 
use a large number of records, to which we now turn. 

The data wore measurements of 1238 candidates for commissions in the Royal 
Air Force, supplied by Wing Commander Flack. This population, distinguished 
as A in the tables, was analysed and the whole analysis repeated upfta the 950 
measurements relating to candidates passed as fit, tables relating to the latter being 
marked B. The selection has made very little difference in the aritbmeticivl 
values of the constimts. It will be seen that the mean and standard deviation of 
vital capacity are slightly larger than and the coefficient of variation almost 
identical with Dr Schuster’s findings on Oxford undergraduates (see Tables VI 
and VII). There is a similarly close agreement in respect of stature, our men 
are slightly shorter but have the same variability. Dr Schusters coefficient of 
variation was 3 74, ours 3*64. It may be said that, in respect of the variables 
studied, the Air Force candidates arc in pari materia with the Oxfonl umlor- 
graduatos, who pr<)vi< led* some of the evidence upon which Droyer relied. 

From the table of coefficients of correlation (Table VIII) wc may infer that few 
of the total regressions are strictly linear, but that the departures from linearity 
alth<iUgh significant are not large, excepting those instances into which weight 
and ago enter. Passing to the effect upon variability of vital capicity produced 
by allowance for the other variables, it is found that the fourth order btaiulard 
deviation is for A 496 c.o., 77’4 of the standard deviation of zero order, for B 
data it is 76*6 7o zero order value. This result is itself enough to shew that 
predictions from all four measurements, standing height, sitting height, weight 
and chest circumference, ai’e subject to a very large error of sampling, roughly 
10 or 12 7o average value. 

Returning to the deviation from linearity, wc remark that all the deviations 
from the linear trend of importance occurred where observations wore scanty. 
Apart from age (not at first considered owing to the limited range) standing 
height, chest circumference, and weight were least linear -and, in the two latter 
cases, equations of type y^oixf* wore applied, but neither shewed a better graduation ; 
vital capacity in terms of weight was, however, better graduated by a cubic than 
by a linear equation. The trend of means of vital capacity in terms of weight, 
actually shews the same apparent inflexion at higher weights mentioned by 
Hutchinson, but we can put little stress upon our result since the frequency 
of heavy weights amongst the cadets was small It is, however, possible, as 
Hutchinson thought, that after a certain point increase of weight— due to mere^ 
adiposity — is unfavourable to vital capacity. The American actuaries found that 
‘‘ over weights” were worse lives on the average than “ under weights.” 

When exponential functions were fitted to the data, we first obtmned an 
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approximate value by fitting the logarithmic line by least fcKjuares and then im- 
proved the value by the use of one or other of the following methods, the use of 
which was suggested re8i)ectively by J)r Isserlis* and Mr Trachtenberg. 

(I) To fit y = wifi. First find 6 an approximation to /8 by fitting the logarithmic 
equation by least squares. Then find the least square equations for making 
O/r - cur/y a minimum, eliminate a from them and in the resulting equation 
for yS, rej)hice y8 by 6 -f u, expand afi in powers of h log^t? and solve for a neglecting 
u* and higher powers. Having got yS, a can be obtained from the least square 
equations. 


Thi(s NotatioH 


tt 

/>, = 2 log^,. 

^ . ij 

r~l 

./j = 2j“‘’, 

n 

/)9 = 2 log x, , 

f/, = %y(P\ 

r-^ 

log J’, 

n 

/>,= 2(logj',)-, 

</B=2ar*''loga!, 

r=l 

u 

y„ = 2y./.''(logx)», 

j) 4 = 2 (logx, logy,). 

t -1 



^*2 = 

== Syo:^, 

,^4 ~ "Styufi log .r. 


Make 


This gives 


^2 (log yr — log a + 6 2 log Xrf i\ miiuinum. 

0 =r "JhZht^ l,ur a ^ p* - 

^ tIpi-pi » Pi 


Now tit y = i.o. mHk<* 2 (y, — a.rfiy a miinmiim, 

/• 1 

2x/(y,-o[x/)-0 (0, 

log av itfr - = 0 (2), 

and aS {.Vr^ log x,) = 2 log x,) (',]). 

... (4,. 

Take yS a= 6 -f- and solve (4) for u neglecting w® and expanding 

afi ^ (1 -P a log d), 

(1 4- 2w logx). 

2 l og x) 4- 2t/ 2 { df^ (l og x)- } 2 [yx^ log x] -f a2 {y^fi (log xY] 

2 (x*^) + 2w 2 log x\ 2 {yx^) -f a2 {yafi log x) ’ 

(/.j-f2ay5 q, + uq^' *’ 93(/«+ 74?8 


From (3) and if these two values of a agree, then the values of 

a and yS are correct. 

[* The process is Gauss’ fundiunental method applied to a speoiat e. Eo.] 
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'^more accurate values are wanted, repeat the process, using yS instead of 6. 
(II) To fit y =6c* etc. or similar index forms. 

Let jjx = observed value, /(«, a, 6, . . .) * the theoretical value. 

Lot = e,. 

Then log/(«!, a. 6, . . .) = log (y* - e,) 


= i»sy.+i»g(i-|) 

■'““-iriC’)’" 


if -"<1. 


TABLE IX A. 


A ir Force Cmdidatee. Total arid Partial Correlation Coejfidmitfi. 

A (All t^aiididatos)* 

I Vital Capacit} I Vital Capacity Vital Camoicy Vital Capa- * Vital Capa- 
aiid Standing | and Sitting and city and I city and 

• Height Height Weight , Chest Age 


Total ( VicfticiontH 

Partial C am U 
l«i order. Variables kept constant: 

Standing Height 

Sitting Height 

Wi'ight 

('host 

Ago 

2/if/ order: 

SUndiiig lloiglit and Sitting Height 

Standing. Height and Weight 

Standing Height and Chetst 

Standing Height and Age 

Sitting Height and Weight 

Sitting Height and ( 'liest 

Sitting Height and Age 

Weight and Cheat 
Weight and Age 

('’heat and Age 

3rc/ order: 

Standing Height, Sitting Height and Weight 
Standing Height, Sitting Height and (Hient,, 
Standing Height, Sitting Height and Ago 
Si tting H oiglit, W eight and Chest . . . 

Sitting Height, Weight and Ago 
Sitting Height, (jhest and Age 

Weight, Chest and Age 

Standing Height, Weight and (Jhost 
Standing Height, Weight and Age ... 
Standing Height, Chest and Age 

Uh order: 

Standing and Sitting Height, Weight and Age 
Standing and Sitting Height, Chest and Age 
Standing Height, Weight, Chest and Ago ... 
Sitting Height, Weight, Chest and Ago 


•508 ±-013 

1 •5271-014 

•483 1-015 

•413 1*016 


•2351*018 

, -251 1-018 

•282 l-Oi8 

•33H+'017 


•284 1-018 

•279 1*0J8 

•414 ±*016 

•365 + -01 7 


•08791 -019 

•498 fOU 

•4431*015 

•288 1*018 

— 

•5681*013 

•5301*014 

■498 1-014 

•439 1-015 



•202 1-018 

•248 1-018 


•183+ -OJ 9 

— 

•152 1-019 


•192+ *018 

•073 1*019 

- 


•238 1-018 

•260 1‘018 

•299 +-017 

•276±-0J8 


— 

•116 1-019 

•3151*017 


•128 1-019 

— 

■333 +*01 7 


•304 1-0J7 

•315 1-017 

•430+ -016 

•372 + -01 7 


— 

•1(X)1*016 

•361 + ^0I7 

1 

•123 1-019 

•4851-015 

•144 1*015 

•287 1*01 8, 

•153 f019 



•041 +*019 



•217 1*018 1 

•273 1^018 

•2921 -018 



— 

•2581 *018 
•295 + -01 8 


•J27 11)19 1 

•134 1'019 

•4041-016 

•3671-017 

•1831-019 

•1891-018 


•138 1*019 


•2021 -018 

•079 1*019 

•141 1*019 



•04631-019 



•191 1*018 




•261 ±-018 
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TABLE IX B. N^en im- 

Air Force OandidateB, Totd and Partial Gorrelation Coejwients, \ibc of 
i? (Fit only). 



Vital Capacity 

Vital Capacity 

Vital Oapaoity 
ana 

Vital Capa< 

Vital Capa 

• 1* 

and Standing 

and Sitting 

city and 

city and 


Height 

Height 

Weight 

Cheat 

Age 

v*. 

Total Cocfticioiitii 

•-WCfOH 

•549 + •015 

•495^017 

-.395 +3)lfl 

-•omtm 

ParM Coeffivients 

St order. Vanables kept constant : 






Standing Height 

Sitting Height 


•227 ±’021 

■259 ±*020 

•269 ±■020 


•328 ± -021) 


•282 ±020 

•218 ±'021 

— 

Weight ^ 

•434 ±*01 8 

•v^sefoin 

— 

•048 ±*022 


Chewt 

•524 ±-016 

•473 +■01 7 

•32H + -020 

— 

— 

nd order: 






Standing and Sitting Height 

Standing Height aim Weight 

- 

— 

•21 4 ±'021 

•225 ±*021 

— 

— 

*l72f021 

- 

•111 ±‘022 

- 

Standing Height and (Jliont 

Sitting Height and Weight 

- 

•187 ±*021 

•Ill ±*022 

- 


— 

— 

— 

•0763 ±*022 

— 

Sitting Height and (’host 

— 

-- 

■158±*021 


— 

Weight and Chest 

444 ± ’018 

mtm 


•— 

- 

rd order: 1 






Standing Height, Sitting Height and Weight 

- 


- 

110 ±-022 


Standing Height, Sitting Height aud(^hcat... 
Sitting Height, Weight and Chest 

— 

— 

•O82±;022 

— 

— 

•284 ±-020 

— 


— 


Standing Height, Weight and Chest 


•171 ±‘021 

~ 




€ € 

Ni'glcctiiig 8(inarc8 of •“ , log/(a:, a, ft, ...) = Icgy, - f . 

!/x JX 

We now (Icviiitc from the general case, which would mininiise X , and make 

, . . 

i«ji“ a uiiniraum, 

i.c. ^ [y* (log/fsB, a, b, ...)- logy*)]* a minimum*, 

* Differentiate with respect to a, b, c, etc. and gel the equations for the amstants. 

The results of those are shewn in Table XI (p. 332), the two methods give practi- 
cally the sjvmo result in the case we have tested. Method II has the advantage of 
being much shorter in working, but Method I can be applied repeatedly if a still 
better value is wanted. 

We only tested those cases where the departure from the linearity was such as 
to suggest that a logarithmic function might be more suitable ; in other cases, 
graphs gave no loason to expect any improvement; further, our main object was to 
institute a comparison with Dreyer’s published method. For this particular 
purpose a simpler method, suggested to us by Professor Karl Pearson, leads to 

[* Tliis metliod tbeiefote amonuta to fitting logarithmi by laiwt squaros and weighting with the 
tguaret of the ordinatei. H y,alog»„ we have where ia mean y, for given *. 

Hence if we oonld coneidet constant for all valuee of x, this molt wonld he, without regard to the 
approxinuiUtmt bp which it was deducedt the weighted logarithmic least 6<|iiire e^Qation and might be 
written down at once. The assumption (ry^=:oou8tant would need justihoations Bn] 
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TABLE X. 


Multiple Correlaiim Coefficients. 



A, All 



Candidates 

Oondidafies 

Qm VarMie. ' 



Vital Capacity from : 

Standing Height 

Sitting Height 

•a67» ±-013 

•5858 fOl 4 

•RiWie ±■01-1 

•5439 ±015 

Weight 

*4831 ±015 

•4947 ±-017 

Chest 

•4131 ±01« 

•3946 ±019 

Age 

-01818 + 019 

-*0119 ±-022 

Two Vuriahlts. 



Vital Capacity from : 

Standing Height and Ch(^t ... 

•«13«* 

•6246 

Standing Height and Weight ... 

Standing Height and Sitting Height 

Sitting Height and Weight 

•6042 

‘6222 

■6000 

•5792 

•6139 

•5977 

Sitting Height and Cheat 

*5775 

•5871 

Standing Height and Age 

Sitting Height and Ago ,,, 

•5679 

•5300 


Weight and Ago 

Weight and Chest 


-- 

*4892 

•49(!0 

Chest and Ago ... ' 

••4396 

•4098 “ 

Three Variables. 

i 


Vital Capacity from : 

Standing Height, Sitting Height and Chest 

‘6321 

•6392 

Standing Height, Sitting Height and Weight 

Standing Height, Chest and Age 

•6215 

•6367 

•6189 

— 

Standing Heigiit, Cheat and Weight 

•6163 

•6283 

Standing Height, Weight and Age 

•6069 

— 

Standing Height, Sitting Height and Age 

! -6006 

— 

Sitting Height, Cheat and Ago 

•5033 

— 

Sitting Height, Weight and Am 

‘5893 

... 

Sitting Height, Weight and Cnoat 

‘5869 

•6008 

Chest, Weight and Ago 

•5095 

— 

Fow Variables, 



Vital Capacity from ; 



Standing Height, Sitting Height, Clioat and Ago 

•6390 


Standing Height, Sitting Height, (liost and Weight ... 

•0329 

•6123 

Standing Height, Weight, Chest and Ago 

•6325 

— 

Standing Height, Sitting Height, Weight and Ago ... 
Sitting Height, Weight, Chest and Ago 

•6252 

1 — 

•6017 

1 — 

Five Varial>les, 



Vital Caj[)acity from : 



Standing Height, Sitting Height, Weight, (?he«t and Ago 

•6400 



* The eignifioftnoe of these valaes of p of the seooud and higher orders may be judged by com- 
parison with the following root •^mean -square values of p from independent variables, calculated from 


Yule's formula pq 




where ns number of variables and number of observations. 


A 

Vital Capacity from 2 other variables *0402 

♦t M ® »» »♦ *0492 

M „ 4 „ *0568 

6 „ M -0686 


li 

*0459 

•0562 

*0649 

•0725 


*1 
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instructive results* If the exponential relation be a more adequate expressiolL 
the facts than a linear relation, it follows that the correlation between y and 
should be significantly greater than the correlation between x and whore y is 
vital capacity and x a physical dimension. We have computed the correlation 


TABLE XI. 


• Eqimtions for finding Vital Capacity from Cheat (see Table XIII a). 
Different Methods of Fitting x^^s-axf. 

Vital OaiMicity iu cubic oontinietres. Chest in centimotros. 


i 

1 


P 

( 1 ) Equation obtained by fitting a straight lino to the logs Xi =» 39*41 684^;, 

(2) Equation obtained by Motliod I applied to (1) .r 2 * 44*488878.^1* ... 

39*021 

•000977 

33*607 

•nor)046 

(3) Equation obtainod by Method IT .r 2 « 44 * 149144 ?,' •**^**’38 

;)3*648 

•005016 


and correlation mtio on a random sample of 100 fit candidates with the results 
shi'wu in Table XII. It will bo seen that the constants are sensibly t'qual. This 
result might have been deduced from the size of the coefficient of variation, since 
the correlation between y and a;’* only differs from that between y and x by terms 

of the order . 


TABLE XII. 


100 Fit Air Foi'ce Candidates Chosen at Random, 



r 

V 

if - 

Vital (^)acity and Weight 

Vibil CU])acity and ( Weight )‘’*<^ ... 

•47331*052 
•1830 ±-052 

•r> 1.32 4- *050 
•5 193 ±*049 

•0394 ± '027 
•0304 t:-02C 


It has also been suggested that the high variability of the sample population 
is due to hot(TOgcneity,i e. to a mixture of two populations having diffcTcnt means 
and standard deviations for the characters considered. A mixed population so 
conslituted would exhibit a greater relative variability than either constituents, it 
would also in this case, wo think, exhibit a higher arithmetical correlation. Hence 
the correlations within the homogeneous sub-groups should bo lower than the 
values wc have obtained and, since the latter arc inconsistent with the existence 
of a relation sufficiently stringent to give much weight to individual predictions, 
wc are not, on the basis of the evidence before us, disposed to attach much 
importance to the point, although it should receive further consideration. It must 
also be noticed that the coefficient of variability of vital capacity is sensibly the 
same in the samples derived from such different populations as those of Schuster, 
Arnold and ourselves. 
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Returning to the main problem, wo have applied the following experimental 
test. 

All the regression equations of all four orders in both A and B (age not in- 
cluded) have been tested by substituting a random sample of 50 Air Force 
candidates not included in those from which the constants were calculated. The 
vital capacities of the same 60 were also calculated from each of Dreyer’s Tables. 
The root-moan-square error of these results is sh(‘wn in Tables XIII A and n 
together with the theoretical standard deviations for each regression equation. 
In every case, the regression equations give a slightly smaller error than Dreyer^s 
formulae. The observed errors of the regression linos are vt‘ry near the theoretical 
ones, standing height and sitting height on the whole having nuire weight than 
weight or ch(‘st, but in one or two cases, owing to errors of sampling, a higher 
onler equation gives a slightly larger observed error than a lower onler one. The 
observed errors from the B equations, as would be expected, are on the whole 
smaller than those from the corresponding A e<juation8. In both sets if only one 
variable is used, standing height gives the smallest theoretical error, if two an' 
used, standing height and chest, if three are used, standing height, sitting height 
and chest The theoretical errors in B range from 565 c.c. to 471 c.c. according to 
tlu' diffc'rent variables used to determine the vital capacity, and the corresponding 
observed mean errors range from 610 c.c. to 490 cc. while those from Dreyer’s 
equation range from 801 c.c. to 686 c.c. 

Incidentally if we translate our total regression cot'fficients into English units 
to compare with Hutchinson, we find that, in spite of his errors, his final con- 
clusions (except for sitting height) do not differ greatly from those obtained 
hen', e.g. 

Height Hutchinson says an increase of 1 inch in standing gives an increase of 
8 cubic inches in vital capacity. 

By .il an increase of 1 inch m standing height gives an increase of 8*8tS cubic 
inches in vital capacity. 

By B an increase of 1 inch in standing height givi*s an increase of cubic 8*87 
inches in vital capacity. 

Weight Hutchinson says an increase of 1 lb. in wc'ight gives an inen^ase of 
1 cubic inch in vital capacity. 

By A an increase of 1 lb in weight gives an increase of 1*16 cubic inches in 
vital capacity. 

By B an increase of 1 lb. in weight gives an increase of 1*16 cubic inches in 
vital capacity. 

Chest. Hutchinson says there is no direct relation botweeii chest and vital 
capacity, but if we combine his rates for weight and chest, and wiught and vital 
capacity it follows that an increase of 1 inch in chest gives increase of 10 cubic 
inches in vital capacity. 
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By A an increase of 1 inch in chest gives an increase of 8*66 cubic inches in 
vital capacity* 

By B an increase of 1 inch in chest gives an increase of 8*08 cubic inches in 
vital capacity. 

Cliest on Weight Hutchinson says an increase of 10 lbs. in weight gives exact 
increa8<5 of 1 inch in chest. 

By A an increase of 10 lbs. in weight gives an increase of *868 inch (and is 
very nearly linear). 

By B an increase of 10 lbs. in weight gives an increase of *850 inch (and is 
very nearly linear). 

From the results above described we draw the following conclusions. 

(1 ) The relation between vital capaiiity taken as dependent and weight, height — 
however measured — and chest circumference taken as independent variables is 
rather better described by multiple linear regression formulae than by the "'rational 
formulae*’ of Professor Dreyer, when the data under study are measurements of 
ostensibly normal adult males. 

(2) The systematic use of the* method of multiple regression has the advantage 
over Professor Dreyer’s method of bringing out the extent to which the accuracy 
of an estimate of vital capacity is improved, by the introduction of more and imm* 
independcuit variables. 

(8) It ap])eai*s from such analysis that the variability of th(‘ \ital capacity of 
normal male adults is wry givat^and remains very gn*at, Ixung reduced by less 
than 26 of its initial valu(‘, when as many as four itidejxmdent variabhss art' 
used for estimation. 

(4) Upon th(' evidence now available, it does not appear that either biometric 
or rational ** formulae can deduce from the non-physiol ogical or ordinary anthro- 
jK)metric constants, estimates of normal vital capacity confined within sufficiently 
narrow^ limits to possess real prognostic value in individual cases. 

(5) The substitution of stem length for heught does not improve the accuracy 
of pn»diction and, with the minor exceptions noticed above, Hutchinson’s method 
is as good as or better than its recent modifications. 

In conclusion, we desire to express our sincere thanks to various friends, in- 
cluding Wing Commander Flack, Professor Karl Pearson and Professor Dreyer for 
advice and criticism. 

It is likewise our painful duty to record that a valued friend and colleague, 
whose strenuous work powerfully contributed to the execution of what has been a 
laborious task, has not been spared to collaborate in the published paper. The 
death of Miss E. C. C. Allen has not only deprived us of a valued friend and 
colleague, it has deprived biometric science of a brilliant worker. 



A STUDY IN HUMAN FEETILITY. 


By G. D. MAYNARD, M.D. 

The solution of many social and eugenic problems is dependent on an accurate 
knowledge of the laws of human fertility, but unfortunately data from which such 
laws may be directly determined have been scanty, and indirect methods of 
approaching the problem were of necessity, therefore, often adopted. The New 
Zealand Census Fertility Report of 1918 added a new and important set of figures, 
and it is an examination of some of these which is undertaken in this paper. 

The following discussion is concerned chiefly with an attempt to discover the 
optimum age for marriage. The actual fertility-rate for each ago at marriage, that 
is number of living children boi*n to each married woman, is directly available from 
the tables. From the social point of view it is, no doubt, of equal importance to 
determine the effective fertility-rate, that is, the average number of children who 
survive to adult life. Unless, however, children born of women at certain ages are 
less likely to survive to adult life than those born of either younger or older mothers, 
the actual fertility-rate will probably be closely correlated with the effective rate, 
where the grouping is by age of mother at marriage, and class distinctions are not 
made. The age of maximum fecundity*, clearly, need not be identical with the best 
age for marriage in order that either the actual or the effective fertility-rate should 
be a maximum. 

Marriage de facto is the social relationship which in this connection is of concern 
to the biologist, but for obvious reasons it is only the de jure marriages of which 
we get direct records. To overcome this difficulty Mr A. O. Powys (Bioinetrika, 
Vol. 1) excluded from his figures women who bore a child within 9 months from 
the date of the recorded marriage, and called such unions ‘‘prejudiced” marriages. 
The problem ho discussed was the “age of maximum fertility in Anglo-Saxon 
women in Australia/* and he found it to be at about 25 years of age. He writes, 
“ They show quite clearly that at any rate for the Anglo-Saxon race the view of 
Korosi that fertility is greater the younger the wife is not correct. The woman 
reaches her greatest reproductive vigour between 24*5 and 27 years, according to 
climate, and the man at about 32 years.** 1 am unable to refer to Korcisi*s writings, 
but so far as the above extract is concerned, it seems possible that here two 
different meanings are attached to the word fertility, and this may explain the 
difference in views. Mr Powys very definitely states what he means in this sentence 
by the use of the phrase “ her greatest reproductive vigour,** but Korosi’s view is 

* Fecundity is used with the meaning of potential fertility, and fertility the degree of success in child' 
bearing. The **age of mazimum fleoundity’* would connote the period in the life of a woman when 
exposure to risk would be most likely to be followed by pregnancy* 
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not quoted in sufBcient detail to make it clear that he wras referring to the same 
matter. It might be true, that all women reach an age of greatest reproductive 
vigour, say at 26 years, but this would not necessarily give us any clue to fertility 
in the sense of largest resultant family. In this latter sense of the term, it seems 
possible that the words accredited to KSrosi in the above extract are approximately 
correct Oven for groups of Anglo-Saxon women, as the figures studied in this paper 
suggest. 

The New Zealand Census Fertility Report (1918) gives valuable information in 
regard to this problem, but is necessarily defective in certain respects. While it is 
possible to reconstruct the tables, so that the number of children born to women at 
various ages at ipM*rriage can be determined, and the number surviving at the date 
of the Census (1916), clearly no information is available in regard to such proportion 
of each group as did not survive to the census year. Although, as will be shewn 
later, European women in New Zealand aged 15 at marriage have the greatest 
fertility; information as to what percentage of the original group the survivors 
represent is not available. It is possible that thii survivors are a highly selected 
sample, selected in respect to the character her<» measured, and such selection may 
not be uniform with that of women married at other ages. This and other sources 
of fallacy, referred to later, must be borne in mind whop deductions arc drawn from 
the figures locordcd. 

The distributions given in Table I were compiled by extracting, for example, 
from the printed Tables arrays of families for women at ages 45, 46, etc. to 65 at 
date of census, and who hadb('en married 30, #31, (»tc. years, and in this case giving 
when summed the distribution according to size of family for women all aged 16 
at marriage, and who^j;iad lived to complete the average child bearing period, 
namely, to 45. 

On plotting the data thus obtained, it Wiis seen that no simple curve would give 
a good representation of the distributions of families for given age at marriage, 
unless some modification was made in the group " no children,'' and this becomes 
more 'and more evident as th(‘ distributions consist of women married at higher 
ages. It is clear that whether or no a relative sterility in the male be reflected in 
the number of children a woman bears, a complete male sterility must affect the 
zero group, and, therefore, this group will be a measure of Both male and female 
sterility. While, therefore, it is certain that if the husband be sterile the woman 
to whom he is mated must fall into the '^zero" group, it is not equally evident, 
having regard to the physiology of the human male reproductive process, and the 
frequent repetition of risk of conception, that relative sterility in the male will be 
a factor of much importance in modifying the fertility distribution of wives when 
completed families arc considered. If this assumption be correct, then excluding 
the zero group, the distribution according uisizo of family is in the main a measure 
of female fertility, while adventitious factors are undoubtedly introduced into the 
group *‘no children." To include this group in the distribution without modification 
would therefore lead to erroneous values for the constants, if the object aimed at be 
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to obtain a measure of the fertility of women. AsBuming as would seem probable, 
that the distribution according to size of family (including wives with no children) 
would be represented by one of the unimodal curves of the Pearson tyjws, it is clear 
that the number of sterile women as recorded requires adjustment by removing 
those cases of sterility which are not due to the woman. No direct measure of the 
reduction could of course be obtained, but by inspection of a graph of the whole 
distribution an idea could be formed of what might be a reasonable number of zero 
families so that a simple curve would be a close representation of the data. The 
zero group was therefore adjusted by inspection and the constants of the distribution 
obtained from the recorded values of the other groups, plus the assumed value for 
the zero group. The equation* to this curve having been found, and the values of 
the ordinates corresponding to 1, 2, 3, etc. children in a family calculated, the ‘‘good- 
ness of fit test was applied to all groups excepting the zero group. If the value of 
P, so obtained, did not give a reasonably satisfactory value, further adjustments to 
the data for the sterile wives was tried, previous results being used as a guide to 
subsequent alterations. The equation to the best fitting curve as found by this 
method was then adopted, and the value of the calculated ordinate for the zero 
group assumed to be the true measure of female sterility for the distribution of 
women under consideration. The constants of the distributions so treated are given 
in Table II, and in addition the mean size of the family calculated from the 
unadjusted data. 

There are other factors which may affect the size of the ‘zero' group, and which 
would not strictly be due to constitutional variation in degrees of female fertility 
on which in the main the type of the distribution probably depends ; for example, 
certain surgical operations, acquired disease, and of course voluntary prevention of 
conception, all of which are in relation to a potential female fertility adventitious 
conditions. 

There is little doubt that, in at least some of the distributions, slightly better 
fitting curves might be obtained by further modification in this group, but I do not 
think that such alterations are likely to affect the general deductions which can 
legitimately be drawn from the table as presented. 

In the higher age groups, namely marriage at 37 and 40, some modification in 
the tail of the distribution was also necessary before a reasonable fit could be 
obtained. The unaltered distributions gave J-ahaped curves with impossible starting 
points. Further justification for such alterations was providt^d hy inspection of the 
returns for late marriages, as it was evident that niisstatementH occurred. For 
example, one woman is recorded as having been married at 47 and having had a 
family of 10 living children, a most unlikely event. It is probable that either the 
marriage recorded was a second marriage, or that the date of marriage recorded 
was merely the legal recognition of a pre-existing state. The earlier the age of 
marriage the less likely are misstatements of this kind to occur. 

An inspection of Table II shews : first, that, within the range studied, which- 
ever series of mean values be adopted, the younger the age at marriag(‘ the larger 
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the family; and secondly, that the type of the fertility curves chunges from the 
symjiietrical Type II for ages 16 and 17 to skew curves of Types I, III or VI at the 
higher agos. The correlation of age at marriage with size of family os obtained 
from Table I is 

. r = — ’6008 

and the correlation ratio 

17 = -5114. 

Thus the regression is not strictly linear, although jis seen in the left-hand bottom 
diagram of Fig. 2, p. 353, the divergency is not great. 

That early marriage is detrimental to the woman and results in a restricU^d 
family and unhealthy children is a view widely held, although, so far as I can 
ascertain, one based rather on what are called “ general principles ** than on ascer- 
tained facts. On general principles, however, the reverse might equally be expected, 
for if it were really detrimental to a race that early conceptions should occur, the 
age of puberty should have become delayed through the process of evolution. 
Among the animals, and in some human societies, desire and fulfilment wait only 
on opportunity, so that, it is not unreasonable to expect that the appearance of the 
sexual passions should coincide with the optimum age for marriage. An experienced 
stock breeder infonns me that if the mating of Friesland heifers be delayed the 
calves ai’e inferior and the mothers have smaller families, while among Shorthorn 
cattle early mating is detrimental to both the mother and offspring. If this be so, 
then it is clear that “general principles” are of little value as a guide in such 
problems, and that even within the limits of a genus a uniform law may not hold. 

The analysis of the figures in the above tables seems to indicate that from the 
ag(' of 16 onward the postpom^meut of marriage results in a decrease in size of 
resultant family. In some figures very kindly sent mt* by Prof. Pearson dealing with 
similar data from England and Scotland, it appears that the largest families are 
iiSBociated in Englaiul with marriage at 16, and in Scotland at 18. The mean family 
of girls married at 16 in the New Zealand R(*turn8 is 8T78, slightly lower than 
that found for age 15, 

Cc^rtain possible sourees of fallacy, however, must be considered. First, if the 
girls who marry at the earlier ages are drawn from a super- fertile section of the 
population a disturbing factor of importance would have been introduced. It is 
generally believed that the lower social ranks are more fertile" and also marry at an 
earlit'r age, than the better educated classes. If the values here found can be 
accepted at their face value then increase in fertility is closely associated with age 
at maniage, and the higher fertility as a class chamcteristic may be apparent 
than real. The comparatively undifferentiated characU^r of the New Zealand 
population would, I think, for general p(»pulatioii statistics, reduce such a disturbing 
factor to a minimum. Secondly, if strong development of sexual desire be correlated 
with fertility the early marriages may consist of a highly selected group. It is 
possible that this may be a factor of some importance, although one I do not see 
how to estimate or to check. Thirdly, if there be a selective mortality among the 
less fertile of the child-bearing women, those surviving to 45 or over will be 
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progressively less highly selected the later the age of marriage. If this be so a study 
of the number of children bom within a limited period, after marriage at various 
ages, might indicate the importance of such a factor. 

In Table VI is recorded the distribution of families of women who have completed 
15 years of married life, and no more. Three groups arc given, age at marriage 
16 — 20; 21 — 23; and 26—30. Owing tt> the comparatively small numbers avail- 
able for treatment in this way, th<‘ ages have been grouped so that errors of sampling 
may be reduced. Table VII gives the constants of those' distributions, and it will 
be seen that the same order is maintained. It would seem, therefore, unlikely that 
a selective death-rate of the less fertile women is a factor of sufficicuit importance 
in any of the groups to disturb the general results obtained. 

An inspection of the tables from which the family arrays for age at marriage 
were derived, brings to light another point of interest, namely, that the older women 
have on the average the larger families Table III is given as an example, although 
the groups at all ages at marriage exhibit the same feature. 

This tabl(‘ gives the distribution of families of women at ages 45 to 65 at date 
of census, all of whom were married at 20. Reference to the last column giving the 
mean family f^)r each an’ay, shews the general trend of the family to increase os the 
age of the mother increases, and this cannot to any material extent be due to ad- 
ditional births after the age of 45. The congelation of age at census with size of 
family for this group is 

r - *2804 ± -0092, 

and the regression is closely linear, 

.V = ‘l743.r. 

Similar values for age 15 at marriage are 

r « ‘1306 ± 0385 and y = 0973.^. 

For age 25 at mamage, 

r =: 2506 ± -0107 and y = -ISOe^*. 

There are at least four jxissible factors which must be considered iii relation to this 
phenomenon : 

(а) That the value found for ‘'r is the measure of the correlation of longevity 
and fertility, 

(б) That there has been a progressive increase in prevalence of artificial restric- 
tion of families. 

(c) That a biological decrease in fertility has been in operation, other than an 
intentional restriction. 

(d) That improved hygi(*nic conditions leading to a reduced infantile death-rate 
have lowered the birth-rate. 

Professor Pearson* and his co-workers have shewn that, in certain groups of 
mothers studied by them, fertility was correlated with longevity. The correlation 
found for mothers in Series I was r ^ *5009 and in Scries II r - *2374. Further, that 

* Procfedinytt 0/ JUyyal Society, Vol. lxvii. p. 159 et aeq. 
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after the age of 50 the regresttion was approximately linear. These "authoiB write : 

“ fertility is correlated with longevity after the fecund period is passed/' 

The correlation values as recorded above fall into line with that found for 
Series II quoted above. 

The statistical determination of the extent of an effective artificial restriction in 
the size of family will b<' difficult to obtain until the extent of other fiwstors as 
agents in effecting maternal-fertility have been assessed. The linearity of the re- 
gression lino of age at census on size of family, not only for age 20 at marriage, but 
for other ages, renders it, I think, improbable that artificial restriction is a factor 
of much importance in producing this result. 

It is possible that as a result of change in social or other conditions a racial de- 
crease in fertility may be taking place, apart from a conscious restriction of the 
family in certain classes of the people. If the group, aged 20 at marriage, be 
divided at age 54 the constants of the distribution of families for the older half of 
the table resemble those obtained from the whole table for the age of 17 at mar- 
riage. There is thus for this subgroup of women an apparent gain of nearly three 
years, which does, I think, suggest the possibility of a biological change in fertility 
having taken place. Change of type of the distribution, owing to eliriltnation of the 
less fertile at the higher ages, would presumably be equally opeiative throughout 
both groups, 17 and 20. No doubt a deliberate restrictioii of the femily might pix) 
duce the same result, piovided it be reasonable to assume that effective methods 
were sufficiently widely known and their use progressively desired by the general 
population of New Zealand wives, married in 1871 to 1891. 

Improved hygienic conditions and care of the baby, if successful in decrt*asiug 
the infantile mortality, might conceivably be an important factor in reducing the 
number of children born to a woman. A high infantile mortality in the first months 
of life rc'duces appreciably the duration of lactation, and therefore decreases the 
period of immunity to pregnancy which is usual during lactation. If, however, this 
were of importance in raising the mean family as detennined by the number of 
children bom, its extent would be indicated by comparing the mean number of 
children surviving infancy for each age of mother at marriage. Tables IV and V 
give the data in respect of children who survived to date of census, and therefore, 
in regard to the older mothers, will on the whole represent adults, and thus provide 
too stringent an elimination for this purpose. Nevertheless, even in these tables 
the older women are seen to have the larger families. Table IX corresponds to 
Table III, but records children living at date of census, r = i 696 ± *0097 and 
y rat ’0983^. It does not seem probable therefore that a hygienic factor is one of 
much importance from this point of view. 

Powys, in the paper already referred to, attempted to estimate the age of 
greatest fertility for both males and females in the Australian population. The 
method adopted is not perhaps ideal, but the best available with the data at his 
disposal. He assumed that the ratio of women who bore children in the 9th to the 
12th month after marriage for groups of women married at different ages would be 



G. D. Maynard 


343 


an index of fertility at these ages. He had therefore to eliminate from his tables 
all cases of women who boro children before the 9th month, on the very reasonable 
assumption that in the great majority of such cases conception had antedated mar- 
riage, While it is clear that to have included prejudiced ” nxarriages would have 
been unsound practice, it is not equally clear that their exclusion did not leave 
selected groups of the relatively infertile at the earlier ages. Powys writes; ”It must 
be borne in mind that most of the marriages contracted under the age of 20 are 
compulsory, i.e. were contracted after conception had followed illicit intercourse,'* 
If this be true of the Australian figures, it is not unlikely that a considerable pro- 
portion of those marriages considered as unprejudiced were nevertheless also com- 
pulsory owing to discovery, fear of pregnancy, and so forth, but as pregnancy did 
not follow they constitute to some extent a selection of the less fertile of the group. 
Pregnancy in the early months, especially in th^ unmarried girl, is extremely diffi- 
cult for the untrained to recognise, and many mistakes would be sure to occur. An 
unmarried girl who has exposed herself to risk will probably regard herself as preg- 
nant if she has missed a menstrual period, whereas false alarms of this nature are 
not uncommon. There are other objections that may be raised to these returns 
which are equally, or nearly (equally, applicable to those discussed in this paper. 
The homogeneity of the population in regard to class fertility must bo assumed, but 
should there be a variable class fertility and also a tendency for different classes to 
marry at different ages, an additional unmeasured complication will be introduced. 

Further it may be doubted whether the 3 months period adopted is entirely 
satisfactory as a measure of age of greatest fecundity. There are many psycho- 
logical and oth(‘r factors which appear to influence the chance of conception taking 
place in the first few months of marriage, and such factors may not be uniform at 
all ages so that we may in reality be measuring the relationship of these factors to 
age, and therefore, a longer period would be preferable in order to obtain the true 
age of greatest fertility.** 

The figures in the New Zealand Report do not enable a table similar to that 
of Powys to be constructed, but th(* subject can be approached in a slightly different 
way. Table VII f gives for marriages at each year of age from 20 to 46, the number 
of women married, the number who bore no children, one, two or throe children, 
within a period of 24 months. In this way prejudiced marriages can probably 
he ignored, as so small a proportion (2*4 7o) ^f women bear more than one* child 
within this period, that the results are unlikely to be significantly affected by this 
factor. Unfortunately ages below 20 were not separated in the returns, and c^n 
only be given for the group 15 — 19. If, at the age of 20 and upwards, prejudiced 
marriages occur to any considerable extent, and if such premarital conceptions are 
most frequent amongst the more fertile of the group, a disturbing selection may be 
present in this table ; also if fecundity and social class be correlated, and the mean 
age of marriage in various classes differs, error will be introduced. 

Accepting, however, these returns as they stand, the regression line of age at 
marriage (from 20 upwards) on, percentage of women who have borne a child during 



844 


A Stifdy in Human Fertility 

this 24 months period is closely linear ; a cubic parabola has also been fitted to the 
data andj^approximates to the best fitting straight line. 

The group 16 — 19 indicates a falling oflf in fecundity, and in this corresponds 
to figures similarly obtained from English and Scotch data kindly sent me by Pro- 
fessor Pearson. The English figures give highest rate at age 18 and the Scotch at 
ago 19, a rapid fall occurring from these ages to that of marriage at 15 years. The 
sterility rate has been adopted, that is, the percentage of women who did not bear 
a child during this period of 24 months is shewn in the chart on the bottom right- 
hand comer of p. 363. It does not seem probable that either of the possibly dis- 
turbing factors mentioned above would entirely mask the true trend of the events 
or result in a regression so nearly linear. 

Two other curves are shewn on this chart, p. 353 ; the first of these gives the 
percentage of recorded zero families, for marriage at each year firom 15 to 27, and 
thereafter for every second year. This distribution will represent sterility from 
whatever cause it may arise, either in the husband or the wife. The distribution 
was fitted by a cubic parabola to the logarithms of the rates per 10,000. 

The remaining curve on this chart is that obtained from what is called earlier in 
this paper the theoretical zero group,*’ and it is suggested that these groups repre- 
sent the sterility due only to the female, and form an integral portion of the fertility 
curves. These three curves form the converse of the fertility curves. The highest 
mean family is produced at the earliest recorded ages, and the younger the age at 
marriage within this range the lower the rate of sterility. The purely female 
sterility curve rises slowly in the earlier ages at marriage and differs in this respect 
from the almost linear regression of fertility on age at marriage. 

The results of the analysis of these figures are, I think, somewhat unexpected, 
and either, it is tru<s that in a comparatively homogeneous population, mainly of 
British origin, the fertility of marriage is directly related to the age at marriage, 
and steadily diminishes with increasing age at marriage from 16 years upwards, or 
the groups recorded are not random samples of the women at these ages. If the 
latter be the case then the selection must be of sufficient intensity to mask com- 
pletely the true trend of the evemts. While this is possible, it does not seem probable, 
having regard to the character of the regression curves obtained. 

If, on the other hand, it be true for the race in general that the earlier the 
marriage the greater the fertility of the wife, then the disadvantage of arising moan 
age of marriage in the socially fitter sections of the population is evident. More- 
over, class fertility rates will have little biological meaning unless the mean age at 
marriage for the class be Uikon into consideration. Accepting for the moment the 
above figures at their face value, a class with a mean age at marriage of 17 would 
have a mean family per married woman of nearly 8 children, as against just under 
5 for a class with a mean ago at marriage of 25 years, a fall of 38 per cent, in the 
fertility due only to postponing the age of marriage. 

From a physiological point of view, the decreasing fertility with advancing age 
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at marriage is of interest. As is shewn in Table VII the younger women maintain 
their superiority when the period considered is fifteen years of married life for each 
group, and also to a modified extent in Table VIII when the limit is under 24 months. 
One is tempted to speculate as to whether early pregnancy has some beneficial 
effect from this point of view on the female constitution, or whether the male secre- 
tion contains some hormone which is essential to the full development of the female 
reproductive powers. Professor A. Thomson, in a different connection, writes : 

If this be so, then there is absolute prot)f that the ejaculate contains other ingredients than 
those alone concerned with fertilization. May there not be some hormone or endoctrine secre- 
tion, call it what you will, which by rapid absorption through the tissues of the female, sets agoing, 
through the agency of the thyroid, the complex mechanism involved in the elaborate preparation 
of the sexual system to meet its reproductive obligations ? 

Possibly the earlier such a process is started the more complete its effect. 

Dr John W. Harris, in the John Hopkins Hospital Bulletin, January 1922, from 
a study of 160 confinements in white young prinuiparsB and 340 young coloured 
primipanc, of ages from 12 to 16 years, concludes as follows: 

Based upon the study of 500 {Mitients comprised in this report, it seisms jnsrinissible tt> con- 
clude that pregnancy and labor are attended by no greater danger t-o the young primiimra than 
in older women. On the other hand the duration of labor is actually shorter. As our figures 
show that the size of the children is not inferior to that noted in older women, and that abnormal 
pelves occur quite as frequently, this result must be attributed to the greater elasticity of the 
soft }>arts. Consequently, speaking from a purely obstetrical point of view, the ages under con- 
sideration appear l)e the optimum time for the occurrence of the first labor. 


SUMMABY. 

1. That if the fertility data here discussed be reasonably homogeneous, it is 
probable that in the European population of New Zealand over the age of 15, the 
younger the wife at marriage the larger will be the mean family of children born 
alive, unless girls who marry at the earlier ages are drawn from a super-fertile 
section of the population. 

2. That a similar observation is true of the family which survives to adult age. 

3. That within the same range of age, namely, 1 6 and upwards, the percentage 
of women who bear no children is smaller the younger the age of the wife at 
marriage. 

4. That if fecundity be measured by the percentage of women who bear children 
within a short period after marriage (24 months) the age of maxiiimtn fecundity 
for New Zealand wives lies probably between the ages 15 to 20, 
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“0” group records actual observation, second ‘•O’’ group number used in calculation. Tail of 
array at 37, and 40 dso modified. At age 37 observation*! were as above except that there were 
4 cases of 8 children and 3 of 9 and 10. At age 40 after group 3 the numbers of cases of families 
of 4, 5, etc. were recorded as 13, 7, 6, 4, 4, 3. 3, 0. 1, 1, the last being therrfore in group 13. 
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TABLE II. 

jOonstamis of Distnhidions of Table /. 


Age at 

Mean with obSt 

Mean bom ad- 

Mode 



fh 

Marriage 

0 group 

jaeted 0 group 



IB 

8*2162 1 

8-386-2 ±-160] 


3 -8132 ±-1068 

•0117 

2*3671 

17 

7-7485 

7 -8667 ±-0672 


3-7062 ±-0476 

*0106 

2*4544 

m 

6*6075 

6-6409 ±-0346 

5-8387 

3 -4276 ± -0246 

•0836 

2-6841 

25 

4*4888 

4-9116 ±-0329 

3*8686 

2-8031 ±-0233 

•3220 

3*1197 

m 

3*8277 

3-6802±-0376 

2*7828 

2-1433 ±-0268 

*7107 

4*1661 

,i5 

1*8430 

2-3400± -0479 

1*3903 

1-6597 ±-0338 

1*7493 

6*9461 


1*4802 

1-9044 ±-0477 

1*0406 

1-4988 ±-0337 

1 *0376 

4*3427 


0*8901 

1-1360 ±-0424 

0*3064 

1-1087 ±-0300 

1*4168 

4*7273 



7 -4294 ± -0.625 

1 - 

3-4621 ± -0371 

1 *0044 

2*5347 


Per cent of ^ 

O families Equation to Curve 

as recorded trom equation 
to cuive 



•89 

3*39 

1*03 

.y«27*07 

/ \ * sStw 

^■*■109-8791^ , 



17 

•64 

2 71 

1*23 

136*8 1 

/ ^ y.,ws 

V ^123*6832/ 



10 

*10 

3*87 

1*57 

479*9 1 

/ r / 

(^■‘■7"®85) 0 

"* 14 1.3 17> 

^4.U7 


*91 

8*66 

1*47 

y** 470*6 1 

('■*■6-2^) (' 

O' N 

“20*7628y 

^10.*i424 

SO 

*97 

12*16 

2*75 

y=299-0e-*-‘««^(l+4.,;J 

4*62H4 

1 


S5 

•98 

26*16 

7*95 


24-8342)*'«**a;-^-‘^ 


S7 

•97 

33*66 

17*42 

.//=133-4 

/ ^ \14V702 / 

(' 

0? > 
29^e928> 

3g*4lS.t7 

1 

io 

•83 

53*38 

37*90 

1*38*0 

/ « x0.7»)2 / 

V"'' 07442) V 

X 

15*2052, 

y4.77*w 

^20 

•20 

3*93 

1*22 

y«2n 4 

, ^ yr* 

\ ^129*846i; 




Subgroup of group 20 consisting of women over 64 years of age in 1916. 



348 


A Slvdy in Human Fertility 


pq 

g 










G. D. Maynard 


849 


TABLE IV. 

Distributim of FamiUes. Mothers over 44 Years of Age 
at date of Censm 
Children living at Census Year. 


Age at 
Marriage 

0 


B 


fl 


5 

fl 

g 

8 

.9 









A 

17 

48 

25 

5(1 

57 

103 

132 

174 

144 

137 

153 

113 

108 

67 

52 

31 

18 

3 

1 


1374 

1 20 

215 

80 

234 

353 

474 

538 

536 

532 

454 

393 

305 1 

217 

137 

70 

34 

21 

•i 

1 

4 

4383 

25 

\ 

331 

120 

274 

455 

510 

510 

462 

348 

2fi6 

144 

105 

63 

26 

10 

3 

1 

1 

— 


3288 


TABLE V. 

Constants of Distributions in Table IV. 


Age at 1 
Marriage i 

Mean adjuBted 

0 group 

Mode 


/3i 

th 

1? 

6*6215 1 *0589 

6*2117 

3*2334±*0416 

0*02 U 

2-4550 

20 

5 *6610 ± *0303 

4*8646 

2*9739 ±*0214 

0*1266 

2-7106 


4*3020 ± *0291 

3*3868 

2*4755 ±*0206 

0*2949 

3-0414 


Equation to Curve 


17 

// = 164-7 1 

(*'^7-9084, 


i ^ ^ 

11*0256^ 

|3.1768 

iO 

559-3 1 

[^■‘^fr.3704; 

^2.4436 ^ 

1- ^ 
14*2676; 

1 6.4727 


= 625-7 1 

fl + - ' 

iv 4-4965^ 

^2.40fi0 / 

1- - 
16*5532, 

1 


TABLE VI. 

Distribution of Size of Family. Duration of Mam iage 
for eojch age group, 15 years. 

Number of Children born. 


Age at 
Marriage 



B 



B 


B 

B 


0 







N 

15- 

42 


76 

146 

147 

172 

178 

134 

94 

67 

32 

17 



■ 

■ 

B 

1089 

21-^25^ 

204 

44 

231 

465 

490 

436 

347 

262 

164 

96 

64 

16 



o 

D 


2617 


170 

40 

165 

219 

230 


146 



24 

16 

1 



B 

B 


1196 
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. TABLE VII. 

Cotiaktuta of Distribution in Table VI. 


Age»t 

Uamkge 

Mean adjusted 

0 group 1 

1 Mode 



fti 

IS eo 
n—es 

4*5593 ±*0478 | 

3*9687 ±-0385 , 
3*5059 ±*0398 | 

1 3*8767 
2*9290 : 

2*6405 1 

1 2*3383 ± 0338 

2*1607 ±*0201 
! 2*0421 ± *0281 j 

0-1541 

0*4311 

1 0*3229 

2 -7591 
, 3*3318 

1 2*9908 


Equation to Curve 


/J~ 

JO 

•83 

^-]77*e( 

^ X ^ 

4*8294/ 

,J4.3W1 / 

> 0 

X ^ 

ll*:^46y 

r 

Jl- 



jy -•194 01 

^3*0991, 

(l 

X ^ 




•92 

y-280*9| 

f X ^ 

'+3*2841. 


X ^ 



TABLE VIII. 

Women Married One hut under Two Years. 


Age at 
Marnage 

Numlwr 

of 

Man lageb 

Number ot 

0 1 

shddieu 

- 

''/y Marriages 
iMth no 
children 

Moan 
' Family 

r» -10 

279 

70 

198 

11 

1 

25*1 

0 789 

JO 

313 

71 

227 

15 


22*7 

0*821 

J1 

376 

102 1 

265 

9 


27*1 

0*753 

0> 

4V V 

603 

207 

379 

iO 

1 

34*3 

0*687 

JS 

654 

241 

391 

19 


37 *3 

0*656 

H 

700 

292 , 

398 

10 


41*7 

0*597 

JfJ 

689 

282 

391 

16 

- 

40*9 

0*6U 

JO 

629 

288 

321 

20 


45*8 

0*574 

J7 

514 

214 

284 

16 

— 

41 *6 

. 0*615 


472 

208 

254 

10 

— 

44*1 

0*581 

so 

452 

237 

210 

5 


r>2-4 

0*487 

so 

311 

151 

150 

9 

1 

48*6 

0*550 

SI 

‘/47 

128 

115 

4 

— 

51*8 

0-498 


222 

120 

100 

2 

— 

54 1 

0*468 

.ij 

197 

107 

84 

5 

1 

5j*4 

0*492 

,iA 

123 

55 

66 

2 

— 

44*7 

0*569 

.iS 

120 

68 

51 

1 

- 

56*6 

0*442 


106 

63 

43 

— 

— 

59*4 

0*406 

S7 

83 

51 

31 

1 


61 *4 

0*398 

US [ 

68 

49 , 

16 

3 

' - 1 

72 1 

0*324 

S!) 

64 

49 ‘ 

15 



76*6 

0*234 

40 

60 

42 

17 , 

1 1 

~ i 

70 0 

0 317 

41 

45 

37 

8 I 


1 

82*2 

0*178 

42 

43 

35 

7 

— 

1 

81*4 

0*233 

4S 

19 

16 ' 

3 

- 

1 j 

79*0 

0*316 

44 

22 

18 

4 

— 


81*8 

0*182 

4a 

31 

32 

1 1 

1 

— 

94*2 

0*088 

4b 

29 

25 

4 

— ' 


86*3 

0*138 

47 

15 

12 

3 

— 

— 

80*0 

0*200 

4H 

15 

13 

2 

— 

1 

86*6 

0*133 

40 

14 

13 

1 


— 

93*9 

0*071 1 

SO 

12 

! * 12 t 

1 L 


~ 


100*0 

0*000 



Age of Mothe 


4 
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TABLE IX. 

Women aged 20 at Ma/iriage. 

Number of Children living at Census 1916. 





D 



D 


D 

1 











Meui 


319 

21 

23 

33 

44 

46 

34 

45 

25 

20 

11 

5 

7 

— 

6 





rr 

4 ’621 

46 

308 

18 

28 

23 

43 

44 

33 

33 

27 

21 

10 

14 

7 

4 

1 

1 

— 


1 

4^1 

47 

219 

11 

n 

23 

31 

30 

30 

23 

19 

14 

6 

9 

6 

1 

4 

1 

— 


-- 

4*9821 

4S 

34i 

13 

26 

38 

64 

35 

56 

33 

27 

18 

16 

14 

3 

6 

3 


— 

— 

— 

4-7831 

46 

226 

4 

14 

23 

24 

18 

26 

28 

22 

23 

20 

10 

5 

5 

3 

— 


1 

— 

5-708 t 

r>o 

385 

26 

14 

60 

48 

60 

67 

39 

30 

26 

18 

12 

7 

5 

1 

2 

— 

— 

i 

4-842 1 

51 

190 

7 

10 

10 

18 

26 

35 

15 

18 

18 

14 

9 

6 

3 


2 



- 

5-606 

ss 

276 

15 

17* 

16 

32 

29 

34 

36 

25 

23 

22 

9 

8 

1 

2 

— 

1 

— 


6-460 

53 

243 

12 

11 

21 

27 

28 

26 

27 

22 

25 

20 

10 

8 

4 

1 

1 



— 

- 

5-494 

54 

242 

11 

13 

19 

26 

29 

25 

26 

25 

16 

18 

18 

9 

3 

2 

2 

— 


— 

6*620 

55 

201 

5 

0 

17 

20 

31 

22 

31 

23 

15 

10 

9 

5 

2 

2 

— 

- 

— 


5-418 

56 

211 

6 

10 

7 

23 

31 

27 

19 

22 

24 

14 

11 

8 

5 

2 

1 

— 

— 

1 

5-938* 

57 

178 

7 

3 

8 

16 

29 

13 

21 

29 

19 

1 7 

6 

9 

3 

3 

4 




1 

6-174 

58 

196 

8 

6 

11 

16 

23 

22 

31 

27 

20 

13 

13 

3 

1 

1 

1 

— 

1 


5-776 

5V 

149 

2 

< 

11 

12 1 

7* 

18 

17 

21 

17 

1 14 

13 

" 1 

3 




1 

— 

6-289 

00 

277 

33 

16 

16 

12 
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Fig- 1. Age at Marriage of Wifi', 
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Biometrika mv 


Fig. 2. Ag« at Marriage* of Wife. 
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ON A CERTAIN SKEW CORRELATION SURFACE. 


By K 0. RHODES. 

Professor Karl Pearson has discussed in the Philosophical Transactions of the 
Royal Society, and in Biometrika, the development of a series of Frequency Curves 
from a fundamental differential equation which was obtained by considering a 
certain problem in probability. I have endeavoured, as others have, to obtain from 
another probl<*m in probability, two general fundamental differential equations, 
from wliich to develop a family of Frequency Surfaces, which would ext.end the 
Normal Frequency Surface os Professor Pearson’s Curves extend the Normal Curve. 
The two differential eqtiations have been obtained, but so far they have defied 
general integration. They are of the form 

dz ^ Cubic in t, y 
zdx'^ Quarbic in a?, y ’ 

1 _ Another Cubic ii^^, y 

z dy ~ Same Quartic in x, y * 

where .r, y arc the independent variables and z is the dependent variable or 
zixhy the frequency between x and x^hx, y and y -h Sy. 

Particular simple case.s wen* then considered where the denominator included 
only terms such as 

Cu + CiX -f c^y ; Co -f c^x -f •+• c^xy, 

and so on, but those did not lead to surfaces which were of any real value ; the 
form of these surfaces, however, indicated that just as the general Type I Curve 
of Professor Pearson represents a frequency distribution of limited range, so the 
types of surface we wish to consider will be limited to represent frequency for 
a certain restricted area of the {xy) plane. 

Further when I imposed conditions on the differential equations to make the 
surface uni modal, I obtained a surface which was of little value. Now if we do not 
impose such conditions, although w^e find that the surface has more than one mode, 
yet actually we can arrange that the surface has only one mode as far as its 
form for the restricted part of the {xy) plane is concerned ; the other inodes which 
occur in that pari of the {xy) plane, where the ordinate to the surface is eithci 
negative or imaginary, we are not interested in. 

The numerical illustration I had before me was a fre<jueucy distribution of the 
Barometric Heights at Southampton and Laudale, These data had be(‘n us(*d by 
Professor Pearson and Dr A. Lee in a paper in Phil Trans. A. Vol. 190 (1897), p. 428. 
This material was definitely skew and seemed a good example of skew corndution. 

23-2 
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On a Certain Skew Correlation Surface 


A glance at Table t will shew that roughly the frequency is contained between 
two straight lines. I decided therefore to experiment with the surface 
z =!= (1 — xja 4- ylh)y (1 + xja' - yjVy ' ; 

the two straight lines 

* 1 - «/a + ylb = 0, 

being boundaries to the surface, and the exponential term being introduced to 
ensure that, for x, y large, z should tend to zero. 



Frequency exists in the shaded region. 

The (Hpiatiori to this surface may seem artificial, but it is the reasonable typ(‘ 
of surface to consider, once the fact that frequency exists only for certain valm^s of 
X and jf is realised, and that in the particular rnatcTial considered the boundary 
to the frequency in the {xy) plane consists approximately of two straight linos. 

A further point of interest to note is the fact that no effort has been made* to 
use a surface whose arrays shall be Pearson Curves. This (juestion will be referred 
to later. 

Discussion of the surface 

z = (1 — xja + yjby (1 + xja' — yjVy'* 


1. The Mode. Differentiating with regard to x and y we have 

I 4. _ p’i°' _ 

e dx 1 — x/a + ^/l 1 + x/a' — yjb’ 

z dy 1 — xja + yjb 1 -f xja' — yjb' 

Th(3 mode is given by 

_£/« p7a'_ , 

1+ M 

+ ^ whore Lzl-x. 


M 


•fa + yjb, 
M=i Ar xja' — yjb', 


( 1 ). 

( 2 ). 
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1 1 


iehy 

Z M _ 1 

— mp'ja' — Ip'jV ^ — Ipjb — mpja pp' (l/ab' — IJa'b) ’ 


i.e. hy 

X y pp'iljab' —Ija'b) 
b — {mp'ja' + Ip'/V) 

...(8), 


14.'*' y ^PP' 01^^' ~ 1/®'^) 
a' P — {Ipjb + mpja) 

...(4). 

There 

is therefore one mode to this surface, which is at the origin if 



1 = — 

?« = plb—p'jV] 

...(6). 


We will assume that these conditions are satisfied and that the mode of the surface 
is the origin. 


2. J)iscus8ion of the arrays of the sai face. 

Equations (1) and (2) give us easily 

1 d-s: 1 1 1 I m ^ (ph^ — jr)/n'6\ 

z djt z dy a' ~ // a' \1 - a/a + yjh) ' 

2 dd z dy a b a \1 + w/a' - y/67 * 
But (3) and (4) shew us that when the origin is the mode, 

Ijb' 4- mja' = —p{llaU — l/a'6), 

I/b + 7)1 /a = - y (l/aV — 1 /a'b). 

We have therefore, calling 


Id^l ld^rl ^ pX _ pX {xja — yjb) 

z dx b' z dy a' ^ 1 — xja -f ylb 1 — xja + yjb 


( 6 ), 


1 rf. I 1 dz 1 ^ ^ . p X ^ pX(^ ^ia'_±ylb') 

zdxb 2 dif a ^ a;la' - yjb' l+.r/a'-y/6' 

Ther<>forc : (1 ^ ^ ~ ) (1 - x/a + yjb) = pXz (uja - yjb). 


( 7 ). 


Let us integrate this equation throughout tht* range of w, say frotn scj to ai.j , 
keeping y constant. 

Now r~da! = [zf^ = 0, 

J x,dx ^ 

since z vanishes at the boundary lines of the surface ; 



Zy being the area of the array ; 



zdxss — 



358 


On a Certain Skew Correlation Surface 




Vy being the mean of the array ; 


We have then 

i (+ 1 '') + 1' (4 J 4 + f 4 M (i ^ - r y) ’’ • 

4. (J;) + f ] + 1 - f ^ C’ - f) ^ 4 4 "*>■ 


Similarly equation (7) gives us 


(7"') [ 1 + - f/l - -I =p'X (- ■"« + f,) - (rcy) ( 9 ). 

(iey\ayj\^ a 6 J ab ^ \ a 0/ aa dtj^ 


Adding these two (equations we obtain 

1 dZy / I , 1 ..v\ •XT ( _ { 


If we call 


l-'-' + f-Z. 

a b 

1 4 - ^ SB y 

^ ^ a' y ^ ' 

“/+ » -f , + Ay~w(8ay), 

a a a a ^ \ j ^ 


and the equation abo\e becomes 


y 

= X j^|) + + 1 - p'F-p (m - ?) a'J 


ta X (Z? — 1 - pnri' — a^Yl) 

where p -I- ;>' + 2 = fi. 

Also we can write equation (9) in the form 
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But wo have Xdy ’•sdui, wo can Uierefore write this last equation 

17 dzy , . IdY 

a Zy dv ^ ^ a du 

Now if we call -- ^ + pa ' » 

Zy du ^ du 

we can write equation (10): 

Jt^^B.-l-pa'u-a'l7, 

Zy da ^ 

as * u^^^R-l-alY 

• du 

and equation (11) as 

Y (dv A , , /TT 1 

Y dv f ^ , fxr f p\ p\ <^Y 

1,(3, ~ , (-*“->+-) -J— 

a du ^ \ (I aj a du 

nxr ^dY 

as 2) 4*1—®^/"“““ 'X'" 

^ a du 

«r dv 1 dw 

Write , ss - — 

da w du 

Differentiate (13): we get 


( 11 ). 

.(12) 


(13), 


(14). 

flTA. 


. (K _ „ * _ „.,r * - «'fa [(„' + 1 ) .. - ,m-„, - *] 

from (14) 

= (R-l)^- aa'lw (j)' + 1 - a'l Y) 

= S’ ■ ^ ^ ^ ^ 0 ’ from (13) 


or 


u 


^ (72 — 2 — aa'lu) -h aa'lpWy 



dw 

du 


(aala ~ (JR — 2)) — aalpw = 0 


.(16). 


This is the differential equation to obtain w which, from (16) and (12), is given by 
» 

log w =» const. + log Zy + pa' u, 
or w = X const. 

Thus from (16) we can obtain the total of the a-array — in other words this is 
the differential equation giving the y-margin curve. 
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The solution to this equation may be obtaintnl in a scries of povrers of u in the 
usual way. Wo obtain 

_ n (^u-x _ «' • «'_+ 1 R+i _ «'.«'+ 1 . s' + 2 \ 

'if ^ 2! H.R + l 3! if.if + 1.7f + 2 ^"7 

OH 

or iho curve to the y-margin ia 

„ pfl'( ^ ^4 A';,) r/H H Y 1 ^ 1 Y 1 

= + + _-^(^- + -+ZyJ 

putting in the expression for w, where s = ;/ + 1. 

From (18) we have a7F= iJ — 1 — ; 

' ' lit // ji ' 


w it a 


and sinc*t‘ 


r=i + "r-;^. 

a b 


this enables ua to obtain the mean of an aiTay for any y : in other words this 
e<juation is that to the regression line of a* on y. 

Since 

_ /y (^/ p \\yit ^ Tt I ly s .8 +1 i\ 

.K.n + 2 , + + ... 

a V /f-1-' •" ^ 2! ■■■)’ 




o7r-(A'- j) : 


2 : R-l.R 


U» > _ *"'2 vV' 4 . "I: ^ «") . _ 

if ■*■ 2! 7f./f^l 


- (in I ^ ^ «'+ 1 • s' + 2 „„ 

1 if + l ^ 2! /f + l.if + 2** 

/f (till , ^ {act'iy s .s' -y I 


Jf Nse call 


' if ^ 2! /f.if + l" " 


'''’km /m = + 

then jr^««'«KM/M 

and 

We see that the regression lino is an infinite series in n or y. 
Referring back to equations (18) and (14), we have 

IrfF 

i a dll 

an ~ if — 1 — u'l Y ’ 

1 ijv Y 

“■ ,7 *, +«''r-(j.'+i)+(( 8 -i)-a'ir)i-o 
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is the differential equation for F, the solution to which is not as simple an ex- 
pression as that already obtained for F from w. 

But we can note an interesting point here. If the regression is linear, equation 

(18) shews that 

F = ^ (w +-4) where A is sonu* constant. 

(19) then gives 

1 05' ,,05' .. / . -I . i'vl ry 


This shews that A ^0 and 5 == jo + 1 =0, and the regression line is 

l + -''i-l = a(^, + l + Xy], 


= a 

/I 1 

U + a' + 

Xy), 

a 

. f ^ 

1 1 

^a! 


~v^y. 

a 

~ a! 

4.“y 

^'aV 


= 1 




(18) gives now 
whence 


/i — I — a'lau, 


whence v = const. + {R — 1) log u — ao7?/, 

or the margin is a Type III Curve. 

We see that the regression line is'^^ - 1 +r; i*e. it coincides with one of the 
® a b 

bounding lin(*s; the surface has therefore been reduced to a plane, and the corre- 
lation is perfect. 

Thus w^e see that this ty])e' of surface* has only linear regression when the 
corridation cocfRcient is unity; so we shall expect that for surfaces of this type the 
regression will bt* reasonably linear only when there is high correlation between 
the two characters. This happens in the case we are considcTing — the Barometric 
Height material — for the regi’essiou is apparently sensibly linear and the correlation 
coefficient is + *78. 

We have so far obtained the curve to the y-margin, and the ecpiation to the 
regression line of x on y. In the Sfxme way we may obtain the curve to tht* A‘-margiii 
and the regression line of y on x. 

3. The moments of the surface. 

We may write equations (6) and (7) 

(j' £• If %) 

dy) <- 
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Integrate equation (20) throughout the whole range of x and y. We have 

lj%da!dy^j[z]dy^0, 

, JJ ^ xdxdy =s j \jsx^ dy^Jjz dxdy =: — N, the total frequency, 
if dx ■“ J y'^dy — jj zmx"*~^y"dxdy = — Nnvp'm-.i, »> 

f(dy ~ f x^dx — Ij znx^y’^~^dxdy = — nNp'm, «-i. 

where p'm.a is the fii, wth product-moment about an origin not at the mean. 
We get from (20) 


i.e. 


or 


Similarly froa) (21) 


whence 


, _ 1 / 1 ^1\ 
xKpV'^ p'b) 


.(21 (i)), 


y''"~x{pa!'^ p'^\ 

which gives the distance of the moan from the mode. 

Change the origin of the .surface from the mode to the mean, i.e. put 
x^x + p\„ and y^^y+p'm- 
Then (20) and (21) become 

whence multiplying these by ar^y" and integrating we have 
S' Vp ~ a ^ ^ P”- " ^ b ) 

+ a‘ "P-- - J “!’« — + 1 (» + O P.,.) — OX - Sf ) 

•( 22 ). 


l.C. 


and 



E. C. Rhodes 


363 


1 1 / . \ 

^ w + ^/ (^ + 1 ) P«H, n “* g> jPm-i, m+i J 

1 / S* 1 ^ 1 1 \ Y I I jPw,»Hl jPw,n\ 

(28). 

where pm,n is » product-moment about the mean. 

When »i * 1 , n = 0 , ( 22 ) gives 

£'r-^^(7r-r) » 

( 23 ) gives J I' “ " 7 


b*p‘^b*V^~ 

1 / s . s' \ 


“ Jf » (p* 6 '* p'»^) 


«nd + "‘“'“y- 

y Vt' ■*' i»'‘<di “ {a’h ~ at') ” ■^’*’“ ' 

_ 1 / » _ , _£^ \ 

and we have here equations which give us erg,, and r in terms of the constants 
ef the surface. 

Note that 

. ^ 5 ' / 1 . 1 2 N 1 88 


whence 


Pn - (t^b^ aahb'JfiP^p^p^X^' 

I ^ r^ss ^ 


^ ^ ( p®6'- ^'^6'**) ( ^ p 

When 7)1 = 1 , 71 = 1 , ( 22 ) gives 


( 23 ) gives 

If? 

iU 


5' n f") + J - 7 ) ■ 

ives 

I (i'^" " t' *'•)■'■ 5 t'*'') “ ("? + f“ "§■') • 
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Bufc 



P(fi ^20 , 

hV aa' ^ " 

/' 1 _ (P<« PA J 1 (Pn Pi»\ S 

\n'b ab'l \b . ajb' a' \b a) 'a'p‘Xb' 

+ * 
^b'p^Xa’^ 

bb aa' ^ i U' b’ ) ^ a\a' b' ) ap'^Xh'^ bp"^Xa' 

Therefore 

Y (Pn Pi^ _ 2s 

b}~ Xp^a'b'' 

-•n'X(-P^' +PA- ^£_ 

^ \ a ^ b’) Xp'-^ub’ 


whence 

X 2s 28 

P^'^ - J:ya'6'^ + zy“rt6“’ 

_ 2 ( s s' \ 

^ xAp^a'b'^ p'*V/6v 

(27), 

and 

Wh(3n in = 2, 7i =•- 

2 / s s' \ 

+ 

0, (22) gives 

(28). 

;■( 

- ! p" + ! »") + ■ - (-4 1 - ’fj . 


i,e. 



i.e. 



(29). 

(2fS) gives 

b‘p’'^X [ a' ^ b ) ■ 

(30). 

Therefore 

Y 2s 2s 

~ iT'p'^X^^ b'»plC^' 


i.o. . 



(31). 

and similarly 

: 

(32). 

When TO = 3, n = 0, (22) gives 


1 flis 
b'\p 

J*. -*!>. + f)'.) + i Jp. — pJT (P? - ^ . 


(23) gives 



J - 1 (- -p- 

)■ 

The first equation is 


»■ - 4' (f -f ) - f ) 
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pb' ^ 'b ' /Jf 
The second equation is 

Eliminatc‘ 1‘roin these equations. Wo have 

^P«> (jaQft'a + p'^i) + A'“ {j?b’'* '^ph) " 

• • • P^.^- + -fi ji) iroin (25 bis) 

it / « V 




Similarly 


Now if we call 
have 


on 6/5 \ . 

• •• P4,: * 

„ b / 8 «' \ 

...' T..' ' 


T'.tf, f-4., ‘-.K 

up bp ^ « 

“ A'»'p'=6>* 

“ AV=u« 

/>Jo = ^)’ 

25 

25 

n — - ^P • « — P'®' • »• — 
721 — / — > 7i!’ , , 1 — 

Pw'ypiu Pm^Pw V 


(33) . 

(34) . 


Calling 
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wc have 


<hx 


Now 


r as 

V(^'+\)(^*+x) 

4(^ + \)«. 

+ xy 

, _ SCft^^^ + X) 2(^^ + X)(^» + X) 

V«(<^* + X)V(9i + X v's('^» + X)**\/^+X 
^ 2 + X) ((^° + X) -• (g<^ + X) { 4 >* -f X) 

Vs" " (</>“ + X)»V(9> + x' 

= ? X. («^» + ^ 2X (1 - <]^(<^. - 

V« (^“ + X)’ Ve#® + X Vs («^’ + x)^ V^ + x' 


Vi - 

. (?2l- '■ V'/9lfl 

Vl — r* 


( »-g) Vx 
V(^'+x)(^> + x) 
^Vx^(J-<^) 

Vs (^* + X)^ 


from (26) above, 


Similarly y,e - r^«, ^ 2 Vx 0(1 - 0) 

Vl— r* Vs (^'H-X)® 

These functions q'ji — r V/Sk,; jia— r V/S*, have entered elsewhere. 
Again from (33) and (34); 


^ai 

Let us consider 
This is 


6 «^.^ + X (> 0JjfX 

sl^^ + \y’ '^~s( 0 » + X>‘ 

2^)» ■“ 3^11, — (j. 

^ -<(>y 

s(<^» + X)> ’ 


?ai - 

Vl -r» 


V3 = V2^jo-3/8;.,-6. 


Similarly 


f/ia - r V^„ 

Vl — 


V3 = V2/S,„-3^„,~6. 


.( 86 ), 

(36), 


.(37). 


These relations thtsrefore hold amongst the inotnenis of the surface, and are of 
interest because 2/82 - -6 = 0 is the condition that the margins should bo 

Type III Curves; ja, « rsf/Sio, gie— rV^Soi are the conditions that the regression 
should bo linear; and ?• = 1 means absolute causation. We have pointed out above, 
that we shall only get approximately linear regression with this type of surface, 
when there is high correlation between the characters, and we saw that when this 
happens the margin curves will approach Type III Curves. 

4. To find /o‘ 

The total frequency N is Jfzdxdy, whore the integration is taken over the 
whole of the (xy) plane for which frequency exists, i.e. over that part contained 
between the bounding lines 

] - w/a + y/6 — 0, 1 4- x/a' — yjV = 0. 
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Let U8 integrate first with regard to as. We have 


=* f (1 — mja + ylhy (1 + as/a' — yjb'y da-, 

the limits iTi, a^ being given by 

I-T’ + f-O, 

a b a b 

y being regarded as constant 

Let ns change the origin of .r to i.e. replace x by j - f 0*1 in the above ; then 
we have 

a-r 

Now a-i = a, 

* + t) 

= « + + = t I + yX) 

= aa' . u. (Soe p. 358.) 

And 1 - 4- f = 1 + f - f - 1 ) = a' (^ + \ + yX') = «'m. 

a b b a \b J \a a ' / 

Our integral is therefore 


(a')” 






Then z = f «/ (jiiutY {a'uY' (1 — t)^ aandt, 

Jo 

i.e. 

Jo 

= <tr+P'H 1 1 V' ( 1 - 0^ d/ (l - /ent'ui + ^^'*2 -•••)< 

Wc cjin obtain this integnil as aa infinite scries, viz. 
t, - s,«-».-™o-o'-u*-' Fb (p + 1, j>' + 1) - iuo'«B (;, + 1 , y + 2) 

where the B-functions are the ordinary Beta function.s. 
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Thcrefor(‘ 


z„-z,e yaaa [ ^ r(s + s' + l) 


= z.e- ^ ^ 


ViR) 

which agrees with the result on p. 360, for 

tel + my = ^ y — la + my 


{laa'uy r («)r (»' + 2) 

— ^T(« + fi'+2) “••• 

, ,, s' (laa'uf «'.«' + 1 

R^ 2! ii.jR + 1 


= ypx'X + - /a = pa' (// - -p' 

= pa'w - (U - 2). 

= z ^ * f 1 — Zaa'// — 4- ^ ^ 

Y{1{) ^ 2i 7* 


TherefoiH 


Then we wish to intograU* z^, from the value of y given hy I - ./‘/u +y'h- 0, 
1 4* if' fa' — yjl) =0 to X . The value of// where th(‘se lines intersect is given hy 

1/a 4“ 1 /a' 4* yX — 0, i.e. a = 0, 

and we can therefore effect our summation hy consid(‘ring this integration with 
regard to u instead of y, viz. : 

N=jz„dy, 

the limits of integration being avS staled above ; this gives 

T.J f® dll 

^~Jo "''X 

Jo " Xr(R) ® ® *1^ tert«^+ 21 + 

Lot us write now pa'u = v. 

^ Jo " Xr(R) {pa'f ^ 

We can write down this integral, it gives 

itf' = ^„a*'a'‘lj/^. 


la s' flaV s . 8 4* 1 ) 

pJi*'^\p) WTiuiir ] 


dv. 


,,,.r(s)r(.') I te/ /ZaY-v'.«' + ir(^2 + 2) ) 

AT(«) (pa')"r K.ie^l 2!' 



a V-* A*'. 7 4-1 ) 

1 P \\ 

\>) 2! "•••} 
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P <^P 

. . r(8)r(s')e«-‘ 

.. N^z^aa x{a:pY(ap'Y 

Xfp* • 

• • • e"-*r(«)r(«') ^ 

from which we can obtain 

fX'\'h/2 iy+k/2 

5. We finally re<}uire an approximation to the integral ^ = j j zdordy 

>\here z = (1 — xja + ylh)P (1 + orja — yjVY, 

when hy k an' subranges of x and y, small compared with ctx, (Ty respectively. 

We can express JJzdxdy, where the integration is between the limits shewn 
above, in the form 

JJr + f rf. +’<(3, + 2(f W <■ *■4+’’ dr) * •"1 ^ 

dz dz • • • 

where Zy ^ , etc., in the above are understood to refer to the mid point (a?, y) 

h k h k 

of the region of x and y enclosed in the rectangle V '^ 2 ^^ ^ ^ 

which the summation is to take place, so that f, tj vary from 2 ^ ’ ~ 2 ^^2 

respectively. 


We have 


rr r teH-i -]/i/2 r im 

\V (2r + l)(2« + l)' 



^2r+ll_A/, L2«J 

. rr 

-p'Tft/a r -| 

II ^ 

\^r\ L2s + 1 J 

And we have for the integral I, 



f ^ ^ (h^d^z d^z I'* d*z\ 

L ^ 24 \ d^ ^ dyy ^192 \10 dx^ ^ 3 da^dy^ 10 dyv 

1 ci-2? _ ^ ^ ^ 7>/a ^ p'ja* 

z dx 1 — xja ’¥ yjh 1 -f xja* — yjV ' 

'z \ dz } ^ pla^ j/ja'^ 

c* U dx) (1 — xja 4- y/hy (] + xja* — yjb'y ’ 




z dj^ \z dx) ** (1 — xja 4- 
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Let us call 
Then 


1 -xla + ylb’:mL, 

\ +a!ja' -y/V M. 


\d*z \ 
zdj?^ z dy* 




pla? p'(a'* pib* pj^ 
L* Jf« “ i* “ M* 


, p*la*-^- p^/lii‘- pla*—pjb^ 


p'^fa'* 4- p'^/b'* - p' /a'* - p'Jb'* 2pp' / 1 . 1 

' Jlf» . TM\aa''^bbT 


But i“ + m“ +p’‘lb^ + p'^jd* +p^lb'^ — 2pp' (1/aa' + l(bb') 
— mpjb + Ip/a — — p*la* +pp'laa' —p*jb* + pp'/W 
— Ip" I a' + mp' lb' = + pp'jad — + pp'jW — 

1 

z da^ z dy^ 



Tlius the frequency on a square, when A ™ il = 1, is 


p 


) 




to the first approximation, where z is the middle ordinate, and L, M are the values 
of 1 — xja + y/6, 1 4* ^r/a' — yjU for d% y, the centres of the square, sides A = & = 1. 

We have here a formula for obtaining a frequency from the middle ordinate in 
terms of the rn id -ordinate with a correction, which will be small, so long as the base 
{lik) for which we are obtaining the frequency is small compared with the standard 
deviations of the variables. 


6. Practical work. 

The data I hod before me with which to illustrate the results of the preceding 
theory were the data referred to before, contained in the results of 2922 daily 
observations of the barometric heights at Southampton and Laudale. The moments 
of this correlation table had been worked out previously by Professor Pearson in 
connection with some other work, and I have to thank him for his kindness in 
permitting me to use these results, which have saved me much labour. 
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HAfftifing to the Southampton variate aa x and the Laudale as y the results are 
as follows : 

» 8-250067. <ry * 3-932290, r « -780225, 

-171140, *224636, 

qy, -= *286962, =» ,-310886. 

The unit of working is 0 "* 1 . 

The preliminaiy work is the finding of 0, 4>, \ « from equations (36), (36), 
( 37 ), and as the elimination of all but one of these constants from the equations 
would mean a stupendous piece of algebra, it was thought better to find them by 
a process of approximation. As a help to locating the values of 0 and ^ we 

observe that 1 ) ” 6 ' "“f as for large values 

of X and y the frequency is zero, we shall have I and m positive, and therefore 
we shall have 0 > \ xp. Further, in order to get the four constants \, 0, </), s we 
really only need four of the momental constants, r, /9,o, <Ia, Si*: but since if 
we use 3 a, and not 3 ,* wc may be giving greater weight to one jiart of the table 
than to another, it is better to form one equation from the two equations (37), and 
obtain ih this way four equations for our constants. Wc obtained these results : 

X = l-155645, 11-88185, d = 2-831825, <^ = -680439. 

From these we had 

p = 10-88185 , p' = 12-73120, 

0 = 17-34984, a'= 7167960, 

b= 8-817068, 6 ' = 15-160064, 

1 = 1-148924, m= -394396, 

and finally from (38) = 64-87113, 

and from [21 (i)] J- = 1-24537, // = 1-44314. 

The mean for the Southampton (®) distribution being at 29"-9839, and that 
for the Laudale (y) distribution being at 29"-8488, the mode and origin of our 
surface is at 30"-10845 (Southampton), 29"-99316 (Laudale). 

We are now in a position to calculate the mid-ordinates of our theoretical 
surface corresponding to the observed frequencies, and by using the approximate 
formula developed above, we can obtain the theoretical frequencies with reasonable 
accuracy. These are shewn in Table I with the observed frequencies. The fact 
that the total frequency of the theoretical surface agrees within 01 of the 
observed frequency is to a certain extent a measure of the reasonableness of this 
approximation to the individual theoretical frequencies. A comparison of the 
observed and theoretical frequencies in Table I shews that the surface fits reason- 
ably well the observed data. To shew this fit further the theoretical surface has 
been constructed in model form from the mid-ordinatea. I owe this model to 
Miss H. G. Jones, whom I would like t<» thank here for her kintlnoHS and patience 

2Jl — 2 



TABLE 1. Frequency of Barometric Heights at Southampton and Laudale (2922 days observations). Actual and Theoretical Fi 
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and good-will in undertaking such a hard task. As the observed data had been 
shown in model form many years ag<* by Profossor Pearson*, we are eoaUi^ to 
coinj)are the two, as we can compare data involving only one variable. The 
accompanying plate shews the two models and a “ composite ” photograph of them 
sufjerposed. Finally we can obtain a further comparison of the theoretical with 
the observed by means of the Goodness of Fit Test.. Table II shews the margina} 
arrays compared, with fairly good results. 

When the Laudale and Southampton marginal totals are fitted by the usual 
four moment method, the theoretical curves when compared with the obswvationa 
by means of the Goodness of Fit Test give P’s of '62 and ‘59 respectively. I am 
indebted for these figures to Mr E. S. Pearson. 

TABLE II. 

Comparison of Actual and Theoretical Frequencies of Barometric B eight* aA 
Southampton and Laudale, from the Marginal Totals of TaMe /. 

Laudale. Southampton. 

Barometric | 

Height I Observed 


Above JiO 7 9 

30*7 30*5 

30-6 , 52 5 

30*5 ' J07-5 

.*}0‘4 140*5 

.30 3 237 

30*2 315 

30*1 396*5 

30*0 382*5 

29*9 339*5 

29*8 288 

29*7 201 

29*6 150*5 

29*5 98*5 

29*4 65 

29*3 50 

29*2 I 23*5 
29*1 , 15*5 

Below 29*1 20*5 


I Totals [ 2922 


iP«*2. 

P«*4. 

To get the comparison between the theoretical and observed data for the 
whole of the surface we had to group some of the cell-contents together, for if vro 
had used the x* test in the material as shewn in Table I we should have about 178 
groups. In this connection we may recall an observation by Professor Pearson in 

* [1897, It is a ** paendo^frequenoy sarlace,” in which freqaenoies have been used as ordiha|iOti» 
instead of shewing them by the more reoent and reasonable method of briquettes. En.] 


Theoretical 


6*9 
19 3 
50*7 
106*1 
178‘8 
257*9 
322*0 
359*9 
.359*4 
327*6 
276*3 
216*1 
157*7 
108 9 
71*4 
44-7- 
26*4 
15*0 
16*8 


2918*6 


Barometric 

Height 

Observed ! 

Theoretical 

A hove. 30 *6 

16 

21 3 

30*6 

.36 

36*8 

30*5 

64 

71*6 

.30*4 

141 

124*0 

.30*3 

200 

181*3 

30*2 

263 

236*4 

30*1 

260*5 

278*6 

30*0 

277*5 

300*8 

29 9 

283*5 

.302*0 

29 8 

277*6 

284*0 

29 7 

245 

251*6 

&9 6 

212 

212 8 

29*5 

192 

171*6 

29 4 

135 

132*0 

29*3 

97*5 

98*8 

29*2 

67*6 

71*3 

29 1 

63 

50*0 

29*0 

38*5 

34*0 

28 9 

24*6 

22*6 

28*8 

11 

14*7 

BelGW 28*8 

17 

1 

22*6 

Totals 

2922 

2918*8 
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bit <w th® Goodness of BHt Tes^ {PhU, Mag. Vol. U (IflOO), p. 157*) 

^ ^ «$eet th»t one shottki take a modetrate^number of i^aps in using the Test, 
others^ when the grouping is too fine the value of jt* becomes impcmderable and 
eiitnet he used to give any result, white when the grouping is too broad, until finally 
there is only one group, the value of x* becomes zero and the fit is psi^ect. 
J have endeavoured to perform the necessary groupii|g in as systematic manner as 
poBsihie as shewn by the thitdr lines in Table I. TM* results -of the groupie^ are 
shewn in Table III where there are group. The resulting P is 1)4, which is 

TABLE Ut 

(Chained from Table 1.) Shewing Actual and I%eor^ieal Frequendee 
■ with Wider Orouping. 


Southampton. 



30*7-^ 

M 

30 6—30*4 

80-3— 301 

30*0 -29-8 

29*7—29*5 

29*4—29*2 

29*1— 

30*6— 

30*6—30*3 

30*2—30*0 

19*26 

10^9 

ao-sB 

St, -6 

818-5 

170-4 

§ *>r 




171*6 

19V7 

118*6 

lirrS 

438-5 

46S-8 

247*0 

20*26 

29*9—29 7 

840-5 

26S-0 

422*75 

106*26 

iso-1 



29*6— 29*4 



61*6 

266*6 

187*0 

64*5 





4£-7 

2S9^n 

. 



29*3- 29*1 




72*6 

108*6 

46-0 

8-0 





69*,^ 

J07 0 

^'6 

9-S 

29*0 -28*8 





29-0 

30-6 

11*5 






S2-4 

S8-S 

79*0 

28*7— 







8-0 








8-4 


(84 groups.) Pm 04 Theoretical figures m itahca 


QOt as good a result as had been looked for, but which shews that the theoretical 
surface, even from the point of view of the x* test, is a feir fit to the observed 
bahle of frequency. 

7. An effort has been made here to find a skew surface which would fit reason- 
ibly well certain data, and to a certain extent the form uf the surfooe was guessed 

tt from the given distribution. For purposes of calculation it was needful that 

* 

* [llie reimiuM a|>pMUr8 to be to p. 160| but Borefy the warning there refers to grooping in soeh fine 
itter?|Ue that ^tke 4i0tribniion of the oelhoontent fbUowa a Poisson’s series and not a normal onrre, 
eO. to oells wj& a fim nnits In them? Otherwise the nmnber of groups need not be smalL BnJ 
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the required theoretical surface should have as simple an equation as possible. 
The equation to the surface we have considered is reasonably simple, and although 
it might be asserted that it is empirical, it appears to fit fairly well the observed 
data. The form assumed for the surface is not however entirely empirical, for it 
can be obtained as a special case from the general differential equations obtained 
from a fundamental theorem in probability, concerned with the problem of the 
drawing of two samples from a certain population, where correlation arises as 
a result of making these two samples have a part which is common to both. 
This method of trying to explain correlation in terms of chance problems, by 
expanding Bayes* Theorem into two dimensions, is itself purely arbitrary, but it 
seems th(' logical step and leads to differential equations which appear to be the 
type of differential equations we require for the two-dimensional surface. Having 
obtained the type of differential equation by this method, it seems preferable, 
at any rate in the beginning of such work, to experiment with different kinds 
of differential equations which can be immediately obtained fix)m the general 
differential equations, but which do not necessarily correspond directly to a 
particular chance problem. 


This appears to be the most useful course to pursue, as a general solution to our 
ecjnations seems impossible at first sight, and as a treatment of more simple 
equations loads to results which are of interest and involves methods which may 
bo used later in the more general treatment. For instance at first I had in view, 
as the method of obtaining the moments of the surface, the consideration of such 
f f d^z 

integral as | J connection with this paper 

I saw that I could get the results more easily by considering such integrals as 
and further I saw the possibilities which lay 


an 


• • . fdz f dz 

before me in treating such integrals as j^adjz, when considering 


the array totals and the means of the arrays. From these points of view I think 
that the foregoing treatment of the skew surface justifies itself, even though we 
cannot find any physical counterpart to the two straight lines which I have taken 
as the bounds to the surface. 


I have discussed elsewhere the problem of finding a skew surface which has 
Pearson Curves as its arrays, and have shewn that such surfaces, except for 
particular forms, are symmetrical. The papers dealing with this problem have not 
yet been published. 

In the course of the work on this subject of skew-correlation surfaces, I have 
come to the following conclusions ; 

(1) That we must consider the problem of fitting to observational data surfaces 
which are bimodal, or multimodal, in form, but unimodal in fact. It will be seen 
that the array curves of the surface discussed in this paper are bimodal 
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(2) That the type of regression line which appears in skew correlation is only 
linear in very particular cases, and generally is of the form given by the equation 

^ = infinite series in ^ I , 

< 3 ^ 0 ! \ try J 

which may approximate, with given data, to a straighjb line, a parabola, a cubic etc, ; 
but which, with simpler equations, may actually be a hyperbola of the form 


fiv „ _ constant 

\ CTac . 

or a cubic of the form 


) ~ constant^ = constant, 


: const. 4- const. 



This cubical regression in the usual sense of the term is merely a short way 
of saying ** the best fitting cubic' to the regression line,'’ which is really of the 

form ^ SB infinite series in 0 ^ , but we may have real cubical regression, 

^ a ' ^ 7 / / 

the cubic being of the form .r (ay® + ty + c)^A + By, or some such ecpiation. 


(8) The only homoscedastic system with linear regression is the Gaussian 
surface. I do not know if this has been shewn to be the case, but I feel sure that 
this is so. 



A. SUMMARY OF THE PRESENT POSITION WITH REGARD 
TO THE INHERITANCE OF INTELLIGENCE^. 


By ETHEL M. ELDERTON, Galton Fellow, University of London. 

Intelligence is defined in the Oxford Dictionary as meaning primarily the 
faculty of understanding*’ and it is in that sense that I propose to use the word. 
Secondary meanings for the word intelligence have grown up, meanings that have 
rather the sense of extent of knowledge, and it is that idea that we must banish 
from our minds. People with good intelligence will be capable of acquiring infor- 
mation readily and will assimilate it ; but it is possible to be a regular repositoiy 
of information and yet to be singularly lacking in the power to use it ; such power 
lies in intelligence, that faculty of using one’s existing information to arrive at a 
right decision in some new field of thought or at a reasoned course of action under 
unusual circumstances, and it is this power which will make the difference between 
a well informed intelligent person and a well informed unintelligent one. We shall 
expect a correlation between intelligence and acquired knowledge but not by any 
means Ifccessarily a very high one. Is this faculty of understanding inherited or is 
it largely, if not wholly, the product of opportunity, of environment and of educa- 
tion ? No one would suggest that all the children in one school are equally intelli- 
gent but are the variations wc see due to differences in natural ability or to a 
different home environment, or to an unsuitable educational environment, or are 
the variations due chiefly to one of such causes, while the others are of some but of 
much less importance ? 

Of recent years education has received much attention, new systems have been 
tried, conference has followed conference and the child normal and abnormal is con- 
stantly discussed, and one of the questions before us is whether the ideal system of 
education can create or even increase intelligence, or whether it can only give to 
child or nmn the material for his intelligence to play upon. The advocates of any 
new system of education or of any thing else new (even of Eugenics) are sometimes 
inclined to attribute possibilities to their new theories which are unlikely to be 
realized. No new scheme can be started without a great deal of enthusiasm on the 
part of the starters, enthusiasts must be whole hearted supporters of their theories 
and naturally claims will sometimes be advanced beyond their legitimate boundaries. 
If we find that this faculty of understanding is innate it does not for a moment 
follow that education is useless or that the form it takes matters not at all. The 
sharper the tool is ground the greater the advantage to those who can make use 
of it. 

* Being a leotore delivered at the Galton Laboratory of National Engenioa. 
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The study of the inheritance of intelligence appealed veiy strongly to Francis 
Galton ; it was the cheerful side of Eugenics, the inheritance of marked ability 
and of the best characteristics of the race rather than of the worse aspects of humanity, 
that chiefly attracted his attention. Qalton has stated that it was the publication 
of the Origin of Spedes in 1859 that turned his thoughts to the question of 
heredity in man. Current views of inheritance at that time were, he said, voxy 
vague and contradictory ; generally speaking most authors agreed that all bodily 
and some mental qualities were inherited by brutes but refused to believe the 
same of man. Even the word heredity in those days was considered fanciful and 
unusual and Qalton was chaffed by a friend for adopting it from the French. 

If we imagine individuals arranged in order of their intelligence as they can bo 
in order of their height or any other characteristic that can be measured numerically, 
then we may say that it was the inheritance of giant intellect, of the intellect of 
the foremost man in 4000 as Galton says in Hereditary Oenim, that chiefly appealed 
to him. He was not content that a ‘man sh<Jbld be a Follow of the Royal Society only, 
but he must be something more even than that, for ho must have some additional 
title to fame before Galton put him in the first rank of English Men of Science. 
To show how much the cheerful side of Eugenics appealed to Francis Qalton I need 
only remind the reader of his chief works, Hereditaiy Genius, 1869, English Men 
of Science, 18*74, and to a lesser extent Human Faculty, 1883, and Natural InhetiU 
ance, 1889. The first work he suggested to the first Galton Fellow was a book on 
Noteworthy Families followed almost at once by a study of the Inheqtence of 
Ability from the Oxford Class Lists It may be urged that Galton proved that the 
highest form of intelligence was inherited, but I feel sure that he thought that 
further investigations of a more definite and numerical nature were required, that 
the study must be extended to every grade of intelligence and that even if we 
showed to his and our satisfaction that inheritance of intelligence was of vital 
importance, we still had to investigate whether such inheritance could be largely 
modified by environment, either physical or educational. 

Before the publication of the first papers of the fiist Galton Fellow another 
attempt had been made to measure the inheritance of intelligence m what we can 
regard as ordinary individuals. This was organized by Professor Pearson and the 
data were collected from pairs of brothers and sisters in schools ; the results were 
first given in the 4th Huxley Lecture and were re-published in 1904 in Biometrika, 
Vol III. p. 131 et seq. The material was obtained from very many schools and pro- 
vided information, not only as to the intelligence of the children but also as to 
their health ; further various physical measurements were included. 

I will explain the terms then used with regard to intelligence in some detail m 
the scale with one modification is the one we still use in the Galton Laboratory 

A. Very Dull, Capable of holding in their minds only the simplest facts and 
incapable of perceiving or reasoning about the relationship between facts. 

if. Slow Dull, Capable of perceiving relationship between facts in some few 
fields with lopg and continuous effort, but not generally without much effort or 
without much external assistance. 
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G. Slow. Very slow in thought generally, but with time understanding is 
reached. 

D. Slow Intelligent. Slow generally although possibly more rapid in certain 
fields. 

E. Intelligent Ready to grasp and capable of perceiving facts in most fields. 

Capable of understanding without much effort. 

F. Quick Intelligent Very bright and quick both in perception and acquire- 
ment and this not only of customary but of novel facts. Ready to reason rightly 
on purely self initiative. It will bo noticed that in all these definitions it is the 
idea of understanding and of reason that is uppermost and not the idea of infor- 
mation acquired. 

4 

.HTELLIGErfCE lit SCHOOl CHlLDREn irfTELlIGErfCE ITf SCHOOL CHIIDREI 

Prof: Ffearson’s daTa. Prof: Pea.r«on’S da,^a 



Brolher BroFlicp 

Diagram I. Diagram II. 


Diagrams I and II show for brothers and for brothers and sisters how steadily 
the intelligence of the second member of a pair of “siblings” increases with the 
intelligence of the first. If one considers a group of boys with slow dull intelli- 
gence it will be seen that the average intelligence of the brothers of these boys is 
in the slow group and that the brothers do not even reach the middle of that group, 
but that when boys have been classed as intelligent their brothers also are found 
just in the intelligent group. Pairs of brothers and sisters show the same thing ; the 
slow intelligent boys have sisters whose average intelligence is also slow intelligent 
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and quick intelligent boys have sisters who, on the average, have a high grade of 
intelligence. 

We must now consider the coefficients of correlation in siblings for the physical 
as well as the mental characters which were obtained from Pearson’s data ; some of 
them are given in the following table : 

TABLE 1. 


Brothers 


Sisters 


Brother — Sister 


Head liongih 
]f©ad ilei^it 
Kyc Colour 
lutelligonco 


•50 

•43 

•55 

•52 

•54 , 

•52 

•52 

•50 


*4G 

*49 

•53 

•40 


It will be seen from this table that all the coofHcients of correlation are very 
similar in value ; as we should lay no stress on differences in percentages of five 
or six so w(' lay no stress on differences in correlation coefficients of 05 and 
*06 — they are insignificant. In considering these sibships it has lieon argued that 
we Wi‘re dealing with widely different environments and that the brothers were 
alike because* of the similarity of environment. The agreement bc'tween the results 
for intelligence and for ])hysical characters seems to me to render the argument 
invalid but we will now see from the Oxford Class Lists, and from Charterhouse 
school where the environment is more uniform, how far intelligence runs in 
families*. We are assuming that intelligence and success in the final schools 
at Oxford are highly correlated and that intelligence and the form reached in a 
public school are also correlated; this I think is on the w^hole true, though naturally 
there will b(' many exceptions, but for the moment let us consider that we are 
discussing not intelligence but success. There are certain other characteristics that 
are required for success as w^ell as intelligimce, such as health and perseverance, but 
I doubt whether success in Oxford Finals could be achieved without intelligence. 
Here we will consider only lathers and sons for by bo doing we obtain I think a 
very uniform environment. The sons took their degree boft)ro 1892; they all had 

TABLE II. 


! Degree at Oxtoid I 
' taken by tlic I 
. Father I 

I I 


rercentage of 
Sons who took 
I and II Class 
Honours 


1 and 11 
111 
Ffias 

None 


27 

15 

12 

9 


* “The Inheritance of Ability,” by E. Schuster and Ethel M. Elderton, Eugenics Lahorutory 
Memoirst I. 
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fathers at Oxford and though the environment would doubtless vary the variations 
would be comparatively slight There would be no lack of the necessities of life 
and all the sons would come from cultured homes. 

« It will be seen that the number of sons who obtained first and second class 
honours falls steadily according to the degree taken by the fether. 

It is possible that two groups of men are included in this table. The first con- 
sisted of men who were placed in the position they deserved, men who tried for 
honours whether they obtained them or not and those who did not enter for honours 
because it was recognissod that they were not up to the required standard, and the 
second group of men who did not try for honours though intellectually they may have 
been up to the standard. Family tradition and outside interests influence a man in 
deciding whether he will enter for honours or not and this applied even more thirty 
years ago than it does now. 

At Charterhouse the boys are living under similar environments and though 
home conditions may vary, such variations will only be slight. The following table 
gives the percentage of brothers who were in groups I and II at ages 15, 16, and 17 
according to the place in the school attained by a brother at that age. Group I 
includes the sixths, group II the fifths and so on down to group VII which includes 

TABLE III. 


Percentage of Brotfiers in Groups I and IT. 


- 





16 years 

16 years 

17 years 

I 

1 32-1 

79-3 

84 '6 

II 

497 

67-8. 

III 

21’2 

1 

45-9 

IV 

15-0 

21-9 

42-8 

V 

97 

19-0 

] 

VI 

VII 

0-0 

^3 

1 12-0 

V 28*6 

A\ orage 

15-0 

34 0 

60-8 


all boys in the shell. Of all boys ol 16 y Gears 15 |)er cent, aie found in groups I and 
II but ol the boys who were in groups I and II, 32 per cent, of their brothers 
reached that position at 16 years while of the boys who were in shell at 16 years 
only 4 per cent, of their brothers reached this highest grade. Pairs of brothers at 
ages 16 and 17 show the same thing, 34 per cent, of boys of 16 are in groups I 
and II and 61 per cent, of boys of 17 but the percentage ol boys in the two highest 
groups varies from 79 to 12 at age 16 and from 86 to 29 at age 17 according to the 
position reached by the brother. The mean correlation coefficient for the three ages 
is '48 which agrees very well with that found for brothers in the school data v^here 
the teachers estimated the intelligence. 
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It muBt be remembered that up to this time no-one had talked about tests for 
intelligence or about intelligence quotients. Binet ciid not publish his work on the 
subject till 1908, the year after the paper on the Oxford Class Lists was publishedi 
and the only way to judge intelligence was by estimating the character, using 
such a scale as I have described on p. 379. These estimates had to be made by those 
who might be supposed to know the children well, generally by the masters and 
mistresses. In order to test how far such an estimate could be relied upon 
Professor Pearson when dealing with intelligence in school children had asked 
two or three different teachers in several schools to apply the classification to 
between 30 and 50 pupils known to each of them. Classifications were to be 
made absolutely independently, often by teachers of different subjects. Just under 
85 per cent, of the children were put into the same classes by the different 
teachers while another 10 par cent, differed by only one class. Further investi- 
gations as to the adequacy of the teacher’s estimate w(*re made later. Teachers in 
four different Aberdeen schools judged the mental capacity of 249 boys in four 
groups, excellent, good, moderate, and dull. Each boy’s examination place was 
given find Miss H. G. Jones in 1909* compared the teachers estimate of intelli- 
gence with the place attained in the examination. It may be argued that an 
examination is uot a perfect test of intelligence and I quite agree; nu exami- 
nation is supposed to test information as well as intelligence but unless it is very 
badly conductf'd the more intelligent people will be found near the top and the 
least intelligent at the bottom of the list. The place in the examination was 
divided by the number of boys in the class but perhaps the easiest way in which 
we can see the result is by giving the average position that would be attained 
out of 100 boys by those of excellent, good, moderate, and dull intelligence. The 
average position attained bj- boys of excellent intelligence in 100 boys is fifteenth, 
by boys of good intelligence thirty-fourth, by boys of moderate intelligence sixty- 
second and by boys of bad intelligence eighty-eighth, which shows that the 
teacher’s estimate and the result of an examination test agree very well. 

In 1911 Dr Waite worked on the report sheets for one term from two London 
secondary schools for boysf. Each master was asked to judge the mental capacity 
of every boy he taught in five grades from veiy able to slow. Each boy was 
judged by four mastom and the marks he might gain could vary between four and 
twenty, the higher immbera representing the better intelligence; those estimates 

TABLE IV. 


Grades of Intelligence, 



4 to 9 

10 and U 

12 and IB 

Hand 15 

16 and over 

Place in Examination 

8a 

r 

1 00 

30 

30 

15 

Place in Form ^first school) ... 

82 

' 57 

41 ! 

82 

15 

„ ,, (second school) . 

70 

59 

44 i 

37 

18 


* Btomtnkp, V<rf. vii. pp. 542>-~548. t J^wmetrika, Vol. vni. pp, 79—93. 
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were then compared with the results of an examination held in all subjects in the 
one school and with the place in form gained for work done in school in both the 
secondary schools. We will give again the average place gained if there were 100 
boys being considered. 

This table shows again that when the master s estimate of the boy's intelli- 
gence is a low one the boy does badly in examination and in his class work, only 
reaching on the average to about eightieth in 100 boys, but that when the masters 
estimate the boy’s intelligence as good, the place in examination and term work is 
about fifteenth in 100. 

Mr W. H. Gilby considering boys in eight primary schools who were judged 
by 36 teachers all of whom had been in charge of their class for nearly twelve 
months found very similar results* In this case the scale described before on 
p. 379 was used with one alteration, the intelligent group being subdivided 
into E and F while F became (h The boys’ intelligence as judged by their 
masters was compared with their place in an examination which was held by another 
man and with the percentage of marks gained by the boys in the head master’s 
examination held the previous terra. These are given in Table V below : 


TABLE V. 
Maater^s Kstimnte. 


li 1 (’ 

J) 

E 

F 

G 

Place in exannnatn)n out of 100 bovs 84 74 

Pcrcontagc of inarkis gained in the head uuiHter’H examination 43 1 54 


46 

25 

12 

61 

70 

79 

85 


The correlation coefficients given in 1'able VI show that thcjre is a close asso- 
ciation between the teacher s estimate and the school record. 

TABLE VI. 



Teacher’s estimate of lntelli> 

Teacher’s estimate of Intelli- 


gence and Place in Examination 

gence and Place in Form 


Crude 

j Corrected foi Age 

1 and Form 

Crude 

Corrected for Age 
and Form 

Al)erdeen 

•72 

•70 



London Secondary Schools (1) 

•69 

•81 

•62 

•78 

»» >» »» (^) 

— 

1 

•48 

•61 

Pnmary Schools t 

•68 

•68 

— 

— ’ 


Some masters wore slightly influenced in their judgment of intelligence by 
the age and position in the school of the boy they were considering and allowance 
had to be made. It is interesting to notice that there is loss agreement between 


* Biomtrika, Vol. vin. pp. 94—108. 


t Mean of two valaes. 
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the teacher’s estimate and the place in form in the second Londt)n Secondary 
school than in the first, but this can be accounted for, I think, by the foci that in 
the second school about a third of the boys had only been in the school for about 
three months and in the first 8ch<K>l all boys had been in the school for at least 
six months and wore consequently better known by their masters. 

These investigations strengthened our faith in the estimates of intelligence and 
we decided to work out the correlation of intelligence in parents and adult children 
from data collected in the form of family schedules by Professor Pearson. In 1005 
these forms had been issued asking for information about the health, intelligence, 
temperament, success in life, age at death and cause of death in families. Such 
schedules were formidable in sizt* and the filled in forms came in so slowly that wc 
are still asking for more. The data required were for a father and mother, their 
children, their parents, brothers and sisters, uncles and aunts, grandparents and 
cousins. It is I think veiy selected data with regard to intelligence ; we should 
hesitate to give such a form to any i>ne of sav "'slow intelligence nor would such 
a person as a rule accept one ! The result of this selection is that we have rathtu* 
a large number of “ very able ’’ individuals, especially among the recorders, from 
th(' very fact that it was people of this type who were willing and abU' to give 
the required information. When we have more forms I think it will be as well to 
separate the person who filled up the form and his children from the grand- 
parents and their children. Further there was a difficulty in the definition of intelli- 
gence. Only six classes were given and wo found a tremendous heaping up in the 
intelligent class, the top but one, and Professor Pearson began to think that slow 
Jiitelligent” which to us meant average, meant to most people rather slow and that 
in the iutelligent group we had many people included who were very little, if at 
all, above the average, so he divided the intelligent group into two parts “distinctly 
capable” and “fairly intelligent,” but until we have more schedules in which this 
division is used there is soim^ difficulty about grouping for working purjxises. 
Tables VII and VIII give the results in rather a different form. We suppose that 
the iiitelligouee of the community can bt* calculated in units called montaces*, the 
larger the number of mentaces the moie intelligent is the individual. 

TABLE VIL 



Average number 
of Mentaces 

Average Number of Mentaces in 1 

Father* H Intelligence 

~ 

u. ' 1 


Son 

Daughter 

Slow 

209 

348 

260 

Slow Iiitolli^eiit 

36() 

408 

403 

Fairly Intelligent 

454 

470 

458 

Distinctly Capable . . 
Very Able 

654 

497 

472 

672 

515 

487 

Mean 

' 510 

483 

1 

458 1 

1 


* By rodnotion to a normal scale of frequency : see Jiiometrtka, Vol, ni, p. 147. 
Biometrilia xiv *25 
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The average number of mentaeefl of a father varies from 263 when he is 
** slow to 672 when he is ** very able.” It will be seen that on the whole the 
"slow’' and "slow intelligent” fathers do not have children as "slow" as themselves, 
.but that their children have decidedly fewer mentaces than the average. The 
"distinctly capable" and "very able" fathers have children not so capable as them- 
selves but th^ have a greater number of mentaces than the average mothers and 
children show the same thing but with even greater uniformity. The daughters of 


TABLE VIII. 


- 

Average Number 
of llentaoeB 

Average Number of Mentaces in 

Mother's Intelligence 

Bon 

Daughter 

Slow 

206 

385 

.351 

Slow Ititollisent 

Fairly intelligcut - , 

303 

401 

411 

453 

485 

468 

Distuictly (kpalilo .. 
Very Able 

560 

705 

501 

527 

482. 

516 

Mean . . . 

497 

1 

480 

407 


"slow" fathers had fewer mentaces than we should have expected but the daughters 
of "slow" mothers have done better than their mothers which is what we should 
('xpect from (Jalton's law of regression. The mean of the correlation coefficients 
for parent and child is *44 which does not agree badly with what wo find when 
we compare physical measurements in parent and child. 

While those schedules were being collected the Binet-Simon tests had been 
extended for all age groups of normal children and the Intelligence Quotient 
began to be used as a measure of intelligence both abroad and in America. We 
had satisfied ourselves that the teacher's estimate of intelligence was on the 
average a sound one but there were two drawbacks to this method of judging 
intelligence which we fully recognized ; the one was that it is very difficult to got 
a uniform standard over the whole country when you arc dependent on definitions 
such as we have given of the grades of intelligence, ^nd secondly you must have 
an intelligent and interested teacher. It is no good pretending .that all teachers 
are equally intelligent, those that know the facts of their particular subject may 
bo bad jixdges of other matters, but on the whole such teachers will not be 
sufficiently interested to undertake work of the nature I have described, which is 
unpaid and needs time and energy outside school hours, although as long as such 
estimates are made voluntarily there is very little danger under this second head. 
But the first difficulty is, I think, a real one, for though people in one town or 
district will use words with a certain meaning, travel 200 miles north and words 
such as "fair" begin to mean something different. Also if a man or woman has 
been teaching for long in any one school the average for that school may become 
his or her idea of "average" generally, and "fairly intelligent" in one school may 
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be only equal to slow intelligent in another. With tht*se facts in iiiiud the 
appearance of the Intelligence Quotient may be hailed with joy. 

The use of mental tests in schools is still not very common in England though 
it seems to be gaining ground and we have to turn to America for the most 
extensive discussion of and work on the subject. For those who are ignorant of 
the meaning of the ** Intelligence Quotient ” I may explain that certain tests 
have been designed for each physical age of a child, which the average child of 
that age should be able to pass. The average child of five years* physical age 
would have a mental age of five years and its intelligence quotient would be the 
mental age divided by the physical age multiplied by 1()0 that is to say 100. 
If a child of five had a mental age of six years its intelligence quotient would be 
(6 ~ 5) X 100, i.e. 120, but if it failed at the five year old test and passed the four year 
old test only the intelligence^ quotient would bo (4 -r 5) x 100, i.e. 80, but a child 
can of course reach any mental age such as 6*2 or 5*8 years if it passes the five 
year old tests and some of the six year old ones. To the original Binet-Simon 
tests others have be(m added ; the Stanford Revision is now more generally used in 
America and it has obvious advantages over the original Binct-Sinum tests. It has 
to b(* remembered that Binet*s work was pioneer work and after some exp<^rience 
it was found that his tests at the old(*r ages woi*e too difficult and there was a 
distinct fall in the intelligence (quotient with the age of the subject. Many and 
varying tests have been used and I am not competent to express an opinion as to 
which test is the best to use or what method of scoring is best. On statistical grounds 
any test that has to make allowance foi age is at a disadvantage. The actual tests 
employed under different systems seem very similar, but there are certain diflFerences 
ill the way in ys hich the tests are given, the amount of help that may be contributed 
by the examiner and what percentage of tests for any year must be solved to attain 
the mental age of that yeat. In any mental tests the most important thing is t<> 
insure that one is using not a test of existing information, but a r(‘al test of 
intelligence, and those who have used these methods in America consider that 
they do test intelligence, not knowledge, and that children who have received 
no formal instruction may haA c a high mental age when competing with children 
who have been two or more years at school. Examples are given which in- 
dividually arc convincing but from a statistical standpoint one would like more 
extended experiments in this direction. Different p('oplc' might consider that 
some tests were not entirely free from the objection I have named, that even 
if they did not test information they tested experience, nevertheless I believe a 
study of the tests shows that those who claim that they are testing intelligence 
and not knowledge are in the main justified in their assumption though I think 
myself there are some exceptions. On the whole one feels that if the instructions 
to the examiners are carried out faithfully the shy and nervous child will not be 
at a disadvantage, for the essential point is sympathy with the child and there are 
frequent warnings against confusing a shy child and instructions to the examiner 
to leave a test alone if the child seems bewildered and return to it later when 
confidence is restored. We all know what queer things will alarm certain small 

25-2 
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children and examiners are warned to beware of this. In the test when three 
orders arc given the subject is asked to place a key on a chair and it is suggested 
that some children will not touch a key and that if a child fails to start to execute 
•the orders another test of the same sort not using a key shall bo tried later. 
I cannot think that everyone would be an efficient examiner and I hold that the 
intelligence and sympathy that are necessary for the teacher who is going to 
estimate a child’s intelligence adequately will be nearly if not quite as necessary 
in the examiner who is going to test a child’s intelligence especially when dealing 
with young children. When the tests are standardized it seems to me the great 
advantage will be uniformity of definition, but I am not sure that the use of 
tests will displace entirely the teacher’s judgment or that it would bo wise that 
it should. These tests, as Binet says, have been specially designed to test general 
intelligence rather than some special faculty and such a faculty may not come 
to light if a Binet test is used exclusively. I should never suppose that any man 
or woman who had been with a child for a few hours or even for a few weeks 
would be a judge of that child’s ability but a teacher who has seen a child in 
school and at play with its companions for a year ought, as a rule, if he or she 
is at all observant and sympathetic, t<» have a sound idea (d that child’s intelli- 
gence. There is not perfect agrecmient between the intelligence of the child as 
estimated by the teacher and as judged by the int<r*lligerice test, but both might b(‘ 
equally good estimate's of intelligence judged from a rather different standpoint. 

In the diagrams and tables so tar given we hnv<* mi‘asun*d the strength of the 
inheritance of intelligence when that intelligence has bcuui judged by some one 
who knows the children or adults concerned, now let us see whether the int(‘lli- 
gence as judged by the intelligence quotient will yield like results. 

In th(‘ Journal of Delinquency, Vol. iv. Dr Kate Gordon in tt'sting the intelli- 
gence of children in three orphanages in California gave the intelligence of 
!)1 pairs of siblings. Here we have very uniform environment and Professor 
Pearson found that the coefficient of correlation was *51 which agreed very well 
with that found between brothers and sisters when the teachers estimated the 
intelligence; he discussed the question in Biometriku, Vol. xii. p. 367, and an exami- 
nation of the diagram in that |)aper shows how closgly the results for orphanage 
siblings resemble those for the English school children of Professor Pearson’s 
own data. Dr Kate Gordon continued her investigations and in a Report to the 
State Board of Control of California on The Inftience of Heredity on Mental Ability 
she' gave the results of estimating the intelligence of 216 pairs of siblings. The 
Stanford Revision of the Binet-Simon scale was used, and the intelligence quotient 
was calculated. The examinations were carried out between July 1918 and 
September 1920, mainly on children in orphanages. The original intention of 
Dr Gordon had been to keep the pairs of siblings in each orphanage separate and 
to calculate the coefficients between siblings living under identical environment; 
she obtained results that varied from ‘27 + ‘126 in one orphanage to *69 ± *086 in 
another, the latter result being obtained from 20 pairs of siblings and the former 
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from 26 pairs. The probable error of the difference is not three times that differ- 
ence (42 ± *156) and we cannot therefore say that there is a significant differ- 
ence between the pairs of siblings in these two orphanages but one feels very 
strongly that correlation coefficients obtained from such small numbei’s are essen- 
tially unsatisfactory. 

The point that was very noticeable at the first reading was the correlation of 
‘61 which Dr Gordon found when considering 216 pairs of siblings, a distinctly 
higher correlation t»han we should have expected from the earlier examination of 
orphanage children which gave a value of *51. As we were anxious to investi- 
gate the point a little further Dr Gordon most kindly sent us a copy of her 
original observations and a first examination led us to think that this high value 
of *61 for the iritelligeuco between siblings might be due to the diversity in race 
of the children considered which incliuled Jews, Mexicans, and judging by the 
names, Italians, and other races. The expectation that we should find greater 
variability among these children than among the other orphanage children was 
not realiised however as will be seen by an examination of the various constants 
for the 478 children who were examined. 

TABLE IX. 

Later data Earlier data 

Moan Intelligence Quotient ... ' JK)*48 ±*47 9:i*8C ±*84 

Standard Deviation 15-275 ± 333 10*727 ± 591 

Coefticient of Variation ... 16*882 ± *379 18*01 i ± *657 

Oorrolation Coefficient *01 ±*03 *51 ±*05 

If anything Dr Gordon’s earlier series discussed by Professor Pearson in 
Biometrika shows a greater variability thnn this lat(‘r seric's and a lower corre- 
lation and the source of tlu' difference in the coefficient must be sought clse- 
wbtTG ; in itself the differcuiec is not significant but *61 is a higher value for the 
rescuublanee between brothers than wo should expect to find. 

Dr Gordon in considering families of which more than two members were 
tested used no child more than once, combining any one sibling with the next 
younger one. In this way families of three would yield only one pair of siblings, 
families of four and five two pairs and of six and seven three pairs and so on. As 
a check on Dr Gordon’s result of *61 we took all possible pairs, made the table 
S3^mmetrical and then found a correlation coefficient for intelligence between 
siblings of *467 ± *026 ! The difference here is *14± *039 and is almost certainly 
significant. Whichever way you choose to pair the siblings both are samples of the 
same population and the results should not differ by more than three times the 
probable error, and if they do there is some anomaly somewhere. From the 
original data, using Dr Gordon’s method of pairing, we found 219 pairs of siblings 
and a coefficient of *593 ± *080 which confirms generally Dr Gordon’s result. There 
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was however a distinct difference in the mean intelligence quotient of the older wad 
younger siblings which only showed itself when using this method of pairing; 
the mean intelligence quotient of the elder sibling was found to be 87*8 and 
of the younger 92*1. It is known that when the Binet-Simon test is used there 
is a lower average intelligence quotient for older children, but this difference in 
the quotient with age is not usually found when the Stanford Revision is employed; 
any such fact if it existed would account for the different coefficients of corre- 
lation found by the two methods of pairing. We then worked out the correlation 
coefficient between age and the intelligence quotient and found that it was 
— *310 i *028, that is to say the intelligence quotient decreased with age and the 
regression was - 1*59, which means that for every increase in one year of physical 
age the intelligence quotient was reduced roughly by 1^. Diagram III, p. 391, 
for which I am much indebted to Miss I. McLeam^, shows very clearly a 
gradual decrease in intelligence with an increase in age. This seems to explain 
the variation in the coefficients found. When all pairs of siblings are taken and 
not only th(' pairs close to one another in age we may be decreasing the corre- 
lation automatically, and we must therefore correct for age before we can discuss 
the real correlation found for intelligence between siblings from the data. There 
are not enough pairs to make a separation of the sexes practicable, and such a 
division is not necessary here, for in orphanages where children of both sexes 
occur they do not differ significantly in the mean intelligence quotient. There 
are two possible methods of correcting for age. We can find the regression equa- 
tion for the intelligence quotient on age, con*ect the quotient of each individual 
child and thus eliminate age. If we use this method and then proceed in the 
ordinary way with a symmetrical table we get a correlation coefficient of *540 ± *024 
which is a reasonable value in very good agreement with previous results found 
* for the correlation in intelligence between brothers. Diagram IV, p. 392, shows that 
the regression is reasonably linear and that the points lie very evenly along the 
regression line. This method of correcting for age is not possible when broad 
categories are used for measuring intelligence ; we must then use a partial corre- 
lation ; we resolved to do this in the present instance as a check on the previous 
restilt ; we further used Dr Gordon’s method of pairing and then corrected for age 
to s<‘e how it vonqwed. We decided first to use the ipethod (lescril>ed by Pnifessor 
Pearson in a ^uiper On Homotyposis in Uomoloyous hut Differentiated Organs^, 
but to ust' this method the correlation between the growth in the* older brothers 
intelligence and the younger brother's age and between the younger brother’s 
intelligence and the elder brother’s age should be the same and this was only the 
case when all the tiibles were made symmetrical. From the figures given in 
Table X (p. 393) it will be seen that the differences are not really significant but 
in the two first columns we used j>ai*tial correlation in the ordinary way. 

* I owQ the drawing of all the diagrams in this papei to Miss MoLeam and would like to express here 
my appreciation of the Taluo of her help. 1 have also cordially to thank Miss M. Moul for assistance in 
some of the laborious calculations. 

t Uoy. Boc, J*roc* Vol. wtxi. p. 289. 
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It will be seen that when all pairs of siblings arc considered the results 
agree very well with (mch other and with the correlation of *540 obtained when 
we corrected each individuars intelligence quotient in accordance with age. Using 
Dr Gordon's method certain members of the family will constantly be omitted 
but oven as it is there is no significant difference between *58 and *54Vhen the 
probable error in the first case is *03 and in the second *02. These values of *54 
agree very well with other results, namely those for adult brothers from the family 
records *54 and for brotht'rs at school *52. 

TABLE X. 


I. Q. of Elder and 1 Q. of Y<»unger... 
I Q. of Elder and Age 5f Elder 
1. Q. of Elder and Age of Younger... 
I. Q. of Younger and Age ol Elder... 
T. Q. of Younger and Age of Younger 
Ago of Elder and Younger 


1. Q. of Elder and I. Q. of Younger for 
consUnt age of Elder and Younger 


Dr Gordon’s 
method of pairing 


*5931*030 
-•2461*043 
-•1891*044 
-•265-»r-043 
-•2991*011 
8271 014 


•5781*030 


All pairs of 
siblings 


•6341*024 , 

-'2801*031 ' 

- *1301*033 
-*1831*033 
-•2061*031 I 
•7021*017 


•544 1*024 


All pairs of 
siblings and tables 
symmetrical 


•407 1 *020 

- -3281 -OtiO 
-*0221*034 

-.•022-4-*a34 

- *3281*030 
•1931*033 


•5321*024 


The chief interest in this study of orphanage children lies 1 think in three 
dire(‘tiorib. In the first place it shows that orphanage siblings resemble oiu» another 
about as closely as children whoso home conditions will vary in a inon' marked 
degree. In the second place it affoi*ds some evidence that whether the intelligence 
of children is measured by the intelligence quotient or by the estimate of teachers, 
the correlation between the intt'lligcnce of siblings is of the same order. It is 
obvious that in neither case have wc the ideal conditions for making a dogmatic 
statement as the oi’phanage children were tested by the Stanford Revision and tlu' 
school boys by the teachers, but 1 think the data collected add something to our 
knowledge ‘ of th(* hercHlitary foctor in intelligence. Perhaps the chief interest really 
lies in the use of th(* intelligence quotient. One had hop(»d that the Stanford 
Rcvibioii had removt»d the necessity of allowing for age, which was one of t,hc draw- 
backs to the Binet-Simon tests, but apparently it is not always the ease. 
there is a well marked aiul steady fall in the (|uotient witli ag(* and we must, either 
assume that there is something inadequate in the tests or that residiuice in an 
orphanage tends to decrease the intelligence of the imuatos! 

In any work dealing with an hcreclicaiy factor correction for age means a great 
deal of extra work and when dealing with environmental questions would add very 
much to one’s labours especially if 'it wore required to make some other factor 
constant. If this difficulty about age in connection with the use of tests cannot be 
conquered we shall begin to wonder whether a return to the results obtained by 
the now more old fashioned method of estimation has not much to recommend it. 
Professor Pearson showed in the paper in Biometnka, Vol. Xli. before referred 
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to, how closely iatelligence as obtained by estimate agreed with intellig^oce as 
measured by Stanford Binot^Simon tests and the labour is much reduced in dealing 
with any factor when age has been eliminated. 

^ It may be suggested that since correction must be made for age, correlating 
the mental age of one sibling with another and making the physical age constant 
would be a better method of proceeding since it would save calculating the intelli- 
gence quotient, but here again there is a difficulty. It^was found that there was 
greater overlapping in the scores of the older children than in the scores of the 
younger ones* and that one year in physical growth did not correspond to one year 
in mental growth. For instance, taking a standard test for five year old children, 
it was found that about twenty-three per cent, more six year old than five year old 
children passed the tests, but if a standard test for ten year old children was 
taken it was not twenty-three per cent, more of the eleven year old children but 
twenty-three per cent, more of the twelve year old*who passed the test. At present 
these tests are still partly in the expcrimeirtal stage and such an anomaly as that 
to which I have referred might be removed, but until it has been, we must continue 
to use the intelligence quotient. At present whatever tests are used an investiga- 
tion into the relationship between age and the quotient must be undertaken before 
it will be safe to draw any conclusions of either an hereditary or environmental 
nature. In many instances I have seen the Stanford Revision used when there 
was no correlation with nge, but certainly in the data here examined such a corre- 
lation existed and though correction for ago did not make a very great difierence 
it showed that the question of age cannot at present be neglected when considering 
intellig(‘nco *is measured by the intelligence quotient. 

From Dr Gonloii's data collected in orphanages w^e found that when intelli- 
gence is measured by the Stanford Revision tests the resemblance between 
siblings is about *54, while from data collected by Professor Pearson where the 
environment presumably differs more widely and when the intelligence is estimated 
by the teachers the resemblance between brothers is *52 at school and ^54 for adult 
■ brothers when the judgment is that of a relative, and we feel that the inheritance 
of intelligence ia a fact very little if at all affected by environment. It might be 
argued however that in making this statement wc were comparing facts that were 
n(»t strictly comparable, since we had no evidence' thfi^t if the orphanage children 
liad been judged by the teachers wo might not have found a muoh higher associa- 
tion between the intelligence of siblings than we actually found in the school 
children, and that if th(* Charterhouse boys and the brothers iii the family schedules 
had been tested by Binet-Simon tests there might have been less association found 
than there was when they were judged by place in school or by the estimate 
of their relatives. What we want are pairs of siblings who have been judged in 
both ways, by test and by the teacher s estimate, and if the correlation betw^oen 
intelligence in siblings comes out the same in both cases we shall feel that our 
conclusions are justified. Owing to the energy and kindness of Dr Drinkwat^ of 
•Wrexham we have recently received some material in which both methods of 
* Journal of Educational Psychology, Yol. xxx, January 1921, p« 8 at aeq* 
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ascertoining intelligence have been applied to the same children. The numbers 
of puin of brothers and sisters are however very small and owing to a difference in 
the intelligence of boys and girls we cannot combine the sexes here, but the material 
is, as iar as I know, the first of this kind collected for brothers and sisters and is 
therefore valuable*. 

Our most grateful thanks are due to Dr Drinkwater and to the head teachers 
of the schools concerned who made the testing possible, and to all those teachers 
who estimated the intelligence of the children. The first examination was of pairs 
of brothers and sisters in a high class school in Wrexham, the best school in the 
district in which the parents formed the aristocracy of the working classes in the 
town. Dr Drinkwater first used the Binet-Simon tests but found that for children 
of ten years and over the tests were too difficult and he then used the Stanford 
Revision on all children over ten and on all children that he examined 8ubse<iuently. 
Dr Drinkwater re-tested some of the younger children by the Stanford Revision 
and found that the intelligence quotient obtained by the Binet-Simon method was 
confirmed by the Stanford Revision, but one feels that it is not very satisfactory to 
have two different tests used in the same school and sometimes on members of the 
same family, and we shall see presently that the results in this first school are 
more irregular than in the second school where the method employed was uniform 
throughout. The toachor’s estimate was also obtained for each child quite indepen- 
dently of the tests, which were carried out by Dr Drinkwater himself. The second 
school was of a very different type and the children were inferior in every res|ject 
to thosi' who were found in the first school, home housing conditions were worse and 
the ocoiipatioBs of the fathers were less skilled. The average intelligence quotient 
differed in the two schools and owing to the different tests used in the better class 
school we preferred at first to keep the two schools separate, though we combined 
them later, such a separation of the schools has the disadvantage that we are 
dealing with comparatively few casea Table XI gives the average intelligence 
fjuotient for the two schools for boys and girls, and for convenience we shall call 
the schools A and B, A being the better class school which was examined first. 

TABLE XL 

I AveragA Intelligence Quotient 
A I li 

Boys I 101 -4 SWO 

! OirlN . . 07*8 H8-7 

I 

It will be seen that m both schools the average intelligence of the girls is lower 
than that of the boys and that the intelligence in the inferior type of school is lower 

* B • Stocks has collected similar data for indindtials and gave some of his rosnlts ui a paper read 
before the Society of Biometricians and Uathematioal Statisticians, and the correlations be found 
between the intdligenee quotient and the teacher’s estimate of intelligence agree very well with the 
results obtained from Dr Drinkwater’s data. 
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than in the better. These conclusions are confirmed by the teacher s estimate. 
Seven groups were used for grading the intelligence, A, JS, C, D, E, F and 0, but 
in all cases we grouped A and B together as very dull ” and F and 0 together 
as “ distinctly capable/’ C can be defined as dull/’ D as “ rather slow ” and E as 
“ intelligent.” Diagrams V — VIII on p. 397 will show that the average intelligence 
of boys in school A is in the ‘‘intelligent” group, though fairly close to the boundary 
of “ slow/’ but that the average for the girls is in the “ slow ” group. In school JS, 
the average for the boys, according to the teacher’s estimate, is almost on the 
boundary line of “ slow ” and “ intelligent,” and for girls on the boundary between 
“ slow ” and “ dull.” Wo shall return to this difference in intelligence in the 
sexes later; we did not find it in the orphanage data collected by Dr Gordon, nor 
has it generally been found in America when boys and girls under 16 yearn arc 
considered. 

We first found in both schools the correlation between the teacher’s estimate of 
intelligence and the intelligence quotient. The diagrams to which we have already 
referred on p. 397 will show that there is a well-marked association and that the 
regression may be considered linear, though among “very dull” boys we find a 
lower intelligence quotient than we should expect, but the mean is based on only 
ten cases. We found the following values for the correlation ratio between the 
teacher’s estimate of intelligence and the intielligence quotient : 

School A School li 

Boys ... -602 ±-029 %5H1 + -030 

Girls ... ‘(in ±-026 *789 ± 021 

This does not show anything like perfect correlation but only a well-marked 
association. In one or two cases where Dr Driiikwator noticed a decided diffenmee 
between the teacher’s estimate and the intelligence quotient he re-tested but without 
finding much change. One would hardly expect perfect correlation betwetm the 
two and it is quite possible that both are equally good measures of intelligence 
,from a different standpoint. 

The next point to be discussed is the relationship between age and intelligence ; 
it will be remembered that Dr Drink water used th(» Stanford Revision test after 
experimenting with the Binet-Simon in an effort to obtain a measure of intelligence 
indepcuident of age. As far as the boys are conctTiied Ik^ wtis successful and there 
is no association between the intelligenci' quotient and age in (UthcT school, but 
this is not the case with the girls, for we find a correlation cfxjflficient of - *225 ± *040 
between age and the intelligence quotient in school A, and of —*297 ±*049 in 
school B, Both these coefficients are significant, but since no decrease in the 
intelligence quotient is found wdth age among the boys wc were at once inclined 
to attribute it, not to the tests adopted, but to some other factor and this idea 
receives some support from the fact that there is a correlation between age and 
the teacher’s estimate of intelligence for girls. For girls the correlation coefficient 
is - *146 ± *041 (assuming a normal distribution for intelligence) in school A and 
- *241 ± *051 in school B, but there is no decrease in .intelligence as measured 
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by tho teacher or by the intelligeBoc quotient with the age of the boys^ all the 
coefficients found being positive and none significant This seems to indicate 
that for some reason the older girls in these schools are less intelligent If it 
occurred in boys as well as in girls and began suddenly at age 11 (in school B 
there is a tendency for this to happen among the girls, but the numbers are too 
few to be sure on this point) we might attribute it to the transference of the 
brighter children to secondary schools. Under our present educational system this 
takes place at about the age of 11 years, and there is evidence in the notes received 
from the school that the older children in some families are at the county school, 
but we should expect this transference to apply to boys as well as girls, There 
seemed only two possibilities which would account for the difference between 
boys and girls and neither is really confirmed by further information received from 
Dr Drink water. First that for some reason the brighter boys in Wrexham do not 
enter secondaiy schools but go straight to work, or that there were so many more 
places for boys than "girls at secondary schools that many boys who were only just 
‘‘ above the average were transferred, while only the brightest girls went on, but 
this second suggestion will not really account for the entire absence of any decrease 
of intelligence with age in the boys, because the brightest boys would certainly bo 
transferred first. The siiggestion that the brightest boys go straight to work is 
not confimied by further enquiries carried out by Dr Drink water as the following 
extract from the letter of the head master of school A will show “ With regard 
to the falling off of the LQ, in children of 11 and upwards* a very decided factor 
in the case of my own school is the fact that such a big number of my brightest 
boys go to the secondary school at 11 and ]2. The last two years I lost over 30 
each year and this out of about 120 which is a large percentage. Another cause 
might be the employment morning and evening of a number of my bigger boys.” 
With reference to the girls in school B the head mistress repoiiis that 15 girls 
were transferred to a county school and 13 to a convent school and adds, Some 
of our girls from 11 years upwards have to work very hard at home, especially 
when the mothers are ill, etc, I cannot help thinking that the result of the war 
stress is being shown now as I have a number of retarded children.” 

The head mistress of school A writes, ** During the three years prior to your 
inspection 48 girls, who would normally have been in 4he senior classes at the time 
of your inspection, p€wsed on to the secondary school through Scholarship or Free 
Place. Free Places are, as you know, awarded to all scholars who attain a certain 
standard of work. In addition another 6 left for various secondary schools as 
paying pupils. You will see therefore that our brightest material is passed out of 
school between 11 and 12 years, consequently only inferior material is left. As a 
rule this material comes from socially inferior homes, and the scholars are kept 
away a good deal for work in the homes. There is another factor which I think helps 
to account for the low quality of our senior material. These girls have grown up 
during tho upset of war time — throughout the 7 years of their attendance national 

* As we have said this ** falling off” does not oooor among boys bnt it would appear from this letter 
that it should do I 
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coaditions have been abnormal, and in many instances homes have reflected this 
abnormality — there has been less discipline, and this fact may have reacted on the 
children^. The aspect of the senior classes of primary schools has changed very 
considerably of late years — we have practically only the' residue of children who 
are not able to benefit by higher education— entrance to secondary schools has 
become increasingly easy, and there are so many fi*ec places, that a much higher 
proportion of pupils passes on now than formerly.” 

It is quite cleJir from these letters that the more intelligent girls do go on to 
secondary schools, which accounts for the lower intelligence quotient found among 
the older girls left at school, but we arc just as much in the dark as to why there 
is no trace of this among the boys. A much larger proportion of boys than girls go 
on to secondary schools. Over 30 boys ” in one year in school A as compared with 
only Ifi girls from the sj\me school f, and apparently there are more girls in that 
school than boys. We have only before us the cases in which more than one of a 
family is considered, but from thc»se data we find 188 girls under 11 years as 
compared with 132 l)oys, so that we may infer I think that the boys more frequently 
move on to secondary schools than the girls, but even if this be so we have not 
accounted for tlx' absence of any decrease in intelligence among the older boys in 
these schools. It has been suggested that the oncoming of puberty which is earlier 
in girls than in boys means a diminution in intelligence between the ages of 11 and 
14, but such an explanation hm received no ^confirmation from work done in 
America, where retardation occurs after 14 and not before when Stanford Revision 
tests arc usodj. 

Table XII gives the cj’udi* (jorn'lation coefficients, that is to say, uoQorrected 
forage, between tht‘ different types of sibship in the two schools, using in each 
case two measures of intelligence, the inlelligeuce ijuotient and the teacher's 
estimate. 

TABLE XII. 



School A 

School D 


Intelli^nce 

Quotient 

1 Teacher's 
Estimatb 

1 

Intelligence 

Quotient 

Teacher’s 

Estimate 

Brother— Brother ... 
Bmtor- BiHtor . . 

Brother - Sister . . . 

‘669 ±W3 
•272^060 
•326 ±‘04 4 

1 -768 + ‘040 

1 ‘4.50 + •062 
j *543^036 

.3941*055 
•461 + -065 1 
•449± 0.36 1 

•3611*057* 
•460 1 065 
•4661*035 1 

1 


CoiTection for age makes only slight changes and from this table it is obvious 
that the results found in school A are very irregular. If we consider only school B 

^ A good deal of tlus letter boems to show that the school mistress reckoned knowledge as a factoi of 
intelligenoe! This would weaken the correlation of the teaoher^a estimate With the Binet-Simon tests record. 

1 It would be 18 per year if we included those who went on as paying pupils. 

[t There are disUnot traces of it in the change of psyohioal characters with age in my school data 
and this remark applies much more to girls than boys. K. P.] 
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wc find that the resemblance in intelligence among siblings is practically the 
same whether we judge that intelligence by the tests or by the teacher's ^estimate 
and such a result gives one great confidence in the inheritance coefficient as 
.worked out solely on the teacher's estimate in the past. For all pairs of siblings 
it is lower than we should expect but it must be remembered that wo arc dealing 
with selected data, with a school in which the pupils rarely come from better 
class homos, thaf therefore the variation will not be very marked and consequently 
the correlation coofiicients will not be as high as if we were dealing with more 
variable material. The coefficients of variation in this school do not differ signi- 
ficantly from those found for orphanage children when the whole series was taken ; 
here they are 16%3 for boys and 16*9 for girls and among orphanage children the 
coefficient of variation was 16*9 for both sexes taken together. In school A 
on the other hand the resemblance in intelligence between sisters and between 
brothers and sisters seems to differ according to the measure of intelligence used. 
The differeiKKJS with the probable errors are ' 

Sister-Sister ... *178 ±*067, 

Brother-Sister ... *217 + *057. 

In lhi‘ first ciise the difference is not three times the probable error ?ni(l may oi 
may not be significant, but in the second case the difference does exceed three 
times the probable error and must, I think, be regarded as significant. The valm‘ 
found for the resemblance between sisters when the intelligence quotient is used 
is very low absolutely and relativel} as compared with the other school and 
though the coefficient of variation has sunk to 13 48 it seems a hardly sufficient 
diminution in variability to account for the low value. For brothers the corre- 
lation is much higher than in school B but as the number of pairs of brothers 
is only 49 we cannot expect results that are likely to be of much value. Comparing 
the two Tneasures of intelligence there is fair agreement. The resemblance between 
pairs of sisters and pairs of brothers and sisters when the teacher's estimate is 
used IS much th(‘ same in both schools but we certainly cannot say the same for 
the intelligence quotient and correction for age makes very little difference. Can 
these irregularities be due to the use of two different tests on some of the youDg(‘r 
children in this particular school i 

Diagrams IX~ XIII show the regi’ession lines for each type of sibship and for 
each school, the unbroken line giving the regression line when the intelligence is 
measured by the intelligence quotient and the broken line when it is estimated 
by the teacher. It must be remembered that in every case means arc based on a very 
few cases which causes many irregularities. The general trend of the two regression 
lines in school B is very similar but as we should expect the agreement is not so 
good in school A . Possibly a brother-brother diagram in school A would show a 
better result but when only 49 pairs of brothers are available the drawing of 
a diagram seems waste of time. We must now correct the girls’ intelligence for 
age since there is a quite significant correlation between age and intelligence. 
There is no need to apply this correction to the boys since the correlations arc 
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*060 ± *051 in school A and *069 ± *046 in school B when intelligence is estunated 
by the intelligence quotient and *031 ± 049 and *103 ± 045 when the intelligence 
is estimated by the teachers. It will be obvious that none of these are sig^oant 
correlations and ail are positive which emphasizes the difference from the girb 
where in all four cases we found negative* significant correlations between their age 
and intelligence. The first method used for correcting for age was applied to the 


IIYTELUGEnCE OF SISTERS 
D^Prinkuaier’s dala, earlier Series 



intelligence quotient only , the regression of intelligence on age was found and 
the rt>qniicd correction made in each individual case with the following results. 

Sobool A School B 

Sister-Sister ... 174 ±*062 *507 1*061 

Brother-Sister ... *296 i *045 *445 4*036 

It will be seen that only slight changesshave been made, but in both cases in 
school A the coefiiciiXitB of correlation are even lower than they were before and 
Biomeirika xtv 26 
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that between sisters occurring alone would hardly be significant. We will now use 
partial correlation and find for both teacher's estimate and intelligence quotient the 
correlations when age is constant. Working with broad categories we can find the 
oontingency coefficient (Ca) or, assuming a normal distribution for intelligence, we 
can find '' r." We have worked out the tables in both ways and give the two results ; 
correcting for age makes very little difference, in fact, taking into consideration 
the probable error, we have made no significant change in our coefficients and it 
may be asked why we took the trouble to make the corrections, but until the 
whole thing is worked out it is not possible to foresee the result. When any 
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significant correlation exists between age and some character the correction for 
age must be made. When the changes are so slight it seems needless to repeat the 
comments made on the crude table. The probable errors are large and, taking this 
fact into account, School B seems to give results which we might anticipate and it 
makes very little difference whether the estimate of intelligence is by a test or by 
the teacher, but in School A the anomalies remain as marked as before. 
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There seems a defioite reason why the sexes should not be combined, but no 
really cogent reason* for not combining the schools except the iact of the change 
of test in School A among the younger children, so we decided to put together the 
. pairs of siblings from the two schools and see whether larger numbers would give 

irTTELLlBENCE.: BROTHERS-SlSTEftS 

teaBagatBB CTi:''"rijr.r!wat:tf ii, miiLiu i .' i u 

D- DrinkijaW^ daiia» later Series 



us greater unifomity of result. It is not getting over the differences between the 
schools but is perhaps worth while considering. First wo correlated age with 
teacher’s estimate of intelligence and then with the intelligence quotient and found 

* There is a poeeible reason for combining them in that the two schools have really sdeoted each a 
portion of the general popnlation. 
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TABLE Xni. 

Inheritance of Intelligmce. 


Intelligence of Elder and of Younger 

„ „ „ Age of Elder 

„ „ „ Age of Younger... 

Intelligence of Younger and Age of Elder ... 

„ „ „ Age of Younger 

Ago of Elder and Younger 

- *- 

Intelligence of Sisters for constant } using r 
age i mlxigOi 

Estimated by the 
Intelligenoe Quotient 

.. 

( 

School A School Ji 

i 

t 

1 Estimated by die Teacher 

I 1 

School A 1 School B 

‘272 ±•060 
-•221 ±040 
-‘254 ±‘060 
-•27O±‘O0O 
-•221 ±*040 
‘810 ±040 

•221 ±*061 

•461 ±*065 
-•297 ±*049 
-•226 ±-079 
*-•060 ±083 
-•297 ±049 
•509 ±0{;2 

450±-062 

-•1461-041 

-•lesfoes 
- -162 ±-062 
- 146+ -041 
•810 ±-040 

•460±-0e6 
-•241 ±-051 
-•264 ±-078 
- -2041-080 
-•241 ±051 
•6091-062 

462±*0fJ5 

•470 ±050 
•603 ±*042 

•4111 -067 
•4611 >066 

Intelligence of Brother and of Sister 

„ „ Age of Brother ... 

„ „ „ Ago of Sister ... 

lutelligenoe of Sist<*r and Age of Brother ... 

„ „ „ Age of Sister .. 

Age of Brother and Sister 

Intelligence of Brother-tSisier for ) using r 
constant ago ) using C$ 

•326 ±*044 
•050 ±*049 
-•032 ±-049 
- -0421 *049 
-•221 ±040 
•151 ±-048 

•440 ±036 
•069±-046 
-•102 ±-046 
*207 ±043 
- 297 + ‘049 
*009 ±‘045 

•543 ±036 
031 ±049 
041 ±*049 
-•148±*04H 
-146 ±048 
•151 ±048 

•466 ±*035 
•103 ±-045 
-•152 ±040 
‘096±O45 
-’297 ±*049 
•009 ±045 

•329 ±-044 

•438 ± ’036 

1 ’564 ±035 
•520 + 036 

•4401-037 

•4291-037 

Pairs of Brothel's ^ 

•669 ±-063 

•384 ±055 

t -768 ±-040 t -351 ±-067 


again a negative result for girls — ‘266 ± ‘036, when the estimate was the intelli- 
gence quotient and - ‘309 ± ‘OSS, when the estimate was that of the teacher, while 
for boys it was ‘008 ± ‘034 and ‘060 ± ‘034 respectively for the two estimates of 
intelligence. Again in this case we must correct the tables in which the girls 
appear for age and we get the following. 

TABLE XIV. 



Intelligenoe in Siblmge 
judged by 


Intelligence 

Quotient 

Teachei‘B 

Estimate 

Brother-Brother 1 

•4891-041 

•486 ±041 

Swter-Sister 

Sister-Sister corrected for age ... 

•425 ±-041 
•384 ±042 

•6801-034 
•5401 -036 

Brother-Sister 

Brother-Sister corrected for age , 

•529 ±‘024 
•632 ±024 

•4861-025 
•499 ±025 


* Be-eheokdd with the ssme result, bnt note the large p.k. 
•i tJsing Cg. 
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Here the results are more uniform, we have nothing so strange as the value 
found for the resemblance in the intelligence quotient between sisters in School A , 
and except for sisters the two estimates of intelligence agree very well. It is as 
well to notice that on the whole the resemblance between siblings when the 
teacher's estimate is taken is lower than when the Stanford Revision test is used, 
from which we may fairly argue, I think, that the results already obtained for 
inheritance of intelligence by biometricians are not over-estimated even though use 
has been made of the teacher’s judgment rather than of some numerical test^. The 
resemblance between brothers and sisters and between parent and child is very 
similar in value to the resemblance found for physical characters and we must now 
see whether there is anything equal to heredity in determining the grade of intelli- 
gence. The Americans have done some work on this point to which 1 shall refer 
in a moment but there is room for much more. In our own laboratory Dr Heron 
took the intelligence of children in the London elementary schools and compared 
it with the physical condition of the children, with stunted growth and with bad 
home condition as measured by cleanliness. Since the estimates varied in every 
school all were kept separate and the results given in Table XV represent the 
means of many observations, negative in some schools, positive in others. 

TABLE XV. 


Intelligence and 

Boys 

Girls 

Height 

*10 

•07 

Weight 

•06 

•03 

(^leanlineas... 

•14 

•07 

Nutrition ... 

•01 

•08 

(Hands 

•09 

•08 

Tonsiln ... 1 

~ *01 

•J1 

Teeth 

•08 

•09 


These coefficients are all small, many not significant, the highest is between 
cleanliness and intelligence in boys, which is *14, which holds the same position in 
the scale of intelligence that 14 per cent, holds in the scale of percentages. Such 
a coefficient though significant in itself may be only a secondary effect of intelli- 
gence ; if the more intelligent parents and the better type generally keep their 
children cleaner than the less intelligent parents there should be a correlation 
between intelligence and cleanliness in the child, but ignoring this possibility we 
can see that the correlation coefficients given in Table XV arc all small and not 
comparable in size to those found for the hereditary influence. 

Other data that we have are from Edinburgh whore the results found are given 
in Table XVI. Here the numbers dealt with arc much smaller and none of the 
results found are significant except those between the intelligence of the children 

* It Ib impoBslble to consider the data here dealt with as final, not only are the numbers inadequate, 
but there is a want of that smoothnesB, whioh almost invariably will be found when judgments are given 
by specially trained examiners dealing with adequate numberB. 
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and the economic condition of the home, and unless one is to suppose no connection 
between good homes and a rather better type of intelligence in the parents such 
a relationship may be a secondary eflfect of the hereditary nature of intelligence. 
Some of the coefficients are negative and some positive and none of them mean 
anything — there is no association between the moral and physictil condition of 
the parents and the intelligence of their children, and only a very slight one 
between the economic condition of the home and the intelligence of the children, 
which may be an indirect result of heredity. 

TABLE XVI. 



no>« 

Giih 

liitellijjence at>*^ drinking of the father... 

-07 

•06 

„ „ „ mother. 

•05 

- 09 

Morality of tho jiarents 

->•07 

*03 

Physical condition of the parents 

1 --04 

•06 

Kconomic condition of the home 

1 -10 

•16 

Overcrowding 

! -02 

1 

•04 


As far as we can see from all the material we have examined the environment 
matters little compared with the hereditary factor. Here we are still working on 
th(' teacher’s estimate of intelligence, but there seems no reason to suppose that 
the intelligence quotient will yield different results for environment since it did 
not gi\e us veiy different results for heredity, but before long we ought to be 
able to test children in Great Britain and work out the influence of environment 
on the inlelligenc.e (juolient. Some work in this direction has been done in 
America already and Terman^ considers that the culture of the home, apart from 
heredity, has little influence and that of the dozen or more children who have 
been removed from an unsatisfact(»ry to a batisfa(*tor 3 ^ home environment not one 
showed an improvement in his inklligeiice quotient. “A dozen or more’' cases 
are not enough but if (*very case of this kind were noted, I mean wherever there 
was a change of environment, we should in tim(» gi't some real evidence on the 
point. 

In America also much work has been done showing the persistence of the 
intelligence quotient from year to year in the saint* child. Re-tests were given to 
315 children and the corndation between one test and a later one was *93. Some 
of these cliildrcn wen* re-testt^d more than once and all tin* cases ^were used. 
’^Phere were 33 examiners and in 72 per cent, of cases the t*arlier and later tests 
were giwui b\ difibrent examiners. In 8t) cases the re-test was at loss than a 
years interval, in 138 cases between 1 and 3 years, in 85 between 3 and 5 years 
and in 127 there w^as more* than 5 years between the tests and Terrnan, on this 
basis, considers that, apart from minor fluctuati(»ns due to temporary factors, the 
feeble minded remain feebh* minded in spite of special schools, the dull remain 

* LewiH M. Terrnan, The Intelligence of tickool Children, London, 1921. 
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dull, the av«fg 9 remain aventge and the superior remain saperior. I^is do^a taut 
by any means imply that eduoati<m is nnneoessaiy, it t^arpens tibe toola 4tid 
provides the material for the brain to use, raid the keener l^e instrament the 
more the brain can achieve, bat the eBScienoy of the output is I think limited by 
the power of the brain that produces it. In the midst of many new experiments 
in edncation the use of re>teste would quickly prove whether intelligence can be 
increased by any or all of these new systems, i^en if it were proved that no raid 
increase in intelligence followed a change in educational environment it do<» not 
mean that we should remain in our old ways. New methods may improve the 
edge of the razor without changing its metal, but in these days it is important, 
1 think, to distinguish between the possibility of increasing intelligence and the 
possibility of giving an existing intelligence help in achieving success, Education 
in even the ideal form may fail in the former case and succeed in the latter but 
they are not one and the same thing and it is no use to have a perfect system of 
education if the brains that should profit by it are decreasing in power, if men 
and women of intelligence are leaving fewer and fewer children to inherit their 
ability. 

All men are not born equal. I must quote Francis Galton, for after all he still 
remains one of our chief authorities on inheritance — “ I acknowledge freely the 
great power of education and social influences in developing the active power of 
the mind, just as 1 acknowledge the effect of use in developing the muscles of 
a blacksmith’s arm, and no further. Let the blacksmith labour as he will, he will 
find there are certain feats beyond his power that are well within the strength of 
a man of herculean make, even although the latter may have led a sedentary life.... 
In running, in rowing, in walking, and in every other form of physical exertion, 
there is a definite limit to the muscular powers of every man, which he cannot by 
education or exertion pass. This is precisely analogous to the experience that every 
student has had of the working of his mental powers.” To each of us, a limit 
is set, a limit as far as one can see at present due to heredity rather than to 
opportunity and to the intelligence of our parents and ancestors rather than to 
the educational system under which we were reared. 
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Addendum to a “ Memoir on the Sesamoids of the Knee-Joint^ 

Biometrika, Vol. xin. pp. 133-176 and pp. 360-400. 

On p. 387 of the above memoir reference was made to Owen's statement that 
in certain birds there is an ossiculum belonging to the ulna which Owen states is 
essentially the separated olecranon of that bone/’ This detached sesamoid, which 
has been termed the ulnar patella,” is stated by Owen to occur in many of the 
Raptores and m the Swifts, while in the Penguins it is double. The importance of 
the matter for the above paper lay in the association as homologous of the olecranon 
with the cnemial crest ol the tibia, and the possibility of the sesamoids of the 
elbo\^ and knee-joints arising from a partial break up of these appendages 

I have examined the elbow-jomt of a number of Raptorea without much success 
in the discovery o( ulnar sesamoids Owls, Vultures and Hawks do not seem 
generally to possess them. The ulnar joint of the American Sea Eagle (that bird * 
vs Franklin called it ‘‘ ot bad moral character,” which for an inexplicable reason the 
^ "mted States has chosen for its emblem) has an ulnar joint as shown in Plate I, Fig. 1 
w'' out sesamoid In the White-tailed Eagle I have, indeed, found a cartHagmovs 
sesaituoid of the elbow-jomt : see Figs. 2 a and 2 6. In the House Sparrow there 
however, a well-marked ulnar sesamoid : see Figs. 3 a and 3 6. The drawings see^iP 
to suggest that the olecranon is at any rate veiy much reduced where the ulnar 
sesamoid exists I should prefer not to insist on any too sweeping statement 
till far moie olbow-joints m birds have been studied. But it seemed worth while 
adding these pictures of the elbow-jomt and of the ulnar sesamoid as an addendum 
to the above mentioned paper. 

I have to thank vciy heartily Mr S. Steward of the Royal College of Surgeons 
for the drawing of the Amencan Sea Eagle, Miss Ida McLeam for those of the 
White-tailed Eagle, and my colleague, Dr Katherine Watson, for the dissection 
and drawings of the elbow-jomt of the House Sparrow. K. P. 


♦ 
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ON AN UNUSUAL CASE OF DIGITAL ANOMALY. 

Mir attention was drawn to this case by Miss L. Eckenstein, the subject being 
described as a thumbless, but five fingered woman. The subject herself said that 
she had originally seven toes on each foot, those on the left foot being removed 
when her right foot was amputated as a child Dr Julia Bell kindly had a pre^ 
liminary interview with and accompanied the subject to the radiography, while 
Mr E. S. Pearson photographed the hands. The following description of the skia- 
grams and photographs was drawn up by my colleague Dr Percy Stocks. K. P. 

The case provides a somewhat unusual combination of congenital anomalies of 
the extremities. The subject, a female, presented from birth the following abnor- 
malities which are illustrated in the accompanying photographs and skiagrams. 

(1) Both hands showed an identical malformation of the thumb, which was 
represented by a digit with three joints having the characteristics of a finger rather 
than a thumb. In length and circumference this Ist digit closely resembled the 
forefinger, from which it was slightly abducted (see Plates I. Fig. 1, IV and V). The 
metacarpophalangeal joint was almost on a level with that of the neighbouring 

^ forefinger, being only about 7 mm. proximal to it instead of about 30 mm. as in a 
normal thumb. As the photographs indicate, this digit was slightly rotated inwards 
towards the palm and adductor and opponens muscles were apparently present 
which enabled the tips of the 1st and 2nd digits to be opposed The nail was 
equal in size to that of the 2nd, 3rd and ‘tth digits. 

Examination of the skiagrams (Plate III) sho^s that, as regards the carpus, 
the os magnum and trapezium are unusually large and articulate with each other 
at their proximal ends, separating the small trapezoid from the scaphoid which 
normally articulate with each other. The proximal end of the 1st metacarpal fits 
into a V-shaped concavity formed by the distal ends of the tmpezium and trapezoid, 
and articulates equally with both those bones, instead of with the trapezium alone. 
The proximal end of the 2nd metacarpal fails to articulate with the trapezium, as 
is usual, but obliquely articulates with the base of the 1st metacarpal The 1st 
metacarpal is approximately equal in length to the 3rd, and about 5 mm. shorter 
than the 2nd, The phalanges are almost exactly similar in size and shape to those 
of the index finger, but are somewhat curved with concavity towards the central 
axis of the hand. 

(2) A photograph (Plate I, Fig. 2) taken when the patient was a girl shows 
that there was apparently congenital absence of the right tibia, whilst the fibula, 
presumably present, was only about a quarter of its normal length. This was 
accompanied by extreme equino-varus of the right foot, as is usual in such cases. 
The great toe of this foot was abnormally broad, and has the appearance of being 
grooved longitudinally, whilst on its pre-axial side is a complete supernumerary 
digit with an appendage of skin along its inner border which probably represents^a 
rudimentary 7th digit. This deformed limb was amputated at the knee in youth, 
and further details are not available. 
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(8) Th© left foot showed the presence of a rudimentary 6th digit on the pre^ 
aicial side of the great toe, which was evidenced by a bony projection on the inner 
side of the last phalanx, and another near the base of the metatarsal. There was 
also a skin appendage on the phalangeal projection which possibly represents the 
rudiments of a 7th digit. A skiagram (Plate II) of this foot shows that the internal 
cuneiform bone is enlarged on its inner side, having an additional articular surface 
for another metatarsal bone on inner side of the metatarsal of great toe. There is 
also an appearance of a longitudinal groove separating these portions of the bone. 
The metatarsal and 1st phalanx of the grcnt toe are normal in outline, and two 
sesamoids are present near the proximal end of the former. Articulating with the 
internal cuneiform and base of let metatarsal is an additional metatarsal bone, 
ending after about 26 mm m an attenuated stump. Attached by a bndge of bone 
to the inner side of the last phalanx of the great toe is an additional phalanx, 
which articulates with the 1st phalanx of the great toe There appear to be one 
or more sesamoids near the base of this extra phalanx. 

All the anomalies in this case wore pre-axial, and with exception of the absence 
of tibia, symmetrical. Deficiency of the tibia is frequently associated with defective 
development of the great toe , its association with supernumerary toes on tins side 
of the foot is exceptional As regards the hand and foot abnormalities, two cases 
have been reported which resemble this case to some extent, both of which had 
hereditary history of polydactylism. M*'Kellar(l) records the case of a female 
(vi. 4 in Lewis’s ped%ree of this family(8)), m whom the 1st digit of each hand 
had a metacarpal and throe phalanges, whilst in each foot the great toe was bifid, 
and webbed ^om the metatarsal onwards. Struther8(2) mentions a case in one of 
his families (ll. 8 in Lewis’s pedigree(3)) who had six toes on each foot and very 
long thumbs.” 

In the present case the subject states that to her knowledge there is no history 
of any hereditary anomaly of hand or foot. It is worth noting that she finds no 
difficulty in carrying on hei profession of dressmaker, she opposes forefinger and 
finger thumb ” as easily and successfully as most persons do the forefinger and 
thumb. 

We have to thank the subject for the fulness of the information she has given 
us with regard to her relatives, and their freedom from anomaly. We are deeply 
indebted to DrR. W. A. Salmond for his skiagiams of hands and foot , and to Dr J 
Dill Russell for photographs he took of the subject as a child before amputation of 
the right foot, and removal of the supernumerary toes on the side of the big toe 
of the left foot by the late Professor Christopher Heath. No publication with 
regard to the matter appears then to have been made. 

REFERENCES. 
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1 . On the Correction nececeary for the Correlation Batto 17*. 

By KARL PEARSON, F.R.S. 

(1) In a paper published in Biometrika^ Vol. vm. p. S 64, 1 have dealt with the mean value 
of 17, the correlation ratio in samples from material in which the actual value of 17 is eerot and 
shewn that if k be the number of am^rs, then when we sample uncorrelated material the mean 
value of ^ is (<c — 1)/^^, where JV' is the size of the sample. That paper, however, did not deal 
more than superficially, and ineonectlj^^ with the case of the mean value of tf when 17 is not zero 
in the sampM population. 1 propone to discuss this problem at greater length in the present 
paper, noting that the chief difl&culty lies in being quite certain that all the terms necessary to 
our degree of approximation have be<«i really included. The general rule I think is that in 
proceeding to terms of the order l/N we must keep not only first powers of statistical differentials 
but squares and products of statistical differentials ; while if we wish to go to the next higher 
approximation we must retain not only cubes but fourth powers of statistical differentials. Our 
purpose at present is to deal only with large samples, and it will be adequate to proceed only to 
squares and x>roducts of such differentials. 

(2) Let there be two variables y, means .v, y, standard-deviations ar^f a-y^ correlation 

coefficient r ; we will take for any particular value of x, and y, for a particular value of y ; 
the corresponding marginal ffrequenoies being and the moan and standard-deviation of 

the array of /s corresponding to x^, being and We shall use 17 for the cturelation ratio 
ijyx of y on X, Then by definition : 

’> — 

where for brevity we write 

(ii), 

while (iii\ 

All statistical differentials shall denote the excess the given quantity has in a sample over its 
value for the sampled population, and when a short quantity is placed above a symbol, tliat 
symbol will be supposed to refer to the sampled population. Starting from we have 

'“V Jf/ 

-f third order terms (jv). 

Denoting mean values by square brackets we have to our order of approximation : 

(iv)N.. 

Oy* Gy* Uy^ 

We have accordingly to find four mean quantities, fie*/]. 

Consider first 

■ . « 

K' ' ' 

* Beprodaced from lecture notes. 
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to our order of approximation. 

From this it follows, remcml)ering that* 

•* dy?af J « "• (^1 - > 

that [«S?xJ-“0 

Again from (v) : 

liTi . j i.- 1 . 

oy*, » j; _ _ a?/* -f square and higher terms 


2 ^^'^'{{^n^sH^‘^xgyr)LVt-Sxt)i2^r-yxt)\ 

6yx,= -~w - + — — - - -jj 

**Xg ^Xg 

where S' is a summation for all different values of / and t'. 


+ third order terms, 


Or: [(85./] = 

remembering 




(i/t-yxg)(yv-hg)] 


- + etc., 


^xgVi ^Xgvt* 


^^xgvt^ ^ 

^yxg^ ^ 1 +etc 


But S [njcgyt 

Hence * ^VKgl>^xg ( vii ), 

i.e. the same value as if were constant in all the sampleH. 

Again [(Sj?)®] is the standard-deviation squared of means of samples Further we 

shall require 5^]. Now : 

'S'!8«.,„(.y.-5.,)} , ^ 

«y., = r,-— +«*«•> 

S {8«j(j j,j (y( — y.,')) 

8yx,'= Yi +etc., 

•^Xg' 

I ^yxg order terms 

'S'{ajc3»^(y« — ^afg)} ^Wxg'yt'(St*'^!/xg’)} 

--5 X ^ ,, -Hetc. 


liecause both these factors vanish 

, r^c- I. n ^ (.y« ~ yxt)\ 

Now consider \pyxg ^ 


=* ^ ■“ S {lijcg yf ijft — yx^} 


* Biometrikaf Vol. iii. p. 278 et seq* 
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Similarly W*t *“*»' J “■ 

X.,- «{»..» *(y<-5x.)} 



Now 


S («»,, %,) + 5 (ft,, 

ay 


Multiply by and take the mean) then by (vih), (ix) and (x) above 


^ ^ * 

Combining thetie reaults we have 

- iw+j (“>• 

We can now obtain the mean value of <rti* in eamples. Since 


<rj,’+a<rv*=S' {(«„+a«,,) (y,,~y+ay,,-ay)»}/w, 

and ^a<r„* - ^ {a»,, ( jf,, - y )*} + 2N {(y,, - y) (ajf,, - ^)j 

+ 25 {(.h, - y) an,, (aji,, - ay)} 

+5 K (»?*,- 

+ terms of third order (mh)- 

The summations of the first line both vanish for they contain linear terms in an,,, a^,, and 
ay which vanish when we take mean valuer. We have shewn that [a»c, ay,,] is zero. The mean 
value of [an,, fiy] is to be found from 

tan,, a^ = [an,, S (an„ y,)]IN 


“N 


iy 


Accordingly the luean of the second line of the expression in (xiii) l»ecomes 

- 2 5 {ft,, (y,, -y)»}/iV= - 

and we have il^[a<r^»]- - 2l}*»,*+ S |»,. (V - ^ . 

4» 

Now S{hx^)—N^ *9 weighted mean square standard-deviation of the arrays 
=r(l ; and, if there be k arrays, — unweighted mean square standard-deviation 

of array s *» Xj (1 lot us say, where Xi will not differ much from unity and will equal 
unity if ^ lie zero, or 1j be zero, or if thei’e be homoscedasticity. Accordingly 


(kXi-2)(1L-I(2) + 1~2?* 

V ” 

AVe now take the second term of (iv)^ and find very easily t : 

i 

V w 

* See “Theory of Skew Correlation,” Draper$' Company Reteareh Memoirs, Biometric Series, No. xiv, 
p. IS, where (viii)— (z) have been previously demonstrated. 

t This is really the familiar relation of (ext'books of theory of observations that mean of samples 


.(liv). 


..(xv). 
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Tho third term^f (iv)*"* involves or the standard-devi-\tioii of tho second moment 

coefficient ^ of the y-variable. But this equals (m 4-/*«*)/^'^=V Accordingly tho 

third term is 

?* [(8V)W=9‘' (/Sj- 1)/-^ (xvii). 

It DOW remains to find tho last term depending on [8(rj;*8o/]., 

Remembering that (y<- Ji)*)/A’‘, we easily find 

8(r„*= — — — r-^i— — — + terms of second order 

^ N N 

= + terms of second order (xviii). 

■ Similarly from (ii) ; 


««r«- — + N- ~ N 


+ terms of necond order 




+ terms of second order (xix). 


N ^ y 

AVhen we take tho product it will only ho needful to take terms ot the lirst order in and 
if we neglect third order terms. 

The sum in (xviii) refers to t and in (xix) to s. 

We consider in the first place tho mean ihit this equals 






We next deal with [buy^ J^ut 

{8'*r, yt' (yr -y*,)}/3j-,+etc., 
••• [H/ 8yJ-'S'{[8»^,«»8«j,<](yr-S^j,)f/i»x, 


.(XX). 


a., z'- A j 


■5'x,) 


ths 

Cy< U f^ ^ f- terms of third order. 

/V, " y 

Here the s^ond summation is clearly zero, or to our approximation 

l8««dyxjJ"««^‘".%*> ^.«i). 

Using (xx) we have : 

“"*« W«,*+(y*.-y)'*-"-/l 7^'' («*'). 

and from (xxi) [8y^, {»*„( (y«- h,) (y«-y)*}/iA’»,,) 

=‘SdK»t ^(y«-y*.)’+2 

+(yi,-y)*(y<-yx,)})/(»xA)- . 

Now if (jEia)y^^ be the thiid moment ooofiiciexit aliout its moan of the x?, array of ^’s for the 
sampled population, and if we note that St wnte this result : 

[b%^ d<ry*]«{(ia8)y^^+2 (Jcxiii). 

* This agrees with the Taloe given in Biometrikay loc* cit.* where the squares of the statistioal 
differentials were neglected. 
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We have now to multiply (xix) by h(ry\ take the mean and nee (xxii) and (xxiii). We find : 

+ 2?^, (Wy«, ih, - ^) + ^x, iVt,- y)'} («iv). 

It remains to consider these terms individually. First : 

If the system were homoscsedastic this would equal 

(1-9*) V X S {n,^ - y)*} -(1 - if*) V (1 - f) iV. 

Accordingly let us take 

;V)f (I -»}*)»/ ’ 

and remember that X2 will not as a rule differ widely from unity. 

Secondly : iS’ - 1 /^}, 

If the system were line^tr this would equal 



where is the coefficient (i.e. of the .r- variable and will not be very widely different 

from 3. 

Accordingly let us take 

■* ZffNiy* 

and remember that X3 may bo put ap2)roximato]y unity. 

Thirdly: S 

Lastly: *’{«,, OiaV^^CJfx, .?)! 

Now (/53)y^ ivould be zero, if the arrays were Hymmetrical, and will generally be small. 
If the arrays have equal skewness the exj)reMsion equals 

^ iVxs ¥)} ~ ^ 1 * 

Generally wc may take it equal to where X4 will usually 1)0 very small. 

Thus finally wc may write : 

^ {'■>^2'!* (1 - ?*) +3^a»;‘ - )f + 2X4} (XXV). 

We can now marshal our results to obtain fS?;*] from (xvi), (xvii) and (xxv). We have : 

^ [VJ= - 1) (1 -9®) +lf’ (^<2 - 1 ) - (I - ?') - 3X35' + il>- 2X,j 

= y {(«X, - 1 ) (1 - 52) + Ij2 (/J, - .r,X*) + r,* (5X3 - 3X3) - 2X4} (xxvi), 

where, collecting out values : 

K» number of arrays, 

^‘“(1 -j^yy - a -m»ty approximately, 
i32=i82'Coefficient of ^-variable a*:! approximately, 
ri approximately, 






unity approximately, 


^ ~ V)} 


My^ 


zero approximately. 
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Now it i» clear that the actual values of these constants could be caloulatoil, if with consider* 
able labour, for the given sample and their values used instead of those of the sampled poimlation 
as approximationii, even as we calculate such expressions in probable errors, when the actual 
state of the sampled population is unknown. But for mauj purposes it will be quite adequate, 
since we are supposing the sarnplo a large one, to insert the approximate values given on the 
right-hand side above, as they will be divided by N. In that case we ha>e 

[diy*] =« ~ 1 - 2?*) (xxvii). 

This result differs iwm my previous one, already refetTed to, by the presona* of the 21)^. 

If 5* he the mean rf' of samples, we have 

Or, if 

^ (xxviii), 

which is a quadratic t<» determine f in terms of i ; the require(^ root since I and I must vanish 
simultaneously is 

- VU - (« - 3;/iVf* - (8/iV) *+{!-(*- ZjN)] 

. 

Or, approximately ; 

' l-(x-3)/.V -(K-3)/jV'j’ 

Now equation (xxix) is a relation Vx^twoen the mean rp for all samples and the of the 
sampled population. In a practical example neither of these quantities is really known. Wo 
want to find fj\ and all we are given is the value of ly* iu a single paiticular sample. It might 
be more or less reasonable to assume that the ly* oliser\'ed iu the sample was the modal value of 
the for all samples. But so far there has been no discussion of the frequency evurve for the 
distribution of in samples, and such discussion cannot bo undertaken until we have greater 
knowledge of the form of skew bivariate frequency distributions. We do know^ that in the case 
(►f normal correlation the modal valuo of in samples differs from the value of r- in the 
sampled population by terms of the order l/iT and higher inverse pf>wei’H, It may be taken for 
granted that modal rf^ in samples will differ from moan 17* in samples— i.e. our 7*— by a term of 
order l/iT. Accordingly if we replace tj^ by modal i?- and eventually by the value iu the single 
sample, we should not be justified in keeping the second or (1 — ij*)* term in (xxix), and w^e might 
modify x - 3 in the first term by something of the order of a unit. 

Accordingly it does not seem ixissible at present to go further than suggest that 

Observed 7* - (k - 3)/ W ^ 

is a reasonable value for the if of the sampled population, provided A is fairly large. Equation 
(xxix) would give as it stands a good result, if we could find the mean 7® for a number of 
samples. Of course the first consideration in any investigation of 7® is to determine whether it 
is comparable with (« - 1)/A'l If it be less than this value we cannot assert significant association. 
If it be greater than this value we have to consider whether 7 as observed differs considerably 
from 

and for general purposes we miust settle whether 7 differs from by, say, l*7/\/#. 
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XX. Furfhar Note on tbe teet of Ooodnees of Fit. 

By KARL PEARSON, F.R.S. 

I wish to make a correction to my former note on this subject on p. 189 of this volume. 
Mr Fisher on p. 90 of his paper* wrote : 

“In 1915 Greenwood and Yule, using four-fold tables to test tbe effect of inoculation ag^iinst 
typlioid and cholera, followed Pearson in applying Eldcrton^s table with n' = 4.’’ 

In my reply to Mr Fisher, I had not in mind what Greenwood and Yule had done. I only 
considered that they had applied to a four fold table and it seemed to me that they ought 
accordingly to have taken 4 , precisely as 1 personally should do for a four-fold table in general. 
But on examining Messrs Greenwood and Yule’s paper I find that they are not dealing with what 
1 sliould admit are true four-fold tables at all. They ate qveHioning whether tuv sets of alternative 
categories can he considered as samples of the name population. In other wonls they are dealing 
with a special case of the problem which I have discussed in Biometrihoy Vol. viii. p. 250, and 
they have chosen, I think, somewhat arbitrarily to exhibit their data in a four-fold table form. 
I consider that their table is not a true four-fold table at all In such a four- fold table the 
marginal totals are perfectly free, there are four frequency classes, and if the deviations of these 
classes from any assumed distribution be taken, then 71! will equal 4, and this is the value which 
must be used to obtain P. Tliis is equally true whether we put our four categories in four-fold 
order or in serial order. 

But clearly as approached from the standpoint of Biometrlka.^ Vol. vm. the problem of Messrs 
Greenwood and Yule gives w' *=2. This arises from the fact that they have arbitrarily fixed by the 
size of their inoculated and uninoculatod groups two of the marginal totals Such marginal totals 
are not fixed in a true four-fold table, where these marginal totals arc subject to the variations of 
random sampling. On this ground I venture to think it is not wise to speak of s\ich hihles as 
“four-fold tables” when applying the -P test. This use led the authors to apply for /2'=4 
and not = In writing my note in the lost numl>er, I supposed the four- fold tables to which 
Mr Fisher referred as used by Messrs Greenwood and Yule were true four-fold Uihles with the 
natural freedom of margins. 

It is such tables with which I deal in my Eighteenth Memoir on Kvolution. I ask what is the 
|irobahility that the distribution in four cells — which may ho arranged serially or in < quadrate 
form, i.o. with free margins — differs from a given null correlation theoretical distribution, and, as 
I pointed out in my note — ^not knowing the marginal distributions of the theoretical sampled 
population —we do what we always do when discussing probable error, put the \iiiknown constants 
of the sampled population equal to the observed constants of the sample. This is not a fixing of 
the marginal totals and «' remains 4, and not the 2 of Messrs Green wot)d and Yule’s pseudo-four- 
fold tables. 


XXX. Review : Frequency Arrays. By H. E. Soper, M,A.f 

In his “ Frequency Arrays,” Mr Soper, by means of tlie symbolic expression of certain funda- 
mental ideas, is enabled to demonstrate anew in a few pages many propositions which have 
been proved from time to time, the exposition of which has involved for the most part lengthy 
discussion, ilo hoiies that familiarity with his method of treatment will lo€ui to further dis- 
coveries in mathematical statistics and allied subjects, ilis book will appeal more to the 
mathematical statistician than to the practical statistician, and should appeal to tbe research 
worker, because a new world is opened to him where whole sentences are expressed quickly in 
symbolic forms, and where events may be said to move more rapidly than in the slow-moving 

* Journal of B. Statistical Society^ Vol. lxxxv. p. 90. 
t Cambridge Univeraity Press. 
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algebraical world. The book will also api)eal to the teacher because it should enable him 
to demonstrate the truth of many elementary propositions very quickly and easily. 

The author starts out by representing the “frequency array” resulting from taking a sample 
of n individuals (with replacement) from a impulation containing individuals having characters 
... in different degrees as where the general term gives the frequency 

of occurrence (or the probability of occurrence) of individuals having the character A in degree a, 
the character B iu degree the character C in degree c, and so i>n. The phrase “ Frequency 
Array” he applies not only to the “array” in the ordinary sense of the term, in one variable ; 
but also to descrilKi a Table of Frequency iu any numl)or of variables. 

When we wish to refer to the point-binomial we either write down a certain number of 
terms and the g(‘ncral term as follows : 




n .H' 1 
1 . 5 > 




-rTp-v'r 


f>r we write down (ji>4-^)*S always understanding that this last expression is sup^Kised ox^Minded, 
and the connecting ix)sitive signs removed, the individual term'' representing the frequency of 
occurrence of 0, 1 , 2, . . . r, . . . successes, in a s;wiiplc of n, when the chance of a success is q and 
the chance of a failun* is = 1 - ^ for any one “draw ” of a sample. 

Mr Soper [joints out that the expression 




rtqjresonts in itself, without any mental mstrietion iis to the removal of tlic conjunctive signs, 
and without any further ex[»lanations, the frequency distrihution resulting from 4rawing a 
sample t>f n (with riqjlaeement) from a population, where the chance of any one draw being a 
sueecKs {A ) is q and the chance of its lining a failure is p. He points out that the expression 
(/' + y)” ordinary notation is equal to unity and cannot therefore be used and submitted 

to ail} algebraic proccssos ; but (/?4-^d)” can submit to such processes, with interesting results 
as the author shows in his book. IJc also extends this method of presentation to continuems 
variates and represents for instfliice the (Gaussian frequency distrihution of one variate sin 


I 




A^.dXy 


e- ’ 1 

whci’e das is the frequency of occurrence between jc and jc+dx of the variate A, and the 

y/^TT .cr 

integral sign replaces the sign of summation in the previous expression. Thus this expression 
represents the frequency, when the distribution is (laussian, for all values of .r from ■ oo to q-oo . 
The author’s a])piioatious of the ordinary laws of algebra to such expressions give the usual 
moment equations and so on very easily. 

Mr So[)oi*’s notation and methods, being perfectly general, enable him easily to obtain the 
momonts of the double hyporgeometric series and the usual formulae which occur in problems 
of multiple regression, lie also applies his methods to get the results which have Ijecn proved 
in other problems, such as that of random migration. 

There is a great deal of concentrated work in Mr Sojier s hook, and it is to l>e hoped that 
work on the same lines may load to now discoveries. Tie has only attempted to illustrate his 
methods on old problems to shew the uses to which this symbolic notation may bo put. The 
author probably forgets that bis readers are not so familiar with his mode of presenting a 
problem as himself, and contents himself with rather a short preface before plunging into the 
difficult part of the work. His book might therefore have been improved by a more detailed 
introduction. Finally wo must thank Mr Soper for his short proof of the formula, which he, 
perhaps oharacteristicuilly, relegates to a footnote. E. C. R. 
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IV. Stirlew : Borne Formuiaa in the Theory of Inierpolatim of Mmy 
Indepmdmt Variables. By Professor SElMAtBU NAExmi*. 

Thin jmpcr is mainly of theoretical interest. The author arrives at the extension of Newton’s 
forward and backward interpolation fonnuUie for the case of two variables and also at two* 
dimensipoal extensions of the so-called centnil diffeience formulae, which are generally attributed 
to Stirling, Bossel and Oauss, but are in reality due to Newton. 

The reader is left to supply umch of the algobm and the analysis seems to us somewhat 
iuvolvod, though admirably rigorous. 

We refer to the formulae of Bossel, Stirling and (lauss as “ so called ” central ditference 
formulae, because we wisb to draw a distinction between them and Everett’s central difference 
formula, which, we think, should bo regarded as a true central differcuce formula. Everett’s 
formula seems to iiossess two important properties : 

(1) Only even older differences a^ipear. 

(2) Only 2n ordinates are needed to obhiin oorrootnoss uj) to but not including (SJa-f 2)th ordcn? 
differences. 

The latter property is shared by the formulae of Bessel and Oauss though Stirling’s requires 
oidiuates for the same accuracy; the former property however only Everett’s formula 
possesses ; the other three all containing, implicitly or explicitly, odd order differences. 

Wlien we extend Everett’s formula to two dimensions property (1) still bolds, and wo find 
^ also that the interpolated value is based on the values of the function at the “nearest ” points, a 
‘complete set of which always gives accuracy up to, but not including, a gi\en even order of 
differences. 

This projierty will presumably l*o shared by the two-dimensional forms of Oauss and Bessel, 
but not by the extended Stirling formula, and moreover Everett’s form possesses the very great 
advantage (still greater in two dimensions than in one) over all three othei*s, that odd order 
differences ilo not occur. This is indeed its distinguishing characteristic. 

The extension of Newton’s ^Ibrmula is of course not new and this is the only formula in the 
paper illnstsated by a numerical example. Newton’s formula is, of course, open to the objection 
that the interpolated value is not based on the values of the function at the “ nearest ” jioints, 
and we should like to have seen some uumericiil illustrations of Professor Nanimi’s other 
formulae and contrasted them with the two-dimensional form of Everett’s central difference 
formula, given by Professor Pearson. Fcmt the above reasons we anticipate that the former will 
bo found less convenient for numerical purposes J. 0. I. 


* Tohoku Malhemattcal JourmU Vol. xvm. pp. 809--S21. 
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